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Global Image Denoising
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Abstract—Most existing state-of-the-art image denoising algo-
rithms are based on exploiting similarity between a relatively
modest number of patches. These patch-based methods are
strictly dependent on patch matching, and their performance
is hamstrung by the ability to reliably find sufficiently similar
patches. As the number of patches grows, a point of diminishing
returns is reached where the performance improvement due
to more patches is offset by the lower likelihood of finding
sufficiently close matches. The net effect is that while patch-
based methods, such as BM3D, are excellent overall, they are
ultimately limited in how well they can do on (larger) images
with increasing complexity. In this paper, we address these
shortcomings by developing a paradigm for truly global filtering
where each pixel is estimated from all pixels in the image. Our
objectives in this paper are two-fold. First, we give a statistical
analysis of our proposed global filter, based on a spectral
decomposition of its corresponding operator, and we study the
effect of truncation of this spectral decomposition. Second, we
derive an approximation to the spectral (principal) components
using the Nystrom extension. Using these, we demonstrate that
this global filter can be implemented efficiently by sampling a
fairly small percentage of the pixels in the image. Experiments
illustrate that our strategy can effectively globalize any existing
denoising filters to estimate each pixel using all pixels in the
image, hence improving upon the best patch-based methods.

Index Terms—Image denoising, non-local filters, Nystrom
extension, spatial domain filter, risk estimator.

I. INTRODUCTION

ENOISING of images is perhaps the most basic image
restoration problem. The degradation model for the
denoising problem can be described as:

y=2z+e (1)

where column vectors z and y denote the (vectorized) under-
lying latent image and its noisy observation, respectively. The
vector e represents zero-mean white noise' with variance o2
(which is assumed to be spatially invariant in this paper). There
have been numerous denoising algorithms to estimate z from
y, and in general most of these methods can be categorized
as patch-based filters. While some denoising approaches such
as the bilateral filter [1], LARK [2] and NLM [3] estimate
each pixel separately fusing other “similar” neighborhood
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1We make no other distributional assumptions on the noise.

pixels; more recent state-of-the-art patch-based methods such
as BM3D [4] and PLOW [5] denoise a group of similar
patches together. Overall, most existing approaches, including
the present one, can be unified as data-dependent filtering
schemes [6].

Patch-based filtering is founded on the assumption that the
latent image has a locally sparse representation in some trans-
form domain. Wavelet and DCT in [4], principle component
analysis (PCA) in [7], and over-complete dictionaries in [8] are
the frequently used transforms. The filtering process is defined
as applying a shrinkage function to the transform coefficients
and recovering the estimated patches by inverse transform.
However, performance of these patch-based methods is strictly
dependent on how well the similar patches are matched [9].
Specifically, for images that are well represented by locally
sparse transform (i.e. images with locally repetitive structure
such as House in Fig. 6), the shrinkage operator keeps most of
the basis elements belonging to the latent signal and effectively
removes the noise components. Yet, when the similar patches
are not easily representable in a sparse way (i.e. images
with locally non-repetitive, or semistochastic structures such
as Mandrill in Fig. 6), the signal components and the noise
elements can be mistakenly shrunk together. Consequently,
performance of the patch-based filtering will be affected by
the lack of locally (in the nearest neighbor sense) similar
patches [10].

As shown in [6], a spatial domain denoising process has a
transform domain filtering interpretation, where the orthogonal
basis elements and the shrinkage coefficients are respectively
the eigenvectors and eigenvalues of a symmetric, positive
definite (data-dependent) filter matrix. For filters such as NLM
and LARK the eigenvectors corresponding to the dominant
eigenvalues could well represent latent image contents. Based
on this idea, the SAIF method [11] was recently proposed
which is capable of controlling the denoising strength locally
for any given spatial domain method. SAIF iteratively filters
local image patches, and the iteration method and iteration
number are automatically optimized with respect to locally
estimated MSE. Although this algorithm does not set any the-
oretical limitation over this local window size, computational
burden of building a matrix filter for a window as large as the
whole image is prohibitively high.

As shown by Williams and Seeger [12], the Nystrom
method [13] gives a practical solution when working with
huge affinity (similarity) matrices by operating on only a small
portion of the complete matrix to produce a low-rank
approximation. The Nystrom method was initially introduced
as a technique for finding numerical solutions to eigen-
decomposition problems in [13] and [14]. The Nystrom
extension has been useful for different applications such as
manifold learning [15], image segmentation [16], and image
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editing [17]. Fortunately, in our global filtering framework,
the filter matrix is not a full-rank local filter and thus can
be closely approximated with a low-rank matrix using the
Nystrom method.

Our contribution to this line of research is to introduce an
innovative global denoising filter, which takes into account all
informative parts of an image (see Fig. 1). Distinctly, with this
global filter in hand, the concept of patch-based processing is
no longer restrictive, and we are able to show that performance
of the existing patch-based filters are improvable.

The block diagram of the proposed global image denois-
ing (GLIDE) framework is illustrated in Fig. 2. As can be
seen, after applying a pre-filter on the noisy image, a small
fraction of the pixels are sampled to be fed to the Nystrom
method. Then, the global filter is approximated through its
eigenvalues and eigenvectors. The final estimate of the image
is constructed by means of shrinkage of the filter eigenvalues.

