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Abstract

In this paper wede ne distributionsasa new datatypeandaddressthe challengesof visualizingspatial distribu-

tion datasets Numebpusvisualizationtechniquesexisttodayfor dealingwith scalardata. Thatis, thereis a scalar
valueat ead spatiallocation,which mayalsobe changingover time Likewise techniquesexist for dealingwith

vector tensorand multivariate data sets.However, there is currently no systematiavay of dealingwith distribu-

tion datawhele ther is a collectionof valuesfor the samevariable at everylocationandtime Distribution data
is increasinglybecomingmore commonas computes and sensortechnolaies continueto improve They have
alsobeenusedin a numberof elds rangingfromagriculture, engineeringdesignand manufacturingo weather
forecasting Ratherthan developingspecializedvisualizationtechniquesfor dealingwith distribution data, the
approad presentedn this paperisto nd a systematiavay of extendingexistingvisualizationmethodgo handle
this new datatype For example we wouldlike to be ableto geneate isosurfacef 3D scalar distribution data
sets,or geneate streamlinesof vector distribution data sets.In order to accomplishthis goal, we proposethe

useof a setof mathematicallyand procedurlly de ned opemators that allow usto work directly on distributions.

Color imagescanalsobefoundin www.cse.ucsc.edu/research/avis/operator.html.

1. INTRODUCTION

A hostof visualizationtechniquess available todayto vi-
sualizea variety of datatypes.The datasetsmaybecharac-
terizedas both multidimensionaland multivariate. Multidi-
mensionadatarefersto the spatialdimensionalitye.g.0D,
1D, 2D, 3D, of the data,but it may alsoincludetime asan
additionaldimension.Multivariatedata,on the otherhand,
refersto the differentvariablesrepresenteat eachlocation.
Thesevariablesare usually scalar but may alsobe vectors,
tensorsetc. For non-scalarspne may treatthe extra terms
asanothewariablein muchthe sameway thatvectorsmay
be representetby multiple scalarcomponentsWhile often
usedinterchangeablyn literature,thesetwo propertiesare
orthogonalFor example aweatheforecastmaybe3D, time
varying andcontaininformationabouttemperaturehumid-
ity, pressureetc.ateachlocation.In practice suchadataset
may be storedin a 5D array:threefor spaceonefor time,
andthelastonefor thedifferentvariables A notablevisual-
izationsystemthatcarriesthis nameis Vis5D 7.

This paperfocuseson a nev datatype, a distribution,
which will essentiallyaddan extra dimensionthat needsto
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bevisualized.A distribution is simply a collectionof n val-
uesabouta singlevariable:D Vi, wherei 1 n. For
example,a probability densityfunction (pdf) is a distribu-
tion containingvaluesthatrepresenfrequencie®f different
datavalues.In termsof visualizingdistributions,we areall
familiar with barplotswhich characterize¢he statisticaldis-
tributionfor asinglevariableata givenlocation.We areless
familiar with distributions mappedover one, two or three
spatialdimensionsSo, the goal of this paperis to describe
a systematiomethodologyfor visualizing distribution data
thatare2D or higher

Distribution dataaredistinctly differentfrom multivariate
datain thatonecanhave scalardistribution datawhereeach
memberof the collectionis a scalar one can have vector
distribution datawhereeachmemberof the collectionis a
vector or onecanhave multivariatedistribution datawhere
eachmemberof the collectionis a multivariatevector Al-
ternatizely, onecanthink of eachcomponenbdf anon-scalar
distribution asseparatescalardistributions(seeFigure 1).

Rather than developing specializedvisualization tech-
niquesfor visualizing spatialdistribution datasets,the ap-
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Figure 1: Multidimensionaltime-varying multivariatedis-
tributions.

Distribution
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proachpresentedn this paperis on a systematicnethod-
ology of extendingexisting visualizationtechniquego han-
dle the new datatype. Thus,onewould like to be able to
pseudocolordistribution eld, or generateontourlinesor
isosurices,or streamlinesor volume renderingsof distri-
bution elds. To accomplishthis, we describea setof op-
eratorsthat corverts distributionsto scalars,combinesdis-
tributions arithmetically and possiblymore complex oper
ationson distributions.Becauselistributionsdo not always
represenstatisticalinformation,differenttypesof operators
may be calledfor dependingon whatis appropriateor the
applicationthat generatedlistribution data. We discussa
few of theseoperatordrom various elds including: signal
processinginformationtheory andstatistics.The intentis
to demonstratédnov one may go aboutdesigningoperators
ratherthanproviding anexhaustve list.

