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Abstract

We considertwo-playergamesplayedover �nite state
spacesfor an in�nite numberof rounds. At each state,
theplayers simultaneouslychoosemoves;themovesdeter-
minea successorstate. It is oftenadvantageousfor players
to chooseprobability distributionsover moves,rather than
singlemoves. Givena goal (e.g., “r each a target state”),
thequestionof winning is thusa probabilisticone: “what
is themaximalprobabilityof winningfroma givenstate?”.

On thesegamestructures,two fundamentalnotionsare
thoseof equivalencesand metrics. Givena setof winning
conditions,two statesare equivalentif theplayers canwin
thesamegameswith thesameprobability frombothstates.
Metricsprovidea boundon thedifferencein theprobabil-
ities of winningacrossstates,capturinga quantitativeno-
tion of state“similarity”.

We introduceequivalencesand metrics for two-player
gamestructures,andweshowthattheycharacterizethedif-
ferencein probabilityof winninggameswhosegoalsareex-
pressedin thequantitative� -calculus.Thequantitative� -
calculuscanexpressa large setof goals,includingreacha-
bility, safety, and! -regular properties.Thus,weclaim that
our relationsandmetricsprovide thecanonicalextensions
to games,of theclassicalnotionof bisimulationfor transi-
tion systems.We developour resultsboth for equivalences
andmetrics,which generalizebisimulation,and for asym-
metricalversions,which generalizesimulation.

� Thisresearchwassponsoredin partby thegrantsNSF-CCF-0427202,
NSF-CCF-0546170,andNSF-CCR-0132780.

1. Intr oduction

We considertwo-player gamesplayed for an in�nite
numberof roundsover �nite statespaces.At eachround,
theplayerssimultaneouslyandindependentlyselectmoves;
the moves then determinea probability distribution over
successorstates.Thesegames,known variouslyasstochas-
tic games[24] or concurrent games[3, 1, 5], generalize
many commonstructuresin computerscience,from tran-
sitionsystems,to Markov chains[12] andMarkov decision
processes[6]. Thegamesareturn-basedif, at eachstate,at
mostoneof the playershasa choiceof moves,anddeter-
ministicif thesuccessorstateis uniquelydeterminedby the
currentstate,andby themoveschosenby theplayers.

It is well-known that in suchgameswith simultaneous
movesit is often advantageousfor the playersto random-
ize their moves,so thatat eachround,they play not a sin-
gle “pure” move, but rather, a probabilitydistribution over
the available moves. Theseprobability distributions over
moves,calledmixedmoves[20], leadto variousnotionsof
equilibria[29, 20], suchastheequilibriumresultexpressed
by the minimax theorem[29]. Intuitively, the bene�t of
playing mixed, ratherthanpure,moveslies in preventing
the adversaryfrom tailoring a responseto the individual
moveplayed.Evenfor simplereachabilitygames,theuseof
mixedmovesmayallow playersto win, with probability1,
gamesthat they would lose(i.e., win with probability0) if
restrictedto playing pure moves[3]. With mixed moves,
the questionof winning a gamewith respectto a goal is
thusa probabilisticone: what is themaximalprobabilitya
playercanbeguaranteedof winning,regardlessof how the
otherplayerplays? This probability is known, in brief, as
thewinningprobability.
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In structuresrangingfrom transitionsystemsto Markov
decisionprocessesand games,a fundamentalquestionis
the one of equivalenceof states. Given a suitably large
class� of properties,containingall propertiesof interest
to themodeler, two statesareequivalentif thesameproper-
tieshold in bothstates.For a property� , denotethevalue
of � ats by � (s): in thecaseof games,thismight represent
themaximalprobabilityof aplayerwinningwith respectto
a goalexpressedby � . Two statess andt areequivalentif
� (s) = � (t) for all � 2 � . For (�nite-branching)transition
systems,andfor theclassof properties� expressiblein the
� -calculus[14], stateequivalenceis capturedby bisimula-
tion [19]; for Markov decisionprocesses,it is capturedby
probabilisticbisimulation[22]. For quantitative properties,
a notionrelatedto equivalenceis thatof a metric: a metric
providesatight boundfor how muchthevalueof aproperty
candiffer at statesof thesystem,andprovidesthusa quan-
titativenotionof similarity betweenstates.Givenaset� of
properties,themetricdistanceof two statess andt canbe
de�ned assupφ∈Φ j� (s) � � (t)j. Metricsfor Markov deci-
sionprocesseshave beenstudiedin [7, 27, 28, 8, 9]. Obvi-
ously, themetricsandrelationsareconnected,in thesense
thattherelationsarethekernelsof themetrics(thepairsof
stateshaving metricdistance0). Themetricsandrelations
areat the heartof many veri�cation techniques,from ap-
proximatereasoning(onecansubstitutestatesthatareclose
in themetric)tosystemreductions(onecancollapseequiva-
lentstates)to compositionalreasoningandre�nement(pro-
viding anotionof substitutivity of equivalents).

We introducemetricsandequivalencerelationsfor con-
currentgames,with respectto theclassof properties� ex-
pressiblein the quantitative � -calculus[5, 18]. We claim
that thesemetricsandrelationsrepresentthecanonicalex-
tensionof bisimulationto games.We alsointroduceasym-
metricalversionsof thesemetricsandequivalences,which
constitutethecanonicalextensionof simulation.