The paper is organized as follows. Section II describes
our statistical analysis of the global filter based on an iter-
ative shrinkage strategy. Section III provides our proposed
three-step algorithm for approximating the symmetric global
filter based on the Nystrom extension. After this eigen-
decomposition approximation, performance of our global filter
is presented in Section IV. Finally we conclude this paper in
Section V.

II. STATISTICAL ANALYSIS OF THE FILTER

With z; representing the i-th underlying pixel, our measure-
ment model for the denoising problem is:

for i=1,...,n, 2)

where y; is the noisy pixel value and e; denotes the additive
noise. The vectorized measurement model for recovering the
underlying pixels z = [z1, ..., z,]? is given by (1).

Most spatial domain filters can be represented through the
following non-parametric restoration framework [2], [6]:

yi =2 tei,

n
~ . 2
% = argmin Z;[Zi —yiI"Kij, (3)
j:

where the kernel function K;; measures the similarity between
the samples y; and y;, and Z; denotes the i-th estimated pixel.

The bilateral filter [1] is perhaps the most well-known kernel
which smooths images by means of a nonlinear combination of
nearby image values. This filter combines pixel values based
on both their geometric closeness and their photometric sim-
ilarity. The NLM [3] is another very popular data-dependent
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Comparison of the local and global filter weights for the NLM kernel [3]. The filter weights are computed for the two labeled pixels.

filter which closely resembles the bilateral filter except that
the photometric similarity is captured in a patch-wise manner.
More recently, the LARK [2] was introduced which exploits
the geodesic distance based on estimated gradients.

Minimizing equation (3) gives a normalized weighted
averaging process in which some data-adaptive weights are
assigned to each pixel:

Zi=wy, “)
where the weight vector w; is

1

| B L Kinl”. 5

wi = [Ki1, Ki2, ..
in which [K;i, K;7, ..., K;;] denotes the i-th row of the
symmetric kernel matrix K. The filtering process for all the
pixels can be represented by stacking the weight vectors

together:

y =Wy, (6)

where the positive, row-stochastic filter matrix W is used to
estimate the denoised signal Z. W is not generally symmetric,
though it has real, positive eigenvalues [6]. In particular, the
eigenvalues of W satisfy 0 < A; < 1; the largest one is
uniquely equal to one (4; = 1) while the corresponding
eigenvector is vi = ﬁ[l, 1,..., 117 [18], [19]. The last
property implies the desirable feature that a flat image stays
unchanged after filtering by W.

While W is not a symmetric matrix, it can be closely
approximated with a symmetric, positive definite, doubly (i.e.,
row- and column-) stochastic matrix [20]. The symmetric W
enables us to compute its eigen-decomposition as follows:

W = VSV7, (7)

in which the eigenvectors V = [vy, ..., v,] specify a complete
orthonormal basis for R” and S = diag[4y, ..., 4,] contains
the eigenvalues in decreasing order 0 < 4, <-.- < 41 = 1.
Denoting n as the total number of the pixels in the
image, our one-shot, global filter for the whole image can
be expressed as:
Z=Wy=VSVly, (8)

This implies that the image y is first projected onto the
eigenvectors of W, then each mode of the projected signal
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Fig. 2. GLIDE’s pipeline. From left to right, for a noisy image we first apply a pre-filter to reduce the noise level. Then using a spatially uniform sampling,
the global kernel is approximated by employing the Nystrom extension (A and B represent the samples and the rest of the pixels in the image, respectively).
As is discussed in Section III, using the obtained kernel, the leading eigenvalues and eigenvectors of the filter are approximated (The eigenvector v; is not
shown because it is constant). Finally, the optimal filter is constructed by shrinking (iteration and truncation) the eigenvalues. The filter optimization step is

detailed in Section II.

is shrunk by its corresponding eigenvalue, and finally after
mapping back to the signal domain, the recovered signal Z is
produced.

Not surprisingly, the computational burden of constructing
and decomposing such a large matrix as W is prohibitively
high. However, the Nystrom approximation, combined with
our statistical analysis allows an efficient solution. Before
proceeding to the filter approximation, the behavior of the filter
(in terms of MSE) is analyzed.

A. Ideal Full Space Filter

Let’s assume that all of the eigenmodes of the filter W
are used without any change and the filter W is stochastically
independent from the input image y. Then, starting from MSE
of each pixel, in Appendix A we show that the overall ideal
MSE for the whole image is:

n
MSE ~ > (1= 2))*b} + 0% 9)
j=1

where in the above, |bias(Z)|> = Z?Zl(l — /Ij)zb? and
var(Z) = o2 Z?:l /1; andb=VTz=1[by,...,b,]" contains
the projected signal in all modes (consistent with the MSE
analysis in [6]). Apparently MSE is a function of the latent
signal, noise, filter eigenvalues and eigenvectors. The filter
eigenvalues are the shrinkage factors which directly tune the
filtering performance.

As discussed in [6], minimization of the MSE as a function
of the filter eigenvalues leads to the Wiener filter:

1
17 =—Q7 (10)
14 snr;
J
b2
where snr; = U—fz This optimum shrinkage requires exact

knowledge of the signal-to-noise ratio in each channel.
Estimation accuracy can sometimes be improved by shrink-
ing or setting some coefficients to zero. By doing so we may
sacrifice some bias to reduce the variance of the estimated val-
ues, and hence may improve the overall estimation accuracy.

