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Abstract
In thispaper, wede�ne distributionsasa new datatypeandaddressthechallengesof visualizingspatialdistribu-
tion datasets.Numerousvisualizationtechniquesexist todayfor dealingwith scalardata.Thatis, there is a scalar
valueat each spatial location,which mayalsobechangingover time. Likewise, techniquesexist for dealingwith
vector, tensorandmultivariatedatasets.However, there is currentlyno systematicwayof dealingwith distribu-
tion datawhere there is a collectionof valuesfor thesamevariableat everylocationandtime. Distribution data
is increasinglybecomingmore commonas computers and sensortechnologiescontinueto improve. They have
alsobeenusedin a numberof �elds rangingfromagriculture, engineeringdesignandmanufacturingto weather
forecasting. Ratherthan developingspecializedvisualizationtechniquesfor dealingwith distribution data, the
approach presentedin this paperis to �nd a systematicwayof extendingexistingvisualizationmethodsto handle
this new data type. For example, wewould like to beable to generate isosurfacesof 3D scalardistribution data
sets,or generate streamlinesof vectordistribution data sets.In order to accomplishthis goal, we proposethe
useof a setof mathematicallyandprocedurally de�nedoperators that allow usto work directlyon distributions.
Color imagescanalsobefoundin www.cse.ucsc.edu/research/avis/operator.html.

1. INTR ODUCTION

A hostof visualizationtechniquesis available todayto vi-
sualizea varietyof datatypes.Thedatasetsmaybecharac-
terizedasboth multidimensionalandmultivariate.Multidi-
mensionaldatarefersto the spatialdimensionalitye.g.0D,
1D, 2D, 3D, of the data,but it mayalsoincludetime asan
additionaldimension.Multivariatedata,on the otherhand,
refersto thedifferentvariablesrepresentedat eachlocation.
Thesevariablesareusuallyscalar, but mayalsobevectors,
tensors,etc.For non-scalars,onemay treat the extra terms
asanothervariablein muchthesameway thatvectorsmay
be representedby multiple scalarcomponents.While often
usedinterchangeablyin literature,thesetwo propertiesare
orthogonal.Forexample,aweatherforecastmaybe3D,time
varyingandcontaininformationabouttemperature,humid-
ity, pressure,etc.ateachlocation.In practice,suchadataset
may be storedin a 5D array:threefor space,onefor time,
andthelastonefor thedifferentvariables.A notablevisual-
izationsystemthatcarriesthis nameis Vis5D 7.

This paperfocuseson a new data type, a distribution,
which will essentiallyaddanextra dimensionthatneedsto

bevisualized.A distribution is simply a collectionof n val-
uesabouta singlevariable:D � vi , wherei � 1 ��� n. For
example,a probability densityfunction (pdf) is a distribu-
tion containingvaluesthatrepresentfrequenciesof different
datavalues.In termsof visualizingdistributions,we areall
familiar with barplotswhich characterizethestatisticaldis-
tributionfor asinglevariableatagivenlocation.Weareless
familiar with distributions mappedover one, two or three
spatialdimensions.So, thegoalof this paperis to describe
a systematicmethodologyfor visualizing distribution data
thatare2D or higher.

Distributiondataaredistinctlydifferentfrom multivariate
datain thatonecanhave scalardistributiondatawhereeach
memberof the collection is a scalar, one can have vector
distribution datawhereeachmemberof the collection is a
vector, or onecanhave multivariatedistribution datawhere
eachmemberof the collectionis a multivariatevector. Al-
ternatively, onecanthink of eachcomponentof anon-scalar
distributionasseparatescalardistributions(seeFigure 1).

Rather than developing specializedvisualization tech-
niquesfor visualizingspatialdistribution datasets,the ap-
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Figure 1: Multidimensional,time-varying, multivariatedis-
tributions.

proachpresentedin this paperis on a systematicmethod-
ology of extendingexisting visualizationtechniquesto han-
dle the new datatype. Thus,onewould like to be able to
pseudocolora distribution �eld, or generatecontourlinesor
isosurfaces,or streamlinesor volume renderingsof distri-
bution �elds. To accomplishthis, we describea setof op-
eratorsthat convertsdistributionsto scalars,combinesdis-
tributionsarithmetically, andpossiblymorecomplex oper-
ationson distributions.Becausedistributionsdo not always
representstatisticalinformation,differenttypesof operators
may becalledfor dependingon what is appropriatefor the
applicationthat generateddistribution data.We discussa
few of theseoperatorsfrom various�elds including: signal
processing,informationtheory, andstatistics.The intent is
to demonstratehow onemay go aboutdesigningoperators
ratherthanproviding anexhaustive list.