The restof the paperis organizedas follows: Section2
providesadditionalmotivation on why it is importantto be
ableto dealwith distribution datasets,Section3 highlights
threedistribution datasetsthat are usedto demonstratéhe
visualizationtechniquesn this paperandSectiord presents
extensionsto a numberof well known visualizationtech-
niquesto supportdistribution datasets.For eachvisualiza-
tion techniquewe presentainddiscusgherelevantoperators
necessaryo handledistribution data.

2. MOTIVATION

Distribution datacanbe found in raw censugdata,real es-
tatesalesdata,agriculture bioinformatics sensitvity analy-
ses terrestrialmodels weatheiforecastsandocearcircula-
tion modelsto namea few. More speci ¢ examplesinclude:
modeling of vegetationand land cover typesusing condi-
tional simulation3, dataassimilationinto oceancirculation
models!?, targetstateestimationusingBayesiartechniques
16, studyinggenesequenceandgeneexpressionevelsfrom
micro-arrayst, andto someextent, queryby imagefeatures
6 andmusiccontent!3 17 into digital libraries. Theseappli-
cationsall provide arich setof data.

Anotherreasonwhy distribution datais interestingis be-

causdt is anotheway to representincertainty Ratherthan
usingascalavalueor valuepairssuchasstandardieviation
or min-maxrangevaluesto representncertaintythe entire
distributionitself canbetherepresentatioof uncertainty

Despiteall the potentialbene tsof distribution data,their
prevalenceis notimmediatelyohvious. We believe the pri-
mary reasons dueto the factthatthey aredif cult to visu-
alizewhenthey arespreadutovera eld. Currently spatial
distribution dataare generallysummarizedisinga few ag-
gragatestatisticsaandpresentedhatway becausé¢hereis just
no visualizationmethodcurrently available that will depict
spatialdistribution data. Suchmethodsof displayingthese
dataalsohidesthefactthatthey aredistributions.

If thedistribution dataexistsonly atasingle“point”, then
thevisualizationis relatively straightforvard by usingfunc-
tion plotsor barcharts However, asthespatialdimensionof
the datasetincreasdrom a pointto 1D, 2D, 3D andtime-
varying, thenthe visualizationtaskvery quickly becomesa
problem.

We have looked at this problemfor 2D distribution data
setsusing a statisticalapproachl®. Density estimatesvere
constructedor the distribution at eachpixel over a 2D do-
main.Fromthat,parametricstatisticssuchasmeanandstan-
dard deviations, as well as higher momentstatisticswere
collected.Thesewere thendisplayedusing differentvisual
mappingssuchascolor, height,glyphs,etc.overthedomain.
This approactworkswell if the distributionscanbe charac-
terizedfairly well with a few statisticalparameter®.g. if
the distributionscanbe well modeledby a Gaussiardistri-
bution. However, asthe modality or the numberof peaksin
the distribution deviate from the norm, thenthe parametric
statisticsapproacthasa severelimitation in expressingthe
shapeof the distributions. An alternatve methodproposed
wasto treatthe densityestimatesver the2D eld asa 3D
scalarvolume (2D for space 3rd dimensionfor datarange,
andscalarvaluesrepresentindrequenciespndapply stan-
dardvolumevisualizationalgorithm.This worked betterbut
doesnt allow usto scaleto higherdimensionadistribution
datasets.

Employing multivariate visualizationtechniqueson the
2D distributiondatametwith very limited successA casen
pointis theuseof glyphse.g.Chernof facesr starglyphsto
representultivariateinformation. The most naturalglyph
to representistributionswould be barcharts. Figure2 illus-
trateshow thislookslik e for 2D distribution data(described
in Section3 assg2 ). Oneokviouslimitation is thedif culty
of scalingthis approacho high resolutiondatasets.A rela-
tively low resolution100x100grid of distribution canbarely
be handledby this approachgeven whenit is displayedat
quarterresolution.The lower resolutionsarederived by ag-
gragatingthesampleof neighboringpointstogethetto form
anew distribution. While preservingheraw datapoints,one
alsolosesthe spatialvariability betweemeighboringdistri-
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(a) quarterresolution

(b) 1/200resolution

Figure 2: Bar chart glyphsrepresentingdistributionsare drawn over ead distribution. (a) showsthe original 100x 100grid
displayedasa 50 x 50 array of histagrams,while (b) showsthe samedataasa 10 x 10 array of histagrams.

butions.Anotherlimitation to this andothermultivariateap-
proachis thedif culty in scalingto higherdimensions.