B. Truncated Filter

The filtering framework in (8) can be performed for the
leading (say m < n) eigenvalues of the filter W. As we show
in Appendix B, such a filter has the following MSE:

n m
MSE(m) = > 22+ ((,13 —2i)b% + 02,13) 1)
i=1 j=1
where in the above, [bias(Z)[? = >}_, z7 + Z;Ll(i? -
22 j)b? and var(z) = o2 Z?:l i?. For the sake of compar-
ison, we can assume that all the signal modes are available
and then "/, z? can be replaced with > % i b?. After some
simplifications we can rewrite our MSE expression as:

n n
MSE(m)=>"(1 — 1))*0} + 0223+ > (24;-13)b}—0?23

j=1 Jj=m+1

MSE
(12)

As can be seen, MSE(m) of the truncated filter differs from (9)
by the amount given in the second term of (12); i.e. AMSE =
Z?:mﬂ (24 —i?)b?—azli. This difference is also composed
of bias and variance parts as AMSE = A bias||®+ Avar where

n
Albias|* = > (247 — A3)b3 (13)
Jj=m+1
n
Avar = — Z 0213 (14)
Jj=m+1

This shows, consistent with intuition, that the truncation lowers
the variance and increases the bias. Given this analysis, we can
determine when truncation improves the MSE. That is, when
is AMSE < 0. A simple sufficient condition is that for all j,

snrj < (15)

J
2—4;
Intuitively we can conclude that all the channels in the range
of m+ 1 < j < n with sufficiently small signal-to-noise ratio
should be set to zero. This inequality can also be expressed
as: )

Ay > ————
! l—i-smrjf1

(16)



758

(k=0.2, m=100)

Fig. 3.

Comparing this inequality with the Wiener shrinkage criterion
in (10), it can be seen that A; > 21%. That is, the condition
implied by (16) is a stronger form of shrinkage than what the
Wiener condition would dictate.

C. Iterative Filter

Although the estimated MSE can be reduced by truncating
some of the eigenmodes, hard thresholding prevents the accu-
racy of the estimation to be close to optimal. To ameliorate
this shortcoming, iteration can gradually tune the (truncated)
filter to softly vary its filtering strength. As such, the iteration
and truncation numbers are the only parameters to be globally
optimized. Our iterative diffusion model [6] is:

Z=Wy=V,S\Vly, (17)
where V,,, = [v(, V2, ..., V], S],‘n = diag[i]f, ié, o, i’,‘n] and
k denotes the iteration number.? Fig. 3 illustrates correspond-
ing filter weights of the marked pixel in the House image.
As can be seen, different iteration and truncation numbers can
effectively vary the behavior of the filter to find similar pixels
all over the image.

With this model, we can rewrite (11) for the truncated
iterative filter:

MSEGk,m) = > 22+ (0% - 22402 +0%2%) (18)
i=1 j=1

Overall, our minimization problem will be extended to
estimating the shrinkage (k) and truncation () factors from

It is noteworthy that the spectral decomposition of W¥ makes it possible
to replace k with any real number. It is important to note that because of this,
k can really be thought of as a shrinkage parameter that controls the rate of
decay of the modified eigenvalues Ak Going forward, we will use the terms
“shrinkage factor” and “iteration number” interchangeably.
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(k=0.2, m=200) (k= 0.2, m = 300)

Filter weights with different shrinkage (k) and truncation (;m) parameters are computed for the labeled pixel in the House image.

an estimate of MSE:

o~

k,m = arg r]?in @(k, m) (19)
,m

where @(k, m) denotes an estimate of MSE(k, m). The
shrinkage and truncation parameters are simultaneously opti-
mized such that (E,ﬁ\) is the global minimum of MSE(k, m).
Minimization of MSE(k, m) determines the best parameters to
help avoid under- or over-smoothing.

Although the diffusion iteration is chosen in our framework,
our analysis makes it possible to use other iterations too. In
general, any iterative approach can be defined as substituting
the eigenvalues A; with a shrinkage function fi(4;) where in
the case of diffusion fy(4;) = /11;. Another alternative can be
the boosting iteration which is a complementary mechanism to
recycle lost details of the filtered signal [6], [11]. In this case,
the eigenvalues will be shrunk as fi(4;) =1— (1 — /lj)k“.

D. Practical Filtering

In the estimation of the MSE in (18), we assumed that the
filter W is stochastically independent from the input image y.
It has been shown that in the case of a smooth filter (kernel
with small gradient), a pre-filter can effectively decouple W
from y [20]. The smoothness of the filter is approximately true
when the filter is computed for locally homogenous patches.
By approximating the local signal-to-noise ratio, this type
of MSE estimator has been shown to work quite well [11].
However, in the case of the global filter, pixels with different
local structures are connected to each other; which means
drastic changes in the filter values. In other words, W and y
are not stochastically decoupled. This nonlinearity specifically
affects the estimated variance in the ideal MSE presented
in (18). Inspired by the SURE estimator [21], we can show
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Optimal filter weights for the labeled pixels in the images. The optimal iteration and truncation numbers for each image are estimated as, House:

k = 0.16 and m = 40, Barbara: k = 0.14 and m = 65, Mandrill: k = 0.33, i = 165.

that the estimated variance can be modified as:

m m
var(@) ~ 0% 43¢ 4207 | div@(y) — DA

j=1 j=1

(20)

where div(Z(y)) = >; % In the case of a strictly linear

filter, div(Z (y)) = Z'};l /1’;, which leads to the ideal variance
in (18). Intuitively, the second term in (20) takes care of the
variance due to the nonlinearity.