The restof the paperis organizedas follows: Section2
providesadditionalmotivationon why it is importantto be
ableto dealwith distribution datasets,Section3 highlights
threedistribution datasetsthatareusedto demonstratethe
visualizationtechniquesin thispaperandSection4 presents
extensionsto a numberof well known visualizationtech-
niquesto supportdistribution datasets.For eachvisualiza-
tion technique,wepresentanddiscusstherelevantoperators
necessaryto handledistributiondata.

2. MOTIVATION

Distribution datacanbe found in raw censusdata,real es-
tatesalesdata,agriculture,bioinformatics,sensitivity analy-
ses,terrestrialmodels,weatherforecasts,andoceancircula-
tion modelsto namea few. More speci�c examplesinclude:
modelingof vegetationand land cover typesusing condi-
tional simulation3, dataassimilationinto oceancirculation
models12, targetstateestimationusingBayesiantechniques
16, studyinggenesequencesandgeneexpressionlevelsfrom
micro-arrays4, andto someextent,queryby imagefeatures
6 andmusiccontent13� 17 into digital libraries.Theseappli-
cationsall provide arich setof data.

Anotherreasonwhy distribution datais interestingis be-

causeit is anotherway to representuncertainty. Ratherthan
usingascalarvalueor valuepairssuchasstandarddeviation
or min-maxrangevaluesto representuncertainty, theentire
distribution itself canbetherepresentationof uncertainty.

Despiteall thepotentialbene�tsof distributiondata,their
prevalenceis not immediatelyobvious.We believe the pri-
maryreasonis dueto the fact that they aredif�cult to visu-
alizewhenthey arespreadoutovera �eld. Currently, spatial
distribution dataaregenerallysummarizedusinga few ag-
gregatestatisticsandpresentedthatwaybecausethereis just
no visualizationmethodcurrentlyavailablethatwill depict
spatialdistribution data.Suchmethodsof displayingthese
dataalsohidesthefactthatthey aredistributions.

If thedistributiondataexistsonly atasingle“point”, then
thevisualizationis relatively straightforwardby usingfunc-
tion plotsor barcharts.However, asthespatialdimensionof
thedataset increasefrom a point to 1D, 2D, 3D andtime-
varying, thenthevisualizationtaskvery quickly becomesa
problem.

We have looked at this problemfor 2D distribution data
setsusinga statisticalapproach10. Densityestimateswere
constructedfor thedistribution at eachpixel over a 2D do-
main.Fromthat,parametricstatisticssuchasmeanandstan-
dard deviations, as well as higher momentstatisticswere
collected.Thesewerethendisplayedusingdifferentvisual
mappingssuchascolor, height,glyphs,etc.overthedomain.
This approachworkswell if thedistributionscanbecharac-
terizedfairly well with a few statisticalparameterse.g. if
thedistributionscanbe well modeledby a Gaussiandistri-
bution.However, asthemodalityor thenumberof peaksin
the distribution deviate from the norm, thenthe parametric
statisticsapproachhasa severelimitation in expressingthe
shapeof the distributions.An alternative methodproposed
wasto treatthedensityestimatesover the2D �eld asa 3D
scalarvolume(2D for space,3rd dimensionfor datarange,
andscalarvaluesrepresentingfrequencies)andapply stan-
dardvolumevisualizationalgorithm.Thisworkedbetterbut
doesn't allow us to scaleto higherdimensionaldistribution
datasets.

Employing multivariate visualizationtechniqueson the
2D distributiondatametwith very limited success.A casein
pointis theuseof glyphse.g.Chernoff facesor starglyphsto
representmultivariateinformation.The mostnaturalglyph
to representdistributionswouldbebarcharts.Figure2 illus-
trateshow this lookslike for 2D distributiondata(described
in Section3 assg2 ). Oneobviouslimitation is thedif�culty
of scalingthis approachto high resolutiondatasets.A rela-
tively low resolution100x100grid of distributioncanbarely
be handledby this approach,even when it is displayedat
quarterresolution.Thelower resolutionsarederivedby ag-
gregatingthesamplesof neighboringpointstogetherto form
anew distribution.While preservingtheraw datapoints,one
alsolosesthespatialvariability betweenneighboringdistri-

c
�

TheEurographicsAssociation2003.



AlisonLuo,DavidKao,Alex Pang/ VisualizingSpatialDistribution Data Sets

(a) quarterresolution (b) 1/100resolution

Figure 2: Bar chart glyphsrepresentingdistributionsare drawnover each distribution. (a) showstheoriginal 100x 100grid
displayedasa 50 x 50 arrayof histograms,while (b) showsthesamedataasa 10x 10array of histograms.

butions.Anotherlimitation to thisandothermultivariateap-
proachis thedif�culty in scalingto higherdimensions.