In short,thereareclearlymary applicationswith distribu-
tion data.Themostcommonpracticehasbeento summarize
the distribution dataand work with a scalarsummary An-
alyzing andvisualizing the distribution datain its entirety
is the challengethat this papertries to addresslin the next
section,we presentsomedistribution datasetsusedin this
paper

3. DATA FOR EXPERIMENT

We describehreedifferentdistribution datasetsusedin this
paper Our rst datasetis a 2D scalardistribution eld.
This data setis a synthetic example constructedusing a
smallregionin the Netherlandsmagedby the LandsafThe-
matic Mapper3. Considerthe casein which the biophysical
variableto be mappedacrossthis region is percentforest
cover. Assumethereareground-basedheasurementsf for-
estcoverfrom 150well-distributedlocationsthroughouthis
regionaswell asspace-basesieasurementsom Landsabf
aspectralvegetationindex. This spectralegetationindex is
relatedto forestcover in a linear fashionbut with signi -
cantunexplainedvariance.Furtherassumethat the ground
arearepresentetby a eld measuremeris equalto thearea
representedby one pixel. A distribution datasetwas gen-
eratedusingthis information: sg2 , generatedisinga con-
ditional simulationalgorithm 2 taking into accountground
measurementsnly; and sg3 generatedusing conditional
co-simulation? using both ground measurementand the
coincidentsatelliteimage. The dataset consistsof 101
101 pixelsand250realizationsValuesrangefrom 0 to 255,
rescaledrom percentforestcover.

Our seconddatasetis a 3D time-varying scalardistribu-
tion eld outputfrom oceanmodeling. The model covers
theMiddle Atlantic Bight shelfbreakwhichis about100km
wide andextendsfrom CapeHatterago CanadaBoth mea-
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surementataandoceandynamicsarecombinedo produce
a 4D eld that containsa time evolution of a 3D volume
including variablessuchastemperaturesalinity, andsound
speed.To dynamically evolve the physicaluncertainty an
Error SubspaceStatisticalEstimation(ESSE)schemel? is
employed. This schemas basedn areductionof theevolv-
ing error statisticsto their dominantcomponentsor sub-
spaceTo accountor nonlinearitiesthey arerepresentely
anensemblef Monte-CarloforecastsHence numerougiD
forecastsare generatedand collectedinto a 5D eld. For
eachphysicalvariable,the dimensionof the datasetis 65

72 42 voxelswith 80 valuesat eachpoint. We referto
this datasetasocean .

Our third data set is a 3D time-varying multi-
variate distribution data set representingan ensem-
ble weather forecast. The data set is referred to as
sref which standsfor short-rangeensembleforecast-
ing and is courtesy of NOAA, and available through
http://wwwt.emc.ncep.noaa.gov/mmb/SREF/SREF.html. The
ensembleis createdfrom two different models:ETA and
RSM, with 5 differentinitial andboundaryconditionseach
producinganensembler collectionof 10 membersateach
locationwherethe two modelsoverlap. Unfortunately the
two modelsarenot co-registeredand have differentprojec-
tions and spatialresolutions.Thus, for the purposeof this
paperwe justusethe ve memberensembldrom the RSM
model.The resolutionof the RSM modelis 185 129and
has254 physicalvariablesat eachlocation. The forecastis
run twice a day, andfor 22 differenttime stepsduring each
run. Velocity is available at every location in the model.
However, only horizontalwind componentsare recorded.
While not an ideal distribution datasetbecausef the low
numberof samplesit providesuswith velocity distribution
datato demonstratestreamlinesand pathlinesvisualization
of steadyandunsteadyectordistribution data.
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4. VISUALIZA TION AND OPERATORS

We now describehow to extend ve standardvisualization

to supportdistribution datasets.Theseare pseudocoloring,

streamlinespathlines,contourlines and isosurfices.With

eachmethod,we discusgthe basicrequirementsn orderto

extendit, andalsopresentifferentwaysof extendingit. In

all casesthe key ideais designingoperatorshat cancon-
vert distribution datatypesto othertypesand/orallow them
to be combinedwith otherdatatypes.Basedon theseex-

amples,a methodologyis establishedor how othervisual-
izationmethodscanbe extendedo supportdistribution data
sets.