It is quite straightforward to show that the bias term in (18)
can be better estimated as:

n m
Ibias@|* ~ D" y7 —a® + > (13 = 225B3 -6 @21
i=1 =1

where b = VTy. Expected value of this estimator is exactly
the ideal squared bias in (18). Overall, the estimated MSE of
the general nonlinear filter has the following form:

n
MSE(k, m) = SURE(k,m) = > y? — ¢*
i=1
m
+ > (3 —225)b7 + 20%div@(y)) (22)
j=l1
which is the SURE estimator [21]. For large data sets (such as

our global framework), closeness of the SURE risk estimator
to the actual MSE is assured by the law of large numbers.

Approximation of div(Z(y)) has been studied in [22] and
[23]. Ramani’s Monte-Carlo algorithm [23] uses a first-order
difference approximation to obtain an estimate of the diver-
gence term. Based on this method, the divergence term can
be computed from div(Z(y)) = %aT (Z(y) — Z(y')) where
y = y + €a in which a is a zero-mean i.i.d random vector
of unit variance and in practice € gets small positive values
(in theory € —> 0).

Performance of the proposed estimator in (22) is evaluated
in Figs. 4 and 5. As can be seen in Fig. 4, the optimized
filter weights for the labeled pixels are computed based on
the estimated iteration and truncation parameters. The actual
and estimated MSE plots are shown in Fig. 5 where as can
be seen, the estimated shrinkage parameters are very close to
their actual values.

III. FILTER APPROXIMATION

Until now, our statistical analysis was based on the fact that
we can compute the filter W for the whole image. This filter
is n x n for an image containing n pixels, which obviously
demands a high computational and storage cost. Since we
only need the eigen-decomposition of this matrix, we can
approximate the first p eigenvectors and eigenvalues of it
without direct computation of all elements of W. Although
this idea has not been studied for the purpose of filtering
before, [16] used it in the context of spectral grouping, where
at first the matrix K is approximated by means of the Nystrom
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Corresponding MSE of the images in Fig. 4. The ideal and estimated iteration and truncation numbers are respectively: House (ideal: 0.19, 45,

estimated: 0.16, 40), Barbara (ideal: 0.14, 65, estimated: 0.14, 65), Mandrill (ideal: 0.34, 160, estimated: 0.33, 165).

method [13], and then a symmetric normalized version of this
matrix is used for a data clustering scheme. Our objective
is different because in the end we need to approximate the
filtering matrix W, hence we first review what is done in [16]
and then adapt it to the approximation we need to effect here.

In the following, the Nystrom approach for approximating
the similarity (affinity) matrix K is used first and then the
Sinkhorn method (sec. III-B) is applied to estimate the eigen-
decomposition of the symmetric, doubly-stochastic filter W.
Since the approximated eigenvectors are not exactly orthog-
onal, finally an orthogonalization procedure is employed to
obtain an orthonormal approximation for eigen-decomposition
of W. These steps are shown in Algorithm 1 and we will
discuss them in more details below.

A. Nystrom Approximation

This method is a numerical approximation for estimating
the eigenvectors of the symmetric kernel matrix K:

K=one’ (23)

where ® = [¢, ..., ¢,] represents the orthonormal eigenvec-
tors and Il =[x, @2, ..., ;] contains the eigenvalues of K.
Nystrom [13] suggests that instead of computing all the entries
of K, we can sample our data points and estimate the leading
eigenvectors of the matrix K and, as a result, an approximation
K can then be built from those estimated eigenvectors.
Having p pixels in a sampled subimage A, we can compute
the p x p kernel matrix K4 which represents the similarity
weights of pixels in A. We also define the subimage B
containing the rest of (n— p) pixels, followed by the p x (n— p)
matrix K4 p, which contains the kernel weights between pixels

in A and B. The similarity matrix K in block form is therefore:

K:[KA KABi|

T (24)
Ky Ks

where Kp denotes the (n — p) x (n — p) similarity weights
between pixels in the subimage® B. As can be seen, (24) can
be thought of as a permutation of the old K. Nystrém suggests
the following approximation for the first p eigenvectors of K:

~ ®4
>~ oum, &
where Ky = @410 A<I>£. Intuitively, we can say that the
first p entries of ® are computed exactly, and the (n — p)
remaining ones are approximated by a weighted projection
of K4p over the eigenvectors of K4. Then the approximated
similarity matrix will be:

K=23ma"

D,y
I T —1 5T
i ot
Kap i|

B |:K£B KgBKXIKAB
Comparing (24) and (26) it can be seen that the huge matrix
Kp is approximated by KQBKZ]KAB.

A key aspect of the Nystrom approximation is the sampling
procedure in which the columns (or rows) of the original K
are selected. The Nystrom method was first introduced by a
uniform distribution sampling over data [12]. Efficiency of
the uniform sampling has been explored in many practical
applications [15], [16]. More recently, theoretical aspects

(26)

3When n > p, Kp can be huge.
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Algorithm 1 Spectral Approximation of the Filter W

Input: Sub-blocks of the similarity matrix K:
{Ka,Kap}, let (p,p) = size(K4) and
(b — p) = size(Kap)
Output: p leading orthogonal eigenvectors and
eigenvalues of the approximated filter W: {V, S}

Nystrom Approximation:

1- Ky = ®AT1,®%;
= Eigen-decomposition of the sub-block K 4
~ b,
2- P = —1 |
{ K p®AIL," } /
= Approximate the m leading eigenvectors of K