In short,thereareclearlymany applicationswith distribu-
tion data.Themostcommonpracticehasbeento summarize
the distribution dataandwork with a scalarsummary. An-
alyzing andvisualizing the distribution datain its entirety
is the challengethat this papertries to address.In the next
section,we presentsomedistribution datasetsusedin this
paper.

3. DATA FOR EXPERIMENT

Wedescribethreedifferentdistributiondatasetsusedin this
paper. Our �rst data set is a 2D scalardistribution �eld.
This data set is a syntheticexample constructedusing a
smallregion in theNetherlandsimagedby theLandsatThe-
maticMapper3. Considerthecasein which thebiophysical
variable to be mappedacrossthis region is percentforest
cover. Assumethereareground-basedmeasurementsof for-
estcover from 150well-distributedlocationsthroughoutthis
regionaswell asspace-basedmeasurementsfrom Landsatof
aspectralvegetationindex. Thisspectralvegetationindex is
relatedto forest cover in a linear fashionbut with signi�-
cantunexplainedvariance.Furtherassumethat the ground
arearepresentedby a �eld measurementis equalto thearea
representedby onepixel. A distribution dataset wasgen-
eratedusingthis information:sg2 , generatedusinga con-
ditional simulationalgorithm 2 taking into accountground
measurementsonly; and sg3 generatedusing conditional
co-simulation2 using both groundmeasurementsand the
coincidentsatellite image.The dataset consistsof 101 �

101pixelsand250realizations.Valuesrangefrom 0 to 255,
rescaledfrom percentforestcover.

Our seconddatasetis a 3D time-varyingscalardistribu-
tion �eld output from oceanmodeling.The model covers
theMiddle Atlantic Bight shelfbreakwhich is about100km
wideandextendsfrom CapeHatterasto Canada.Bothmea-

surementdataandoceandynamicsarecombinedto produce
a 4D �eld that containsa time evolution of a 3D volume
includingvariablessuchastemperature,salinity, andsound
speed.To dynamicallyevolve the physicaluncertainty, an
Error SubspaceStatisticalEstimation(ESSE)scheme12 is
employed.Thisschemeis basedonareductionof theevolv-
ing error statisticsto their dominantcomponentsor sub-
space.To accountfor nonlinearities,they arerepresentedby
anensembleof Monte-Carloforecasts.Hence,numerous4D
forecastsare generatedand collectedinto a 5D �eld. For
eachphysicalvariable,the dimensionof the dataset is 65

� 72 � 42 voxelswith 80 valuesat eachpoint. We refer to
thisdatasetasocean .

Our third data set is a 3D time-varying multi-
variate distribution data set representing an ensem-
ble weather forecast. The data set is referred to as
sref which stands for short-rangeensembleforecast-
ing and is courtesy of NOAA, and available through
http://wwwt.emc.ncep.noaa.gov/mmb/SREF/SREF.html. The
ensembleis createdfrom two different models:ETA and
RSM, with 5 differentinitial andboundaryconditionseach
producinganensembleor collectionof 10 membersat each
locationwherethe two modelsoverlap.Unfortunately, the
two modelsarenot co-registeredandhave differentprojec-
tions andspatialresolutions.Thus, for the purposeof this
paper, we just usethe� ve memberensemblefrom theRSM
model.Theresolutionof theRSM modelis 185 � 129and
has254physicalvariablesat eachlocation.The forecastis
run twice a day, andfor 22 differenttime stepsduringeach
run. Velocity is available at every location in the model.
However, only horizontal wind componentsare recorded.
While not an ideal distribution datasetbecauseof the low
numberof samples,it providesuswith velocity distribution
datato demonstratestreamlinesandpathlinesvisualization
of steadyandunsteadyvectordistributiondata.
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4. VISUALIZA TION AND OPERATORS

We now describehow to extend� ve standardvisualization
to supportdistribution datasets.Thesearepseudocoloring,
streamlines,pathlines,contour lines and isosurfaces.With
eachmethod,we discussthebasicrequirementsin orderto
extendit, andalsopresentdifferentwaysof extendingit. In
all cases,the key idea is designingoperatorsthat cancon-
vert distribution datatypesto othertypesand/orallow them
to be combinedwith other datatypes.Basedon theseex-
amples,a methodologyis establishedfor how othervisual-
izationmethodscanbeextendedto supportdistributiondata
sets.