4.1. Pseudocoloring

Oneof themostbasicvisualizationtechniquess pseudocol-
oring. The main requirements to map a scalarvalueto a
color value. Typically a rangeof scalarvaluesare mapped
to a rangeof color values.Disregardingthe importanceof
designinga propercolormapfor now, the key taskin order
to pseudocolodistributionsis to corvert a distribution to a
scalarvalue. Assumingan operatorexists for this task, the
scalarvalue representinghe distribution canthen be used
to index the color table.Note that the mappingneednot be
linear It could be nonlinearor even discontinuousAlter-
natively, adistribution canbe cornvertedto afew scalarssay
three ratherthanasinglescalarin thiscasethethreescalars
canbe mappedo differentcolor modelssuchasHSV com-
ponents.This classof operatorsconvertsa distribution to a
singlescalaror avectorof afew scalarcomponents.

s ToSalar D 1)
v ToVedor D 2)

In choosingan operatorto convert a distribution to a
scalar it is importantto know what featuresof the distri-
bution needto be shawvn. We describesomestatisticalop-
eratorsthat summarizea distribution to a few scalars.The
centraltendenciesf adistribution oftenshav whatthemost
likely valuesare.The spreadf a distribution capturesvari-
ability or uncertainty Additional measuresuchaskurtosis
describeghe“ atness" of thedistribution andskewnessde-
scribesthe asymmetry The equationsfor thesestatistical
summariescan be found in statisticstextbooks®. In addi-
tion to standardstatisticalsummariespne can also devise
other more descriptve meansof expressingthe shapeof a
distribution. For example,capturingthe modality or number
of peaksin a distribution, andthe heightandwidth of each
peak!l. Figures3, 4 and5 demonstrat@ow theseToScalar()
andToVector()operatorsaareusedover 2D distribution data
sets.It shouldalsobe notedthattheseexamplesareillustra-
tive andareby no meansexhaustve.

4.2. Streamlines

Streamliness oneof theworkhorsevisualizationtechniques
for steadystate o w elds. They aregeneratedy integrat-

Figure 3: Pseudocolorenderingof the meanof the sg2
data.Meanis obtainedusinga ToScalar()opeiator de ned
in Equation8.

ing the pathof masslesgarticlesasthey arecarriedinstan-
taneouslythroughthe eld. Forillustrationpurposeswe use
thesimplestEulerintegrationoutlinedbelow:

R1 R vx ®)

WhereP is the position, v is the velocity and Dt is the in-
tegration step. If the velocity eld is a velocity distribu-
tion eld, we needto extendthe concepiof multiplying and
addingscalarswith distributions.Theresultof multiplying a
scalarwith a distribution is anotherdistribution whereeach
termor samplehasbeenscaled.

D Scale s D s D (4)

Note that this is carriedout for eachvelocity component.
Here,D isthenew distribution for oneof the velocity com-

ponentsLikewise, addinga scalarto a distribution simply

offsetsthedistribution by the scalaramount.

D Add sD s D (5)

Again, notethat eachcomponenof the positionP is added
to the correspondinglistribution componentAfter onein-

tegration stepof Equation3, the right handside is now a
distribution. So,we needto apply oneof the ToScalar()op-

eratorsdescribecearlierto eachof the component®f P in

orderfor usto assigrtheresultsto theleft handside.

In the examplebelow, we usea 2D slice from the sref
forecastdata. Thereare ve velocitiesat eachlocationin
the 2D eld. Eachvelocity hastwo componentsy andv.
We shaw the resultsusingthreedifferent ToScalar(Jopera-
tors:meanminimum,andmaximum.Notethattheseopera-
torsareappliedto thedistribution of new positions(theright
handside).

Minimum D minvy Vo Vn (6)
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Figure 4: Pseudocolorenderingof the three parametes

from sg2 obtainedusing a To\ector() opertion that ex-

tractedthe mean,standad deviation, and skewnessof the

distribution. Meanis mappedto hue using the samecolor

range asin Figure 3, standad deviationis inverselymapped
to valug and the absolutevalue of skewnessis inversely
mappedto satumtion. The locations of the ground truth

points are also easily visible as brighter, fully satuated
points.Placeswith higher standad deviationsare showing
up as darker regions, especiallyprominentacrossthe arch

andthelower, middleregion. Thecolor mapon theleft has
the value held constantat one while the color mapon the
right hasthe satuiation alsoheld constantat one

MaximumD maxvi Vo Vn @)

1M
Mean D = avi (8)
N1

Figures6 and 7 represenbne possibleinterpretationof
the vector distribution data.Eachrealizationis essentially
treatedasa possiblescenaricandhencea streamlinds gen-
eratedindependentlffrom eachrealization.Another possi-
ble interpretationis to take all the differentrealizationsto-
getherand treat the vector distribution at eachpoint as a
pdf of the velocity at that point. Giventhat ve sampleds
generallyinsufcient for anaccuratepdf, we continuewith
thefollowing discussiorto illustratehow onemight proceed
with suchaninterpretatiorassumingnadequat@opulation
is available.