Sinkhorn*:
3-r =ones(n,1); w4 = diag(Il,);
4- for i = 1;iter
c=1./ (‘b(ﬂ'A.(‘I) r))) ; = Column normalization

= ~T L
r=1./ (<1>(7rA.(<1> c))) ; = Row normalization

end
S-fori=1:p B _
W ap = r(i)(m}.@(i,:))(repmat(c, [1,p]). ®)";
end

6- WA = WA,AB(57 1 :p);

= Sub-block of the symmetrized W gy,
T7- Wap = WA7A3(27])—|— 1: n);

= Sub-block of the symmetrized W gy,

Orthogonalization:

8- W114/2 = sqrtm(W 4 );
9-Q=W,+ W,/
10- Q = VoSV
= Eigen-decomposition of the symmetric matrix Q

S | Wa —1/2 —1/2.
11- V= { Wi, }WA VaoSo '
= Approximated orthogonal eigenvectors

WABWEBW:m?

12-S = So; = Approximated eigenvalues

* In the iterative row and column normalization process,
construction of the matrix K is avoided by using element-wise
multiplication.

of nonuniform sampling techniques on real-world data sets
have been studied [24], [25]. In general, these nonuniform
sampling procedures are biased toward selection of the most
informative points of the data-set. However, due to the
imposed complexity of the nonuniform distribution updating
procedure, practical application of these adaptive methods is
limited.

In the current framework, our data are images which contain
a high degree of spatial correlation between pixels. This leads
us to use spatially uniform sampling instead of the random
sampling procedure. Spatially uniform sampling is a simple
but effective approach in which the spatial distance of the
samples are always equally fixed.
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To study the performance of the Nystrom approximation,
we evaluate the relative accuracy defined in [25]:

K-K
IK Kl

— " x 100
IK—KgyllF

Relative Accuracy =

where K and K are the actual kernel gnd its exact rank-r
approximation. The approximated kernel K,y is reconstructed
by using r leading eigenvectors from the Nystrom method. The
relative accuracy is lower bounded by zero and will ideally
approach 100%.

The relative accuracy of approximating the globalized NLM
kernel [3] as a function of the sampling rate is shown for some
benchmark images in Fig. 6. We fixed r = 50 to capture about
90% of the spectral energy of the global kernel for each image.
The samples are uniformly selected over the image lattice, and
the relative accuracy is averaged for 20 sampling realizations.
It can be seen that while higher sampling percentage leads to
smaller error in the approximated kernel matrix, a saturation
point is reached beyond 20% sampling density. Furthermore,
for a fixed sampling rate the error depends on the contents of
the underlying image. Surprisingly, textured images with high
frequency components such as Mandrill produce less error
compared to smooth images like House. This observation is
consistent with results of [26] where it is shown that the error
of the Nystrom approximation is proportional to coherency of
the kernel eigenvectors.

One could assume that at this point we can easily compute
our approximated W and we are done! But as discussed earlier,
statistical analysis of this filter needs access to its eigen-
decomposition. Constructing a huge W matrix and then com-
puting its eigenvectors is too expensive. Instead, in the follow-
ing we explore an efficient way to find the eigenvectors of W.

B. Sinkhorn

The filter W is the row-normalized kernel matrix K:

W=D"'K (27)
where D = diag[Z:?:1 Kij, Z?Zl Ksj, .., Z?Zl Knjl. We
approximate the matrix W with a doubly-stochastic (symmet-
ric) positive definite matrix, using Sinkhorn’s algorithm [20].
Based on this method, given a positive valued matrix K, there
exist diagonal matrices R = diag(r) and C = diag(c) such
that Wy,,, = RKC.

Since we have estimated the leading eigenvectors of K,
there is no need to compute RKC. Instead, as can be seen
in Algorithm. 1, Wy, is approximated by its two sub-blocks
W, and W4p where:

W4 Wyp
Wiym = [Wﬁg W } (28)

Again, the Nystrom method could give the approximated
eigenvectors, but the only minor problem is that these eigen-
vectors are not quite orthogonal. In the following we discuss
an approximation of the orthogonal eigenvectors.



762

100

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 23, NO. 2, FEBRUARY 2014

80

70+

60[-

Relative Accuracy

1 |
10 12 14 16 18 20

Sampling Rate

Fig. 6. Accuracy of the kernel approximation for different sampling rates (sampling rate percentage is defined as % x 100% where p denotes the number
of samples and n represents number of pixels in the image). For the ease of computation of the exact filter, 150x 150 subimages of Mandrill, Barbara and

House are selected.

C. Orthogonalization

With the two sub-blocks W4 and Wg4p in hand,
here we derive an expression for approximating the
orthogonalized eigenvectors V. As discussed in [16], for
any positive definite matrix, the orthogonalized approximated
eigenvectors can be solved in one step. Let Wl\/ 2 denote
the symmetric positive definite square root of Wy. We
define Q = Wy + W,°W,p W1, W' and we also
consider the eigen-decomposition of this symmetric matrix as
Q= VQSQVZ. Then, it can been shown that the approx-

imated symmetric W is diagonalized by S = Sy and V
where: -

S _ A —1/2 —1/2

V= [WQB]WA VQSQ 29)

Then the approximated filter can be expressed as:

W = VsV’ (30)
Proof of this approximation is given in Appendix C.