4.1. Pseudocoloring

Oneof themostbasicvisualizationtechniquesis pseudocol-
oring. The main requirementis to mapa scalarvalue to a
color value.Typically a rangeof scalarvaluesaremapped
to a rangeof color values.Disregardingthe importanceof
designinga propercolormapfor now, the key taskin order
to pseudocolordistributionsis to convert a distribution to a
scalarvalue.Assumingan operatorexists for this task,the
scalarvalue representingthe distribution can then be used
to index thecolor table.Note that themappingneednot be
linear. It could be nonlinearor even discontinuous.Alter-
natively, adistributioncanbeconvertedto a few scalars,say
three,ratherthanasinglescalar. In thiscase,thethreescalars
canbemappedto differentcolor modelssuchasHSV com-
ponents.This classof operatorsconvertsa distribution to a
singlescalaror a vectorof a few scalarcomponents.

s � ToScalar
�

D � (1)

v � ToVector
�

D � (2)

In choosingan operatorto convert a distribution to a
scalar, it is importantto know what featuresof the distri-
bution needto be shown. We describesomestatisticalop-
eratorsthat summarizea distribution to a few scalars.The
centraltendenciesof adistributionoftenshow whatthemost
likely valuesare.Thespreadof a distribution capturesvari-
ability or uncertainty. Additional measuressuchaskurtosis
describesthe“�atness" of thedistributionandskewnessde-
scribesthe asymmetry. The equationsfor thesestatistical
summariescan be found in statisticstextbooks9. In addi-
tion to standardstatisticalsummaries,onecan also devise
othermoredescriptive meansof expressingthe shapeof a
distribution.For example,capturingthemodalityor number
of peaksin a distribution, andtheheightandwidth of each
peak11. Figures3,4 and5 demonstratehow theseToScalar()
andToVector()operatorsareusedover 2D distribution data
sets.It shouldalsobenotedthattheseexamplesareillustra-
tive andareby nomeansexhaustive.

4.2. Streamlines

Streamlinesis oneof theworkhorsevisualizationtechniques
for steadystate�o w �elds. They aregeneratedby integrat-

Figure 3: Pseudocolorrenderingof the meanof the sg2
data.Meanis obtainedusinga ToScalar()operator de�ned
in Equation8.

ing thepathof masslessparticlesasthey arecarriedinstan-
taneouslythroughthe�eld. For illustrationpurposes,weuse
thesimplestEulerintegrationoutlinedbelow:

Pi � 1
� Pi ���

vDt (3)

WhereP is the position,
�

v is the velocity andDt is the in-
tegration step. If the velocity �eld is a velocity distribu-
tion �eld, we needto extendtheconceptof multiplying and
addingscalarswith distributions.Theresultof multiplying a
scalarwith a distribution is anotherdistribution whereeach
termor samplehasbeenscaled.

D �

� Scale
�

s� D �

� s � D (4)

Note that this is carriedout for eachvelocity component.
Here,D

�

is thenew distribution for oneof thevelocitycom-
ponents.Likewise, addinga scalarto a distribution simply
offsetsthedistributionby thescalaramount.

D �

� Add
�

s� D �

� s
�

D (5)

Again,notethateachcomponentof thepositionP is added
to the correspondingdistribution component.After onein-
tegration stepof Equation3, the right handside is now a
distribution.So,we needto applyoneof theToScalar()op-
eratorsdescribedearlierto eachof the componentsof P in
orderfor usto assigntheresultsto theleft handside.

In the examplebelow, we usea 2D slice from thesref
forecastdata.Thereare � ve velocitiesat eachlocation in
the 2D �eld. Eachvelocity hastwo components,u and v.
We show the resultsusingthreedifferentToScalar()opera-
tors:mean,minimum,andmaximum.Notethattheseopera-
torsareappliedto thedistributionof new positions(theright
handside).

Minimum
�

D �

� min
�

v1 � v2 � ������� vn � (6)
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Figure 4: Pseudocolorrenderingof the three parameters
from sg2 obtainedusing a ToVector() operation that ex-
tractedthe mean,standard deviation, and skewnessof the
distribution. Mean is mappedto hueusing the samecolor
rangeasin Figure3, standard deviationis inverselymapped
to value, and the absolutevalue of skewnessis inversely
mappedto saturation. The locations of the ground truth
points are also easily visible as brighter, fully saturated
points.Placeswith higherstandard deviationsare showing
up as darker regions,especiallyprominentacrossthe arch
andthe lower, middleregion. Thecolor mapon the left has
the valueheld constantat one, while the color mapon the
right hasthesaturation alsoheldconstantat one.

Maximum
�

D �

� max
�

v1 � v2 � ������� vn � (7)

Mean
�

D �

�

1
n

i � n

å
i � 1

vi (8)

Figures6 and7 representonepossibleinterpretationof
the vector distribution data.Eachrealizationis essentially
treatedasa possiblescenarioandhencea streamlineis gen-
eratedindependentlyfrom eachrealization.Anotherpossi-
ble interpretationis to take all the differentrealizationsto-
getherand treat the vector distribution at eachpoint as a
pdf of the velocity at that point. Given that � ve samplesis
generallyinsuf�cient for anaccuratepdf, we continuewith
thefollowing discussionto illustratehow onemightproceed
with suchaninterpretationassuminganadequatepopulation
is available.