The alternatve interpretationbasically saysthat starting
from a given position,one hasa pdf which speci eswhere
one might end up after one integration step. As a conse-
guence,the new locationis going to be a distribution of
likely positions.We thereforelook at anotherway of ex-
tendingEquation3 to work with distributionsby raisingthe
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Figure 5: Discontinuouscolor map of outputfroma bump
huntingalgorithmonthesg2 dataset.Thenumbernfbumps
(or modality)of a distribution is mappedo differentcolors.
Theoutputof the bumphuntingalgorithm1 presentechere
is a procedurl ToScalar()operation. Thearch observedn
Figured 4 is also noticeablehere. The reddishregion in-
dicatesthat the distributions at thoselocations are more
bumpy(highermodality).

Figure 6: Streamlinesof the sref RSMmodelson Octo-
ber the 24th of 2002. The badkground eld is colored with
themeanvelocitymagnitudeusingthe samecolor mapasin
Figure 3. Thewhite streamlinesare traditional streamlines
calculatedindependentiypver eact vector eld realization.
Onecan seewhy they are referred to as spaghetti plots in
meteoology. Thebladk streamlineusesEquation8 to con-
vert the distribution at eadh componentf P, 1 to a scalar
It alsocorrespond¢o whatonemightexpectasthe aveiage
streamlinesof all the spaghettiplots.

datatype of positionsfrom scalargo distributions.Theini-

tial seedingpoint Py is determinedasusual but is corverted
into a distribution by simply replicatingit sothatit hasthe
samenumberof samplesasthe distributionsin the velocity
distribution eld. We thende ne a differentadditionopera-
tor thatworks ontwo distributions:

R AdDPQ P O )

Theresultof AddD() is anotherdistribution R. Again, there
is morethanoneway to de ne suchan operation.We de-
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Figure 7: SameasFigure 6 but showingthe spaghettiplots
with the streamlinesgeneiated using Equations6 and 7.
Thetwo blue streamlinescorrespondo the envelopeof the
spaghettiplots.

Figure 8: Streamlinevisualizationusingtheconvolutionad-
dition opemtion. Thedistribution of positionsat the end of
ead time stepis rendeed as a transpaent circle encom-
passingthosepoints.

scribetwo possiblede nitions of . The rst is dueto
Gerasime et al. > which we refer to as “convolution ad-
dition”, andthe secondoneis dueto Guptaand Santini®
which we refer to as “binwise addition”. Figures8 and 9
demonstratéhesetwo operationson the ensembleveather
forecastdataset.

Figure 9: Streamlinevisualizationusingthe binwiseaddi-
tion opemtion. It is rendeed with transpaent circlesasin
Figure 8, and hasthe sameseedpoint asthe previousthree
streamlineimages.

Figure 10: Thewhite swathrepresentsstreamlinetrajecto-
ries, while the yellow swathrepresentgathlinetrajectories
of theensembleBothswathsusebinwiseaddition.

4.2.1. Convolution addition:

This additionis statisticallymeaningfulwhenP andQ are
pdfs. Let P be the pdf of randomvariable X and Q be the
pdf of randomvariableY. The additionof these2 indepen-
dentpdfsresultsin anothempdf which canbeinterpretedas
theprobability distribution for the sumof bothrandomvari-
ables.Therelationshipis de nedin ° as:

Pc vt Pt vQvadv (20)

wheret X Yandv Y.

4.2.2. Binwise addition:

This additiondoesnot requirethatthe distributionsbe pdfs,
but do requirethatbothbe evaluatedover the samerangeof
X values.At eachevaluationpoint, the frequencief both
variablesare simply addedup. If the distribution is a his-
togram,thencorrespondingins areaddedtogetherto form
thefrequeny of bin in theresultingdistribution. Thisis de-
ned in ¢ as:

R X PX QX (11)

Anotherapplicationwheresuchoperationsanbeseenis in
signal processingA compositesignalRt of two signals
Pt andQt canbeobtainedfrom theabove operation.in
thiscaset  X.

