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onal of S; play an important role in defining the mix-
ture. Smaller variances imply that the corresponding
polychoric correlations are only locally valid, for ordi-
nal scores close to m;.

To complete the model specification, we assume inde-
pendent hyperpriors as follows:

o ~

> ~

Gamma(ag,bg) A ~
IWish,(b,B) D ~

Wishy. (¢, ©),

with fixed scalar hyperparameters v, ag, bg, b, ¢, a k-
dimensional vector g, and & x k positive definite matrices
Q,Band C.

MCMC schemes involving the DP are straightfor-
wardly implemented, which explains its enormous pop-
ularity. In fact, computational complexity is, theoreti-
cally, independent of the dimension of 8. A key prop-
erty of the DP for this application, is its discrete behav-
ior (e.g., Blackwell and MacQueen, 1973; Sethuraman,
1994). Denoting by ¢, a point mass at x, the DP can be
represented as

G =) wyds, (6)
h=1

with stochastically ordered weights wy,. See Sethuraman
(1994) for details. Each different point mass 8, in the
mixture (6) thus represents a different polychoric cor-
relation (induced by S;), located at the factor levels of
the table as specified by m;. In addition, the DP can
be calibrated in such a way that a priori only few dif-
ferent polychoric correlations are considered. A posteri-
ori, the number of weights and polychoric correlations
spread through the table is determined as supported by
the data. In terms of (5), the discreteness just described
implies that there may be ties among the latent param-
eters {0;}",. This immediately induces a clustering
structure by grouping together all those components that
have identical 8 value.

The nonparametric mixture model f(:|G) has an-
other key property. From (6) it follows that f(-|G) can
be written as a countable mixture of normal kernels,
> ore i wipN, ((lmy, Sp). Then, given any set of table
cell probabilities {py, ..., } for the contingency table we
can think of a mixture with weights {w;, } matched to the
desired cell probabilities {pe, ... ¢}, i.€., wp = Do, 4,
for some h. Next, we choose (my,, S},) such that (1 —¢)
of the distribution N (m,, S},) falls within the rectangle
Hle(yjygj_l,yj,gj]. This induces via the deterministic
link model p(V'|Z) a distribution on the table cell prob-
abilities that is arbitrarily close to {p,...¢, }. Therefore,
the mixture model can accommodate any given set of
contingency table probabilities, including “irregular pat-
terns” that can not be explained by a multivariate normal
probit model with a global polychoric correlation that ap-
plies across the entire table. In addition, the above can

be argued to be entirely independent of the chosen set of
cutoffs. Hence, there is no loss of generality in assuming
them to be fixed when implementing the model.

3. lllustration with a Data Set of Interrater
Agreement

We consider a data set from Melia and Diener-West
(1994) reporting extent of scleral extension (extent to
which a tumor has invaded the sclera or “white of the
eye”) as coded by two raters, A and B, for each of n =
885 eyes. The coding scheme uses five categories, rang-
ing from least to most severe: 1 for “none or innermost
layers”, 2 for “within sclera, but does not extend to scle-
ral surface”, 3 for “extends to scleral surface”, 4 for “ex-
trascleral extension without transection” and 5 for “ex-
trascleral extension with presumed residual tumor in the
orbit”. The data set is available from the StatLib data sets
archive at http://lib.stat.cmu.edu/datasets/csb/ch16a.dat.
We provide the observed cell frequencies in Table 1.

To fit the model to these data, we used cutoffs -1,0,1,2
for both variables. For the hyperparameters we chose the
following values: ¢ = (0,0)7, H = diag(6.25,6.25),
Q = B = H and b = 4 for the priors for A and X.
For the total mass parameter we chose a Gamma(2, 0.9)
distribution. Finally, we set v = 10, ¢ = 5and C =
diag(8.75,8.75) yielding a quite dispersed prior for D.
We found that the posterior distributions of A, 3 and D
were quite concentrated compared with their priors, in-
dicating that these prior choices are vague compared to
the likelihood.