The alternative interpretationbasicallysaysthat starting
from a given position,onehasa pdf which speci�eswhere
one might end up after one integration step.As a conse-
quence,the new location is going to be a distribution of
likely positions.We thereforelook at anotherway of ex-
tendingEquation3 to work with distributionsby raisingthe

Figure 5: Discontinuouscolor mapof outputfroma bump
huntingalgorithmonthesg2 dataset.Thenumberofbumps
(or modality)of a distribution is mappedto differentcolors.
Theoutputof thebumphuntingalgorithm11 presentedhere
is a procedural ToScalar()operation. Thearch observedin
Figured 4 is also noticeablehere. The reddishregion in-
dicatesthat the distributions at thoselocations are more
bumpy(highermodality).

Figure 6: Streamlinesof the sref RSMmodelson Octo-
ber the 24th of 2002.Thebackground�eld is colored with
themeanvelocitymagnitudeusingthesamecolor mapasin
Figure 3. Thewhite streamlinesare traditional streamlines
calculatedindependentlyover each vector�eld realization.
Onecan seewhy they are referred to as spaghetti plots in
meteorology. Theblack streamlineusesEquation8 to con-
vert thedistribution at each componentof Pi � 1 to a scalar.
It alsocorrespondsto whatonemightexpectastheaverage
streamlinesof all thespaghettiplots.

datatypeof positionsfrom scalarsto distributions.Theini-
tial seedingpoint P0 is determinedasusual,but is converted
into a distribution by simply replicatingit so that it hasthe
samenumberof samplesasthedistributionsin thevelocity
distribution �eld. We thende�ne a differentadditionopera-
tor thatworkson two distributions:

R � AddD
�

P� Q�

� P
�

Q (9)

Theresultof AddD() is anotherdistribution R. Again, there
is more thanoneway to de�ne suchan operation.We de-
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Figure 7: SameasFigure 6 but showingthespaghettiplots
with the streamlinesgenerated using Equations6 and 7.
Thetwo blue streamlinescorrespondto theenvelopeof the
spaghettiplots.

Figure8: Streamlinevisualizationusingtheconvolutionad-
dition operation. Thedistribution of positionsat theendof
each time stepis rendered as a transparent circle encom-
passingthosepoints.

scribe two possiblede�nitions of � . The �rst is due to
Gerasimov et al. 5 which we refer to as “convolution ad-
dition”, and the secondone is due to Guptaand Santini 6

which we refer to as “binwise addition”. Figures8 and 9
demonstratethesetwo operationson the ensembleweather
forecastdataset.

Figure 9: Streamlinevisualizationusingthe binwiseaddi-
tion operation. It is rendered with transparent circlesas in
Figure 8, andhasthesameseedpoint as thepreviousthree
streamlineimages.

Figure 10: Thewhite swathrepresentsstreamlinetrajecto-
ries,while theyellowswathrepresentspathlinetrajectories
of theensemble. Bothswathsusebinwiseaddition.

4.2.1. Convolution addition:

This addition is statisticallymeaningfulwhenP andQ are
pdfs. Let P be the pdf of randomvariableX andQ be the
pdf of randomvariableY. Theadditionof these2 indepen-
dentpdfsresultsin anotherpdf which canbe interpretedas
theprobabilitydistribution for thesumof bothrandomvari-
ables.Therelationshipis de�ned in 5 as:

PX � Y
�

t �

���

���

�

�

P
�

t � v� Q
�

v� dv (10)

wheret � X
�

Y andv � Y.

4.2.2. Binwise addition:

This additiondoesnot requirethatthedistributionsbepdfs,
but do requirethatbothbeevaluatedover thesamerangeof
X values.At eachevaluationpoint, the frequenciesof both
variablesare simply addedup. If the distribution is a his-
togram,thencorrespondingbinsareaddedtogetherto form
thefrequency of bin in theresultingdistribution.This is de-
�ned in 6 as:

R
�

X �

� P
�

X �

�

Q
�

X � (11)

Anotherapplicationwheresuchoperationscanbeseenis in
signal processing.A compositesignal R

�

t � of two signals
P

�

t � andQ
�

t � canbeobtainedfrom theabove operation.In
thiscase,t � X.

4.3. Pathlines

Pathlinestracethepathof aparticleoveratimevarying�o w
�eld 1. A particle's pathis determinedby solvingthediffer-
entialequationfor a �eld line:

dP� dt � V
�

P
�

t � � t � (12)

whereP is theparticle'slocationandV theparticle'svelocity
at timet. Integratingthis equationsyields

P
�

t
�

dt �

� P
�

t �

�

�

dt

t
V

�

P
�

t � � t � dt (13)
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The integral can be evaluatednumericallyusing a simple
Euler integration, multi-stagemethods(e.g. Runge-Kutta,
Bulirsch-Stoer),or multi-stepmethods(e.g,backwardsdif-
ferentiation).Notethat this equationis essentiallythesame
asEquation3 with theexceptionof a timevaryingV �eld.