The described three-step procedure provides us with an
approximation of the leading eigenvectors and eigenvalues of
the filter. Denoising performance of the approximated filter is
compared to the exact filter in Fig. 7. These results suggest
that the proposed approximation with a small sampling rate
can almost reach performance of the exact filter.

IV. EXPERIMENTS

In this section performance of our algorithm is compared
to state-of-the-art denoising methods for some benchmark
images. We selected NLM [3] as our baseline kernel; however,
any other non-local kernel could also be used. Pixel samples of
the Nystrom extension are uniformly selected and the sampling
rate i§ set as 1% (p = 15p) and is kept fixed throughout the
experiments.

Performance of the proposed filter is quantified across
different noise levels in Table I. For each noise level, we report
the Monte-Carlo average performance for each algorithm over
5 different noise realizations. We highlight (in bold) both the

best results, and also results that are statistically within the
margin of standard error from the best results (0.05 dB in
PSNR and 0.005 SSIM). In this set of experiments, the pre-
filtered images are obtained from NLM. As can be seen, our
method consistently improves upon NLM in terms of PSNR
and SSIM index [27], especially for high noise levels where
local similar pixels are more difficult to find.

Fig. 8 demonstrates the denoising results obtained by NLM
compared to the proposed method. In addition to the PSNR
improvement, visual quality of the proposed method also is
superior to the NLM filter. As it can be seen, both edges and
smooth features of the image are preserved better than the
other methods.

In the next set of experiments shown in Table II, the pre-
filtered images are obtained from BM3D [4]. Our method can
improve upon BM3D especially at high noise levels and for
images with semi-stochastic textures which contain relatively
few similar patches.

Denoising results of the Mandrill and Monarch images for
BM3D and the globalized BM3D are compared in Fig. 9.
As can be seen, the proposed method can bootstrap the
performance of BM3D.

Since in practice the distribution of the noise is not additive
white Gaussian, we also tested our algorithm for real noise in
color images.* In this set of experiments the best results are
optimized using the no-reference quality metric in [28]. Fig. 10
shows performance of the proposed method for improving the
NLM filter. We also compare our results to the commercial
Neat Image™denoising software in Fig. 11. As can be seen,
our result is competitive to the commercial state-of-the art
denoising. We note that our Matlab code and additional results
are available at the project website.’

Running time for denoising a 256 x 256 grayscale image
with an unoptimized implementation of our method is

4The color denoising is applied in YUV space, where the weights are
computed from the Y channel, and applied to the U and V channels.
5 http://www.soe.ucsc.edu/~htalebi/GLIDE.php.
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Comparison of the denoising performance (AWG with ¢ = 20) of the exact and approximated filter for the subimages in Fig. 6.

TABLE I
PSNR VALUES OF NLM [3] (1ST COLUMN), AND THE PROPOSED METHOD (2ND COLUMN). RESULTS NOTED ARE AVERAGE PSNR (Topr)
AND SSIM [27] (BOTTOM) OVER 5 INDEPENDENT NOISE REALIZATIONS FOR EACH o

o Monarch House Cameraman Acerial Mandrill Stream Avgerage
NLM | G-NLM || NLM | G-NLM || NLM | G-NLM || NLM | G-NLM || NLM | G-NLM || NLM | G-NLM || TImprovement

10 3343 33.50 3525 35.46 3343 33.62 30.54 30.78 30.01 30.30 30.54 30.79 0.22
0.940 0.945 0.893 0.901 0914 0.921 0.930 0.932 0.891 0.903 0.893 0.903 0.009

207 72926 | 29.67 || 3237 | 3263 || 2941 | 2949 | 2623 | 2659 || 25.69 | 2596 || 2636 | 26.67 || 029 |
0.894 0.903 0.847 0.857 0.834 0.852 0.829 0.834 0.769 0.781 0.736 0.748 0.014

;0_ 271677 2765 || 30.18 7| T 3087 || 27.547| T 2778 || 2436 | 2465 || 2385 7| 2442 || 24697 2519 || T 039 ]
0.841 0.863 0.796 0.827 0.786 0.817 0.755 0.770 0.652 0.684 0.646 0.671 0.031

4707 72553 2632 || 2832 | 29.01 || 2598 | 2647 || 23.01 | 2334 || 2269 | 2236 || 23.61 | 2429 || 062 |
0.778 0.833 0.721 0.799 0.715 0.787 0.691 0.713 0.578 0.628 0.579 0.630 0.055

;0_ 244477 2524 || 26947 T 2793 || 2490 7| T 2528 || 21.957| 7 2239 || 2180 | 2264 || 22757 2356 || T 071 T
0.727 0.802 0.670 0.773 0.657 0.735 0.629 0.658 0.507 0.584 0518 0.592 0.074

TABLE 11

PSNR VALUES OF BM3D [4] (1ST COLUMN), AND THE PROPOSED METHOD (2ND COLUMN). RESULTS NOTED ARE AVERAGE PSNR (TOP) AND
SSIM [27] (BOTTOM) OVER 5 INDEPENDENT NOISE REALIZATIONS FOR EACH o