4.3. Pathlines

Pathlinestracethepathof a particleoveratimevarying o w
eld 1. A particle's pathis determineddy solvingthe differ-
entialequationfor a eld line:

dPdt VPt (12)

whereP istheparticle’slocationandV theparticle'svelocity
attimet. Integratingthis equationyields

d

t
Pt dt Pt VPt tadt (13)

t
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The integral can be evaluatednumerically using a simple
Euler integration, multi-stagemethods(e.g. Runge-Kitta,
Bulirsch-Stoer) or multi-stepmethodg(e.g, backwardsdif-

ferentiation).Note thatthis equationis essentiallythe same
asEquation3 with the exceptionof atime varyingV eld.

Pathlinesfrom ensembldime varying o w dataareillus-
tratedin Figure10. Notethatpathlinescanberenderedvith
polylinesor astransparentirclesaswith streamlinesRecall
thatthesref datahas22 time stepsfor eachforecastrun.
Thesetime stepsarethreehoursapartanda bit too large of
atime stepfor integrationpurposesUsing a singleforecast
run, we needto do temporalinterpolationof the ensemble

ow eld. For the examplein Figure 10, we introduce30

additionaltime framesbetweeneachthree hour time step
using the interpolationstratey for distributions described
in Equation19. This allows an integration stepsize of 0.1

hours.

4.4, Contour Lines

An isolevel or contourline is a curwe linking all the points
with the samevalue.On a griddeddataset,bilinearinterpo-
lationis usuallyperformedto obtaina betterapproximation
to wherethecurve will intersecta cell basedntherelation-
ship betweenthe cornervaluesandthe referencevalue for
the contour In the samevein, we would like a contourline
over a 2D distribution eld to link all the pointsin the eld
with the samedistributions.

There are two ways to do this. The rst approachis
to convert eachdistribution to a scalarvalue using one of
the ToScalar(Joperatorgdescribeckarlier andthenapply a
scalarcontouringalgorithm.The secondapproachs to con-
tourthe2D distribution eld directly. Thelatterrequireswo
basicchangeskFirst, the referencescalarvaluefor locating
thecontourline mustbeextendedo becomeareferencalis-
tribution. Thatis every distributionin the eld will becom-
paredagainsthis referenceistribution, just asevery scalar
in a 2D scalar eld is comparedwith the referencescalar
Secondlytheremustbeawayto measureimilarity between
two distributions. This allows us to computethe distances
betweeneachdistribution in the 2D grid againstthe refer
encedistribution. We call this classof distanceneasuresur
similarity operators.

s  Smilarity D1 Dy (14)

Again, we provide a non-exhaustve list of illustrative ex-
amplesof how this classof operatorsmay look. Here,we
introducethreesuchoperatorsEuclideandistanceoperatoy
Kolmogora-Smirnor operatorandKullback-Leibleropera-
tor. They measurehesimilaritiesor differencedetweerntwo
distributions.Let P x andQ x betwo distributionsof the
randomvariablex. The Euclideandistances de ned as:

¢ TheEurographicsssociation2003.

1

2
EuclideanP Q Px Qx 2dx (15)
The P x andQ x may be evaluatedat discretelocations

e.g.from ahistogramor atcontinuoudocationsfrom aden-
sity estimaté!! 15,

The Kolmogora-Smirnos (KS) distance betweentwo
distributionsis de ned asthe maximumdistancebetween

their correspondingumulatie distribution functions (cdf)
18

KSPQ maxcdf Px  cdf Q x (16)
We canalso nd adistancemeasuran informationthe-
ory. This is the Kullback-Leibler(KL) distancealsocalled

relative entropy, andis de ned as:

Px
Q x

Here, P and Q are treatedas pdfs. From the formulation,
we notethatthe KL distanceis alwaysnon-n@ative. When
the two pdfs are identical, their KL distanceis zero. The
greaterthe KL distance the biggerthe differencebetween
thetwo pdfs. The corventionalKL distancebecomesn n-
ity whenQ x is zero.To avoid this problem,analternatve
formulation proposedn 8 is to add small non-zerovalues
to the pdfs. The KL distances alsonot symmetric.Thatis,
KLPQ KL Q P .Siggleretal. 14 proposedasymmetric
KL (SKL) distancewhichis de ned as:

KLPQ P x log dx a7)

SKLPQ KLPQ KLQP (18)

In thefollowing examples We combinethesewo solutions,
non-zergpaddingandsymmetrizationto producethe SKLZ
distance.