Pathlinesfrom ensembletime varying�o w dataareillus-
tratedin Figure10.Notethatpathlinescanberenderedwith
polylinesor astransparentcirclesaswith streamlines.Recall
that thesref datahas22 time stepsfor eachforecastrun.
Thesetime stepsarethreehoursapartanda bit too largeof
a time stepfor integrationpurposes.Usinga singleforecast
run, we needto do temporalinterpolationof the ensemble
�o w �eld. For the examplein Figure 10, we introduce30
additional time framesbetweeneachthreehour time step
using the interpolationstrategy for distributions described
in Equation19. This allows an integrationstepsizeof 0.1
hours.

4.4. Contour Lines

An isolevel or contourline is a curve linking all the points
with thesamevalue.Ona griddeddataset,bilinearinterpo-
lation is usuallyperformedto obtaina betterapproximation
to wherethecurvewill intersecta cell basedon therelation-
ship betweenthe cornervaluesandthe referencevaluefor
thecontour. In thesamevein, we would like a contourline
over a 2D distribution �eld to link all thepointsin the�eld
with thesamedistributions.

There are two ways to do this. The �rst approachis
to convert eachdistribution to a scalarvalue usingone of
theToScalar()operatorsdescribedearlier, andthenapplya
scalarcontouringalgorithm.Thesecondapproachis to con-
tour the2D distribution�eld directly. Thelatterrequirestwo
basicchanges.First, the referencescalarvaluefor locating
thecontourline mustbeextendedto becomeareferencedis-
tribution.That is every distribution in the�eld will becom-
paredagainstthis referencedistribution, just asevery scalar
in a 2D scalar�eld is comparedwith the referencescalar.
Secondly, theremustbeawayto measuresimilaritybetween
two distributions.This allows us to computethe distances
betweeneachdistribution in the 2D grid againstthe refer-
encedistribution.Wecall thisclassof distancemeasuresour
similarity operators.

s � Similarity
�

D1 � D2 � (14)

Again,we provide a non-exhaustive list of illustrative ex-
amplesof how this classof operatorsmay look. Here,we
introducethreesuchoperators:Euclideandistanceoperator,
Kolmogorov-Smirnov operatorandKullback-Leibleropera-
tor. They measurethesimilaritiesor differencesbetweentwo
distributions.Let P

�

x� andQ
�

x� be two distributionsof the
randomvariablex. TheEuclideandistanceis de�ned as:

Euclidean
�

P� Q�

�

�

�

���

�

�

�

P
�

x� � Q
�

x� �

2dx�

1
2

(15)

The P
�

x� and Q
�

x� may be evaluatedat discretelocations
e.g.from ahistogram,or atcontinuouslocationsfrom aden-
sity estimate11� 15.

The Kolmogorov-Smirnov (KS) distancebetweentwo
distributions is de�ned as the maximumdistancebetween
their correspondingcumulative distribution functions(cdf)
18.

KS
�

P� Q�

� max
�

cdf
�

P
�

x� � � cdf
�

Q
�

x� �

�

(16)

We canalso�nd a distancemeasurein informationthe-
ory. This is the Kullback-Leibler(KL) distancealsocalled
relativeentropy, andis de�ned as:

KL
�

P� Q�

�
�

���

�

�

P
�

x� log
P

�

x�

Q
�

x�

dx (17)

Here,P and Q are treatedas pdfs. From the formulation,
we notethat theKL distanceis alwaysnon-negative. When
the two pdfs are identical, their KL distanceis zero. The
greaterthe KL distance,the bigger the differencebetween
the two pdfs.TheconventionalKL distancebecomesin�n-
ity whenQ

�

x� is zero.To avoid this problem,analternative
formulationproposedin 8 is to addsmall non-zerovalues
to thepdfs.TheKL distanceis alsonot symmetric.That is,
KL

�

P� Q���

� KL
�

Q � P� . Siegleretal. 14 proposedasymmetric
KL (SKL) distancewhich is de�ned as:

SKL
�

P� Q�

� KL
�

P� Q�

�

KL
�

Q � P� (18)

In thefollowing examples,Wecombinethesetwo solutions,
non-zeropaddingandsymmetrization,to producetheSKLZ
distance.