Monarch House Cameraman Aerial Mandrill Stream Average
7 |"BM3D | G-BM3D || BM3D | G-BM3D || BM3D | G-BM3D || BM3D | G-BM3D || BM3D | G-BM3D || BM3D | G-BM3D Improvement
10 34.12 34.08 36.67 36.70 34.05 34.06 31.09 31.07 30.57 30.65 31.14 31.17 0.02
0.956 0.956 0.920 0.921 0.930 0.932 0.938 0.939 0.896 0.902 0.906 0.909 0.002
[ ;07 T 3042 | 3056 || 3378 | 3381 || 3041 | 3045 || 2722 | 2732 || 2638 | 2671 || 2725 | 2733 || 0.08 |
0.920 0.923 0.871 0.872 0.874 0.878 0.864 0.869 0.790 0.802 0.790 0.798 0.006
[ ;0_ T3842 | 72852 || 3204 | T32.09 || 2838 | T2861 || 2524 | T2831° || 2433 | 2470 |7 2546 [ 2859 |7 T 009 ]
0.885 0.889 0.846 0.849 0.835 0.840 0.798 0.806 0.697 0.728 0.700 0.719 0.012
[ Z() 73666 | 2685 || 3036 | 3061 || 27.09 [ T27.20° || 2377 | T2390° || 2307 | T 2325 || 2432 [ "z2451 |7 T 0150 ]
0.846 0.851 0.822 0.828 0.804 0.819 0.737 0.740 0.614 0.652 0.630 0.654 0.015
[ g() 2572 | 2898 || 29.64 | 2973 || 26.05 | 2628 || 2294 | 2304 || 2232 | 2257 || 2357 [ 2379 || 021 ]
0.820 0.827 0.809 0.813 0.779 0.801 0.690 0.705 0.545 0.587 0.575 0.596 0.019

about 160 seconds on a 2.8 GHz Intel Core i7 processor.
However, parallelizing can significantly speed up our method.
For instance, running time of the parallelized version of our
code executed with 4 separate cores takes about 50 seconds.

V. CONCLUSION

This work is, to our knowledge, the very first truly global
denoising algorithm to be proposed. The global approach
goes beyond the dominant paradigm of non-local patch-based
processing, which we have shown here to be inherently
limited. The specific contribution we have made is to develop
a practical algorithm to compute a global filter which in effect
uses all the pixels in the input image to denoise every single
pixel. By exploiting the Nystrom extension, we have made
the global approach computationally tractable. Since the global
filter uses all the pixels of the image, exact computation of the
filter weights has a complexity O (n?), whereas the proposed

sample based approximation, the complexity is reduced to lin-
ear time O(pn), where p is the number of samples, typically
a small fraction of the total number of pixels. At the same
time, the experimental results demonstrated that the proposed
approach improves over the best existing patch-based methods
in terms of both PSNR and subjective visual quality. While this
improvement is modest, it is only a starting point, as we have
good reason to believe that the improvement in performance
brought by the global approach will grow substantially with
increasing image size. In an upcoming work, we will present
a more detailed analysis of the asymptotic performance of
global denoising filters and quantify this gain as a function
of image size and the degrees of freedom implied by the the
image content.

To better understanding the global filter in this paper, we
studied the oracle performance of the proposed method and
compared this to the oracle performance of other (mainly
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Comparison of denoising performance on noisy images corrupted by AWGN of ¢ = 40. (a), (d) Noisy input, (b), (¢) NLM [3], (c), (f) G-NLM.

Fig. 8.

patch-based) methods in Table IIL® As can be seen, the
oracle GLIDE outperforms other oracle methods by a sig-
nificant margin. While this margin is only a bound on
how much improvement we can expect in practice, it does
convey an interesting and tantalizing message. Namely (at least
asymptotically) patch-based methods are inherently limited
in performance [9] in a way that global filtering is not.
More specifically, the oracle PSNR values for the global filter
point to essentially perfect reconstruction of the noise-free
image, which is apparently impossible to achieve for oracle
versions of algorithms like such as BM3D, even if all the
filter parameters are known exactly.

APPENDIX A
MSE OF THE WHOLE IMAGE

From (8) we can show that each row of W can be expressed
as:

W= v, 31)
j=1

where v;(i) denotes the i-th entry of the j-th eigenvector.
Then each estimated pixel Z; has the following form:

n
Zi= Zijvj(i)V,Ty,
=

(32)

The oracle NLM has all the kernel weights computed from the clean image
and in the case of the oracle BM3D [4] which has been shown to be near
optimal [29] (among patch-based methods), the pre-filtered image is replaced
by the clean image (which means that the Wiener shrinkage and the patch
grouping are implemented perfectly). Similarly, the oracle GLIDE has all the
global weights computed from the clean image.
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()

Bias of this estimate can be expressed as:
n n

bias(z;) = z; — E(@;) = Zvj(i)V]T-z — Zijvj(i)vjrz

j=1

> (= 2))vii)b;

j=1

j=1

(33)

where b =V7z = [b1,...,b,]7 contains the projected signal
in all modes. The variance term also has the following form:

var@i) = o2 (w] wi) = > (Q Av; V) Ajvii)vy)
j’=1

j=1 j'=
n
2 20 (2
=0> > 23v;) (34)
Jj=1
where in the last equation we have VTV]'/ = J;;» for the

orthonormal basis functions. Overall, the MSE of the i-th
estimated pixel is:

MSE; = bias(Z;)? + var(Z))

= Q (1= 2))v;Ob))* + 0> D" 23v; ()% (39)

J=1 J=1

This expression can be used to analyze the framework given
in (32).
The estimated MSE of the whole image is given by:

MSE = Zn:MSE,' = Zn:bias@)z + Z var(z;)

i=1 i=1 i=1

(36)
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()
Fig. 9. Comparison of denoising performance on noisy images corrupted by AWGN of ¢ = 50. (a), (d) Original image, (b), (¢) BM3D [4], (c), (f) G-BM3D.