We usethe marchingsquaregontouringalgorithmwhere
eachvertex distribution is comparedagainstthe reference
distribution. Basedntheresultsof thatcomparisonadeter
minationis madewhethera contourline will crossanedge
ornot.If aline mustcrossanedgewe still needto determine
theintersectionLinearinterpolationdoesnotwork here be-
causdhedistanceloesnotchangdinearly betweerary two
givenpointsin 2D space Sowe subdvide the edgeinto 10
sectionsand nd the sectionwhosedistribution is closesto
thereferencdlistribution. Thatis, we generated intermedi-
atedistributionsthatarelinearcombination®f thedistribu-
tionsattheendsof theedgeto beintersectedising:

Interp PQ s Scalel sP ScalesQ  (19)

whereScale()is de nedin Equationd and  is thebinwise

additiondescribedn Equation11.
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Figure 11: Contous of distribution data sg2 using SKLZ op-
erator. Thedistribution to theright is the refelencedistribution
usedto nd thecontourlines. Thatis, pointsalongthe contour
lineshavedistributionsverysimilar to therefelencedistribution
accodingto theSKLZsimilarity measue. Color correspondso

the outputof the SKLZsimilarity measue.

4.5, Isosurfaces

Extendingisosurficesto deal with distribution datais a
straightforvard extension of howv contour lines were ex-
tended.We illustrate how this can be done using the 3D
distribution of soundspeedrom theocean dataset.Find-
ing an accuratantersectionof a polygonandan edgeof a
volume cell can be quite costly becausaising the stratgy
outlinedin the previous section,we have to effectively in-
creasethe spatialresolutionby three ordersof magnitude.
Therefore,we forego nding accuratepolygon-edgenter-
sectiongn thefollowing example We still usea Similarity()
operatorsuchasthe SKLZ distancemeasurgo comparehe
distribution at eachvertex againsthereferencedistribution.
This producesa scalarvaluethatwe thenpassto a standard
marchingcubesalgorithm.

5. EVALUATION OF OPERATORS

In the precedingsection,we describedhow existing visu-
alizationalgorithmscan be extendedto handledistribution
datasetsusingdifferenttypesof operatorsWithin a given
type of operatoy suchasToScalar() Similarity(), etc.,there
is usually more than one possibleoperatorde nition. It is
thereforenaturalto askhow to selecttheright operatorThe
choiceof theright operatorclearly dependwon the applica-
tion at hand,and possiblythe propertiesof the distribution
e.g.numberof samplesstatisticahature etc.It alsodepends
on whatfeaturesin the data,or distribution data,are being
highlighted. Discussionon the selectionprocedureamong
choicesof operatordor a speci ¢ applicationis beyondthe
scopeof this paper Insteadwe discussonegenericmethod
that comparesalternatve operatorsThe assumptioris that
theuserhasidenti ed meaningfulpropertiesandwould like
to know which operatoris bestat detectingthem. The op-
eratorsareevaluatedusingpower tests.The power of a sta-

Figure 12: Similarto Figure 11 excepta differentrefelencedis-
tribution is used.Therefeencedistribution is madeup by ag-
gregating all the samplesof all the pixelsin the data set. The
dotscorrespondto locationsof the groundtruth points. Color
correspondgo the outputof the SKLZsimilarity measue.

tistical testis the probability of rejectingthe null hypothesis
whenit is false.In otherwords, it is the probability thatthe
testwill dowhatit wasdesignedo do. To illustratehow the
powertestworks,assumehatthe userhasselectedhreeop-
eratorgo evaluatetheKullbackLeibler (KL), Kolmogora/-
Smirnov (KS) andanEuclideandistanceoperato(ED). Fur-
therassumehatthedistribution propertyof interestis skew-
ness.Thus,we would like to evaluatethesethreeoperators
with regardto their sensitvity to changesn skewness.For
a controlledtest,we createdifferentpdfsfrom a Chi-square
distribution with differentshapeparametersd further iso-
latethe differenceamongthesepdfsto skewnessthedistri-
butionsaretransformedothatthey all have the samemean
of 0 andstandardieviation of 1. Theseareusedasinputto
thepowertest.

Given two distributions P and Q, the null hypothesisin
this context is true whenthe two distributionsarethe same.
The alternatve hypothesisis true whenthey are different.
Each pdf derived from a c? distribution is compared
againsthe pdf derived from a normaldistribution with zero
skewnessWe carryout thetestasfollows:

1. Evaluate each of the ¢ pdfs at 250 equally spaced
points. Transformeachone suchthat the meanis 0 and
the standardieviationis 1.

2. Constructa cdf for eachof these.

3. For each cdf, obtain 2,500 samplesthrough uniform
sampling.This producesa fairly accuratereconstruction
of the input distribution. Now, generatel00 suchrecon-
structionsfor eachcdf.