Updating the latent mixture parameters {6,}? ; and
the hyperparameters A, 3, D and « is accomplished via
standard posterior simulation methods for DP mixtures.
See, for example, MacEachern and Miiller (1998).

The mixture model identifies four components that
are important in describing clustering in terms of fac-
tor levels in the table and polychoric correlations. We
illustrate this clustering in Figure 2. Figure 2(a) con-
tains 2500 draws from the posterior predictive distribu-
tion p(Zy|data) and Figure 2(b) shows one draw from
the posterior when the number of different point masses
is 4. Here, the 4 ellipsoids are determined from the cor-
responding (common) means and covariance matrices of
the clusters. The associated posterior weights, propor-
tional to the size of the clusters, are also indicated in the
plot. The posterior of the number of imputed clusters is
given in Figure 3(d). Note that all the posterior mass is
between 4 and 15, with median 7. However, all posterior
draws with n* > 4 have very small weights for clusters
other than the four depicted in Figure 2.

Figure 3(a) shows the posterior means and the .025
and .975 posterior percentiles for p;, i = 1,...,885. The
analogous plots for S; 11 and S, 22,7 = 1,...,885, are

2255



2003 Joint Statistical Meetings - Bayesian Statistical Science

Table 1: Observed cell frequencies (in bold) and posterior summaries for table cell probabilities. Rows correspond to
rater A and columns to rater B.

1 2 3 4 5
1 .3288 .3261 .0836 .0869 .0011 .0013 .0011 .0020 .0011 .0007
(.2945, .3590)  (.0696, .1078)  (.0001,.0044) (.0003,.0056)  (.0000, .0027)
2 .2102 .2135 .2893 .2826 .0079 .0082 .0079 .0069 .0034 .0031
(.1858, .2428)  (.2521,.3141) (.0031,.0152) (.0022,.0143) (.0007,.0075)
3 .0023 .0023 .0045 .0055 .0000 .0016 .0023 .0022 .0000 .0008
(.0004, .0065) (.0017,.0107) (.0003,.0038) (.0004,.0062) (.0000, .0032)
4 .0034 .0042 .0113 .0102 .0011 .0023 .0158 .0143 .0023 .0028
(.0012,.0094) (.0042,.0187) (.0004,.0060) (.0066,.0240) (.0006, .0069)
5 .0011 .0012 .0079 .0071 .0011 .0019 .0090 .0083 .0034 .0039
(.0001, .0041) (.0026,.0140) (.0003,.0054) (.0034,.0153) (.0009, .0090)
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Figure 2: Panel (a) plots draws from p(Z|data). Panel
(b) shows one posterior draw for means and covariances
when the number of clusters is 4. The corresponding
weights — proportional to cluster sizes — are indicated be-
low each ellipsoid.

provided in Figures 3(b) and 3(c), respectively. These
plots also capture the variability in the corresponding
posteriors.

These results clearly show the utility of the proposed
mixture model for this particular data set. Although one
of the clusters clearly dominates the others, identifying
the other three is quite important. One of them quanti-
fies agreement for large values (4 and 5) in the coding
scheme, whereas the other two indicate regions of the ta-
ble where the two raters tend to disagree.

4. Discussion

The basis of our approach to multivariate ordinal data
analysis is a DP mixture model for latent variables defin-

(© (d)

Figure 3: Panels (a), (b) and (c) plot, fori = 1,...,885,
posterior summaries for p;, Var(Z;;) and Var(Z;,), re-
spectively. Panel (d) provides the posterior for number
of clusters.

ing classification probabilities in the resulting contin-
gency table. The model has two key features. First,
the flexibility provided by the probability model on latent
variables allows us to handle virtually any data structure.
Second, this flexibility can be achieved with fixed cut-
offs, thus avoiding the most difficult computational chal-
lenge arising in posterior simulation for related models.
The example illustrates these points.
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