Reminding the orthonormality of the eigenvectors V'V = From what we have for the squared bias and variance we can
VVT =1, the variance term can be written as: conclude:
n
n n n
L ) 20 2 MSE = » (1 — 1)*? + 6212 (39)
S varG) = 30 S 2 ) 2, j ot
i=1 =1 j=I
n n n
= azziizw(i)z = azz/@ 37 APPENDIX B
j=1 =l j=1

MSE ANALYSIS OF THE TRUNCATED FILTER
where the last equation comes from 7, v; (i )2 = 1. We also

; . Each row of the truncated filter can be expressed as:
can write the bias term as follows:

2 m
" L W= avivh (40)
. 2 . Jv >

2 bias@)” = > | 2 (1= 2)v;(0)b = '
i=1 i=1 \j=1

n on where v;(i) denotes the i-th entry of the j-th eigenvector.

= Z Z((l -1 j)2V 10 )zb? Then each estimated pixel Z; has the following form:
i=1 j=1

+ (1= 2))v;()b; D (1 = 2)vi(i)br)
I#j

= 2 (=405 3 v
j=1 i=1

+ (L= 2)b; D (1= 20k D vi(@)v; (@)

. 1#] i=1 where b =VTz = [by,...,b,]" contains the projected signal
in the first m modes. The variance term also has the followin,
=D -1 (38) &
j=1

m
Zi=D 4viv]y, (41)
j=l1
Bias of this estimate can be expressed as:’

biasZi) =z —EG) =z — »_4;vj()b;  (42)
j=1

71t is worth pointing out that in the truncated space z; # Z?:l A1 (i)va z,
where in the last equation > 7, v;({)vj(i) = O with [ # j. because VVI %L
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(d)
Fig. 10. Comparison of denoising performance on the real noise. (a) and (d) Noisy image, (b) and (¢) CBM3D [4], (c) and (f) G-NLM.

form:

var(z;) =

o2 W W) = a2 av; VDO 2y )vy)

j=1 j'=1

m
azz,ﬁvj(i)z
j=1

(43)

The MSE of the i-th estimated pixel is:
MSE; = bias(’z\,-)2 + var(z;)

= (zi— D4V + 0> D 5v;(i)
j=1 j=1
=27 + D (567 + aD)v; ()

j=1

22 vi(0by) (44)

Having MSE;, we can show that the total MSE for the whole
image is:

MSE = ZMSE _Zz +Z((/12 2/11)b2+02/12)
i=1 i=1
(45)
where [bias@)|> = >}z + Z;Ll(i? - Z/Ij)b? and
var(z) = o2 > i?.
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APPENDIX C
EIGENVECTOR ORTHOGONALIZATION

Having the two sub-blocks W4 and W4p of the filter W
and defining Q = Wy + W, 1/ZWABWABW 2 with the
eigen-decomposition Q = VQSQVT , we aim to show that the
orthonormal eigenvector bases for the estimated filter W are:

S |: Wy ] —1/2V S—1/2

V=lwi (46)

We first need to check W = VSQVT:
= W —1)2 —1,2
W= {[wr, | ovesy”]
SolSy P VLW, 2 [Wa Wag |}

= VSV’ (47)

In addition, we check the orthogonality of V as follows:
VV—S 1y 1/2[WAWAB]

W4 -1/2 -1/2
[ngw Y%
_ ol2yr ~1/2
=8, ""VpQVgS,

=1 (48)

As a result, the approximated eigen-decomposition is orthog-
onal.
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(a)

available at http://www.neatimage.com.)

(b)

TABLE III
PSNR VALUES OF ORACLE NLM [3] (1ST COLUMN), ORACLE BM3D [4] (2ND COLUMN), AND THE ORACLE GLIDE (3RD COLUMN).
RESULTS NOTED ARE AVERAGE PSNR OVER 5 INDEPENDENT NOISE REALIZATIONS FOR EACH o

©

Comparison of denoising performance on the real noise. (a) Noisy image, (b) Neat Image™, (c) G-NLM. (Neat Image™denoising software is

Monarch House Cameraman Aerial Average
g NLM | BM3D | GLIDE NLM | BM3D | GLIDE NLM | BM3D | GLIDE NLM | BM3D | GLIDE NLM | BM3D | GLIDE
10 | 35.01 | 36.55 43.16 36.52 | 39.29 51.24 34.82 | 36.72 41.58 31.95 | 33.56 48.75 3458 | 36.53 46.18
| 20 | 30.87 | 33.02 | 41.83 || 34.05 | 36.54 | 4718 || 31.01 | 3315 | 4049 || 27.78 | 29.75 | 4537 || 3093 | 3312 | 43.72
| 30| 28.95 | 31.08 | 4041 || 3248 | 3497 [ 44.89 || 2891 | 3120 | 39.28 | 26.13 | 27.74 T 4299 | 29.12° | 3125 | 41.89 ||
| 40| 27.62 | 29.75 | 39.27 | 31.18 | 33.82 | 43.08 || 2739 | 2989 | 38.17 || 2491 | 2641 | 4121 || 2778 | 29.97 | 40.43 ||
| 50 | 26.84 | 28.12 | 3825 | 29.96 | 32.48 | 41.60 || 2685 | 28.56 | 37.16 || 2385 | 2550 | 39.86 || 26.87 | 28.67 | 39.22 ||
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