Weusethemarchingsquarescontouringalgorithmwhere
eachvertex distribution is comparedagainstthe reference
distribution.Basedontheresultsof thatcomparison,adeter-
minationis madewhethera contourline will crossanedge
or not.If aline mustcrossanedge,westill needto determine
theintersection.Linearinterpolationdoesnotwork here,be-
causethedistancedoesnotchangelinearlybetweenany two
givenpointsin 2D space.Sowe subdivide theedgeinto 10
sectionsand�nd thesectionwhosedistribution is closestto
thereferencedistribution.That is, we generate9 intermedi-
atedistributionsthatarelinearcombinationsof thedistribu-
tionsat theendsof theedgeto beintersectedusing:

Interp
�

P� Q � s�

� Scale
�

1 � s� P�

�

Scale
�

s� Q� (19)

whereScale()is de�ned in Equation4 and � is thebinwise
additiondescribedin Equation11.
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Figure 11: Contours of distribution data sg2usingSKLZop-
erator. Thedistribution to theright is thereferencedistribution
usedto �nd thecontourlines.That is, pointsalongthecontour
lineshavedistributionsverysimilar to thereferencedistribution
accordingto theSKLZsimilarity measure. Color correspondsto
theoutputof theSKLZsimilarity measure.

Figure12: Similar to Figure11excepta differentreferencedis-
tribution is used.Thereferencedistribution is madeup by ag-
gregating all the samplesof all the pixels in the data set.The
dotscorrespondto locationsof the groundtruth points.Color
correspondsto theoutputof theSKLZsimilarity measure.

4.5. Isosurfaces

Extending isosurfacesto deal with distribution data is a
straightforward extension of how contour lines were ex-
tended.We illustrate how this can be done using the 3D
distribution of soundspeedfrom theocean dataset.Find-
ing an accurateintersectionof a polygonandan edgeof a
volumecell canbe quite costly becauseusing the strategy
outlined in the previous section,we have to effectively in-
creasethe spatialresolutionby threeordersof magnitude.
Therefore,we forego �nding accuratepolygon-edgeinter-
sectionsin thefollowing example.Westill useaSimilarity()
operatorsuchastheSKLZ distancemeasureto comparethe
distributionat eachvertex againstthereferencedistribution.
This producesa scalarvaluethatwe thenpassto a standard
marchingcubesalgorithm.

5. EVALUATION OF OPERATORS

In the precedingsection,we describedhow existing visu-
alizationalgorithmscanbe extendedto handledistribution
datasetsusingdifferent typesof operators.Within a given
typeof operator, suchasToScalar(),Similarity(), etc.,there
is usuallymore than onepossibleoperatorde�nition. It is
thereforenaturalto askhow to selecttheright operator. The
choiceof theright operatorclearlydependson theapplica-
tion at hand,andpossiblythe propertiesof the distribution
e.g.numberof samples,statisticalnature,etc.It alsodepends
on what featuresin the data,or distribution data,arebeing
highlighted.Discussionon the selectionprocedureamong
choicesof operatorsfor a speci�c applicationis beyondthe
scopeof this paper. Instead,we discussonegenericmethod
that comparesalternative operators.The assumptionis that
theuserhasidenti�ed meaningfulpropertiesandwould like
to know which operatoris bestat detectingthem.The op-
eratorsareevaluatedusingpower tests.Thepower of a sta-

tistical testis theprobabilityof rejectingthenull hypothesis
whenit is false.In otherwords,it is theprobability thatthe
testwill dowhatit wasdesignedto do.To illustratehow the
power testworks,assumethattheuserhasselectedthreeop-
eratorsto evaluate:theKullbackLeibler(KL), Kolmogorov-
Smirnov (KS) andanEuclideandistanceoperator(ED).Fur-
therassumethatthedistributionpropertyof interestis skew-
ness.Thus,we would like to evaluatethesethreeoperators
with regardto their sensitivity to changesin skewness.For
a controlledtest,we createdifferentpdfsfrom a Chi-square
distribution with differentshapeparameters.To further iso-
latethedifferencesamongthesepdfsto skewness,thedistri-
butionsaretransformedsothatthey all have thesamemean
of 0 andstandarddeviation of 1. Theseareusedasinput to
thepower test.

Given two distributionsP andQ, the null hypothesisin
this context is truewhenthetwo distributionsarethesame.
The alternative hypothesisis true when they are different.
Each pdf derived from a c2 distribution is compared
againstthepdf derivedfrom a normaldistribution with zero
skewness.We carryout thetestasfollows:

1. Evaluate each of the c2 pdfs at 250 equally spaced
points.Transformeachonesuchthat the meanis 0 and
thestandarddeviation is 1.

2. Constructa cdf for eachof these.

3. For each cdf, obtain 2,500 samplesthrough uniform
sampling.This producesa fairly accuratereconstruction
of the input distribution. Now, generate100suchrecon-
structionsfor eachcdf.