4. Calculate distances (using KL, KS, ED) between
distributions from the same input distribution (same
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Figure 14: An isosurfaceusinga refelencedistribution within
the mixing region. The surfacerepresentsregionsin the data
whete the distributions are very similar to the refeencedis-
tribution shownon the right. Not surprisingly it corresponds
quite well with Figure 13. Color can also be usedto display
other propertiesof the distributions by using an appropriate
ToScalar()opemtor. Here we color the surfaceby the standad

Figure 13: Volume rendering of the ocean data after a
ToScalar()opeiationto obtainthestandad deviation of thedis-
tributions. The darker region lies above the continentalshelf
breakwhee more mixing is happening thus, the higher stan-

dard deviationsin theregion.

skewness).Here the null hypothesisis true. Eachcom-
parisonproducesa scalardistancemeasurewhere the
distanceshouldberelatively small.

5. Calculatedistancequsing KL, KS, ED) betweeneach
skeweddistribution andthe normaldistribution. Herethe
alternatve hypothesiss true. Eachcomparisorproduces
a scalardistancemeasurewherethe distanceshouldbe
relatively largerthanthosein the null hypothesis.

6. Plot the two groupsof distancego produceFigure 15.
A plot like this is generatedfor a given Similarity()
operatorand one skewed distribution. The areaunder
the black curve andto theright of the yellow line is the
discriminatingpower, and provides a single data point
for theplotin Figurel6.

Thefollowing obsenationscanbe madefrom Figure 16.
First, the KL operatoris the most powerful distancemea-
sureamongthe threeoperatorgfor detectingdifferencesn
skewnesslt is followedcloselyby theED operatorTheper
formanceof theKS operatoiis notmonotonicallyimproving
with skewness SecondlyastheskawnessncreasegheChi-
squaredistributionsbecomemoreandmoredistinguishable
fromthenormaldistribution. Thereforethepower of thetest
goesup monotonically exceptfor KS operator

The power testcanalsobe appliedto arbitrary distribu-
tionssuchasthosefrom thethreetestdatausedin this paper
However, thetestis quite costly andit doesnot replacethe
knowledgeandexperienceof the userin decidingwhethera
particularoperatoris meaningfulfor the desiredtaskor not.

¢ TheEurographicsssociation2003.

deviation of thedistribution at ead location.

6. CONCLUSION

We presenteé methodologyfor visualizingspatialdistribu-
tion datasets.lt is basedon operatorsandwe demonstrated
how it is usedto extendsomebasicvisualizationtechniques
to handledistribution datasets.The methodologyis e xible
andcangrow by allowing oneto take advantageof develop-
mentsin otherdomainssuchassignalprocessingstatistics,
etc. The e xibility comesat a price in termsof requiring
careandsomelearningin properinterpretatiorof theresult-
ing images However, it opensup the visualizationresearch
eld by rst addingdistributionsto thelist of datatypesthat
we canvisualize,and secondby allowing us to extend vi-
sualizationtechniquego supportdistribution datasets,and
nally to perhapsnd visualizationtechniquesvith distribu-
tion dataforemostin mind. For us,oneof themainbene ts
is that uncertaintyrepresente@sa distribution cannow be
visualizedrelatively directly with extensiongo standardal-
gorithms.

A key point for discussioris that we have introduceda
broadsetof operatorsrom different elds. Their judicious
userequiressomeknowledgeandexperience More impor-
tantly, how doesoneknow which operatorto usefor a given
datasetand hov doesone interpretthe resultingimages?
We do not have ary guidelinesor rule of thumbto offer at
the presentiime, but this is partof our planto evaluatethe
differentoptionsavailableandto be ableto recommendp-
propriateoneslateron.

Otherfuturework plansincludefeatureextractionof dis-
tribution data, specially time-varying distribution data, as
this holdsgreatpromisein helpingto visualizesuchrich and
large datasets.We also plan to explore how othervisual-
ization techniquesasidefrom thosepresentecherecan be
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Figure 15: Theblad distributionis obtainedwhenthe null hy-
pothesids true andthereddistributionis obtainedwhentheal-
ternativehypothesiss true. Thex-axisis the distancemeasue
usingoneof thethreeopefators, while the y-axisis therelative
frequencyTheyellowline is the marlker indicatingtypel error
probability (a) andis setat 1% which correspondgo the area
undertheblack curveto theright sideof the marler.

extendedo work with distribution datasets Finally, we also
planto explore how scatteredlatainterpolationtechniques
canbeextendedo handledistribution datasets.
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