4. Calculate distances (using KL, KS, ED) between
distributions from the same input distribution (same
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Figure 13: Volume rendering of the ocean data after a
ToScalar()operationto obtainthestandard deviationof thedis-
tributions.The darker region lies above the continentalshelf
breakwhere more mixing is happening, thus,the higher stan-
dard deviationsin theregion.

Figure 14: An isosurfaceusinga referencedistribution within
the mixing region. The surfacerepresentsregions in the data
where the distributions are very similar to the referencedis-
tribution shownon the right. Not surprisingly, it corresponds
quite well with Figure 13. Color can also be usedto display
other propertiesof the distributions by using an appropriate
ToScalar()operator. Here wecolor thesurfaceby thestandard
deviation of thedistributionat each location.

skewness).Here the null hypothesisis true. Eachcom-
parisonproducesa scalardistancemeasure,where the
distancesshouldberelatively small.

5. Calculatedistances(using KL, KS, ED) betweeneach
skeweddistributionandthenormaldistribution.Herethe
alternative hypothesisis true.Eachcomparisonproduces
a scalardistancemeasure,wherethedistancesshouldbe
relatively largerthanthosein thenull hypothesis.

6. Plot the two groupsof distancesto produceFigure 15.
A plot like this is generatedfor a given Similarity()
operatorand one skewed distribution. The areaunder
the blackcurve andto the right of theyellow line is the
discriminatingpower, and provides a single datapoint
for theplot in Figure16.

Thefollowing observationscanbemadefrom Figure16.
First, the KL operatoris the most powerful distancemea-
sureamongthe threeoperatorsfor detectingdifferencesin
skewness.It is followedcloselyby theED operator. Theper-
formanceof theKS operatoris notmonotonicallyimproving
with skewness.Secondly, astheskewnessincreases,theChi-
squaredistributionsbecomemoreandmoredistinguishable
from thenormaldistribution.Therefore,thepowerof thetest
goesupmonotonically, exceptfor KS operator.

The power testcanalsobe appliedto arbitrarydistribu-
tionssuchasthosefrom thethreetestdatausedin thispaper.
However, thetestis quitecostly, andit doesnot replacethe
knowledgeandexperienceof theuserin decidingwhethera
particularoperatoris meaningfulfor thedesiredtaskor not.

6. CONCLUSION

Wepresentedamethodologyfor visualizingspatialdistribu-
tion datasets.It is basedon operatorsandwe demonstrated
how it is usedto extendsomebasicvisualizationtechniques
to handledistribution datasets.Themethodologyis �e xible
andcangrow by allowing oneto take advantageof develop-
mentsin otherdomainssuchassignalprocessing,statistics,
etc. The �e xibility comesat a price in termsof requiring
careandsomelearningin properinterpretationof theresult-
ing images.However, it opensup thevisualizationresearch
�eld by �rst addingdistributionsto thelist of datatypesthat
we canvisualize,andsecondby allowing us to extendvi-
sualizationtechniquesto supportdistribution datasets,and
�nally to perhaps�nd visualizationtechniqueswith distribu-
tion dataforemostin mind.For us,oneof themainbene�ts
is thatuncertaintyrepresentedasa distribution cannow be
visualizedrelatively directly with extensionsto standardal-
gorithms.

A key point for discussionis that we have introduceda
broadsetof operatorsfrom different�elds. Their judicious
userequiressomeknowledgeandexperience.More impor-
tantly, how doesoneknow whichoperatorto usefor a given
dataset and how doesone interpretthe resultingimages?
We do not have any guidelinesor rule of thumbto offer at
thepresenttime, but this is partof our plan to evaluatethe
differentoptionsavailableandto beableto recommendap-
propriateoneslateron.

Otherfuturework plansincludefeatureextractionof dis-
tribution data,specially time-varying distribution data,as
thisholdsgreatpromisein helpingto visualizesuchrich and
large datasets.We also plan to explore how other visual-
ization techniquesasidefrom thosepresentedherecan be
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Figure15: Theblack distribution is obtainedwhenthenull hy-
pothesisis trueandthereddistributionis obtainedwhentheal-
ternativehypothesisis true. Thex-axisis thedistancemeasure
usingoneof thethreeoperators, while they-axisis therelative
frequency. Theyellowline is themarker indicatingtypeI error
probability (a) andis setat 1% which correspondsto thearea
undertheblack curveto theright sideof themarker.

Figure 16: Comparisonof Chi-square distributions with dif-
ferent shapeparameters (different amountsof skewness).The
higher the curve, themore discriminating(more powerful)the
distancemeasure.

extendedto work with distributiondatasets.Finally, wealso
plan to explore how scattereddatainterpolationtechniques
canbeextendedto handledistributiondatasets.
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