An equivalencerelationfor deterministicgamesthatare
either turn-based,or wherethe playersare constrainedto
playing puremoves,hasbeenintroducedin [2] andcalled
alternatingbisimulation.Relationsandmetricsfor thegen-
eral caseof concurrentgameshave so far proved elusive,
with somepreviousattemptsat their de�nition by a subset
of the authorsfollowing a subtly �a wed approach[4, 16].
Thecauseof thedif�culty goesto theheartof thede�nition
of bisimulation.In thede�nition of bisimulationfor transi-
tion systems,for every pair s, t of bisimilar states,we re-
quirethatif s cangoto astates′, thent shouldbeableto go
to t ′, suchthats′ andt ′ areagainbisimilar (wealsoaskthat
s, t haveanequivalentpredicatevaluation).This de�nition
hasbeenextendedto Markov decisionprocessesby requir-
ing thatfor everymixedmovefrom s, thereis amixedmove
from t, suchthatthemovesinduceprobabilitydistributions
over successorstatesthatareequivalentmodulotheunder-

lying bisimulation[22, 21]. Unfortunately, thegeneraliza-
tion of this appealingde�nition to gamesfails. It turnsout,
asweprovein thispaper, thatrequiringplayersto beableto
replicateprobabilitydistributionsover successors(modulo
theunderlyingequivalence)leadsto an equivalencethat is
too �ne, andthatmayfail to relatestatesat which thesame
quantitative � -calculusformulashold. We show thatphras-
ing the de�nition in termsof distributionsover successor
statesis the wrong approachfor games;rather, the de�ni-
tion shouldbe phrasedin termsof expectationsof certain
metric-boundedquantities.

Ourstartingpointis acloserlookatthede�nition of met-
ricsfor Markov decisionprocesses.Weobservethatwecan
manipulatethe de�nition of metricsgiven in [28], obtain-
ing analternative form, which we call thea priori form, in
contrastwith the original form of [28], which we call the
a posteriori form. Informally, the a posterioriform is the
traditionalde�nition, phrasedin termsof similarity of prob-
ability distributions;thea priori form is insteadphrasedin
termsof expectations.Weshow that,while onMarkov deci-
sionprocessesthesetwo formscoincide,this is not thecase
for games;moreover, we show that it is the a priori form
thatprovidesthecanonicalmetricsfor games.

We prove that the a priori metric distancebetween
two statess and t of a concurrentgame is equal to
supφ∈Φ j� (s) � � (t)j, where� is thesetof propertiesex-
pressiblevia the quantitative � -calculus. This result can
be summarizedby sayingthat the quantitative � -calculus
providesa logical characterizationfor thea priori metrics,
similar to theway theordinary� -calculusprovidesa logi-
calcharacterizationof bisimulation.Furthermore,weprove
that a priori metrics— andtheir kernels,the a priori rela-
tions— satisfyareciprocityproperty, statingthatproperties
expressedin termsof player-1 andplayer-2 winningcondi-
tions have the samedistinguishingpower. This property
is intimately connectedto the fact that concurrentgames,
played with mixed moves, are determinedfor ! -regular
goals[17, 5]: theprobability thatplayer1 achievesa goal
 is one minus the probability that player 2 achieves the
goal :  . Reciprocityensuresthat thereis one,canonical,
notionof gameequivalence.This is in contrastto thecase
of alternatingbisimulationof [2], in which thereare dis-
tinct player-1andplayer-2versions,asaconsequenceof the
fact thatconcurrentgames,whenplayedwith puremoves,
arenot determined.The logical characterizationandreci-
procity resultjustify our claim thata priori metricsandre-
lationsarethecanonicalnotionof metrics,andequivalence,
for concurrentgames.Neitherthe logical characterization
nor the reciprocity resulthold for the a posteriorimetrics
andrelations.

While this introductionfocusedmostly on metricsand
equivalencerelations,wealsodevelopresultsfor theasym-
metricalversionsof thesenotions,relatedto simulation.
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2. Gamesand Goals

We will developmetricsfor gamestructuresoverasetS
of states.We startwith somepreliminaryde�nitions. For a
�nite setA, let Dist(A) denotethesetof probabilitydistri-
butionsoverA. We saythatp 2 Dist(A) is deterministicif
thereis a 2 A suchthatp(a) = 1.

For a setS, a valuationover S is a function f : S 7!
[0; 1] associatingwith every elements 2 S a value 0 �
f (s) � 1; we let F be the set of all valuations. For
c 2 [0; 1], we denoteby c theconstantvaluationsuchthat
c(s) = c at all s 2 S. We ordervaluationspointwise:for
f ; g 2 F , we write f � g if f f (s) � g(s) at all s 2 S; we
remarkthatF , under� , formsa lattice.

Given a; b 2 IR, we write a t b = maxf a; bg, and
a u b = minf a; bg; wealsolet a � b = minf 1; maxf 0; a +
bgg and a 	 b = maxf 0; minf 1; a � bgg. We extend
u; t ; + ; � ; � ; 	 to valuationsby interpretingthemin point-
wisefashion.

A directedmetric is a function d : S2 7! IR≥0 which
satis�es d(s; s) = 0 and d(s; t) � d(s;u) + d(u; t) for
all s; t; u 2 S. We denoteby M � S2 7! IR the space
of all metrics;this space,orderedpointwise,formsa lattice
whichweindicatewith (M ; � ). Givenametricd 2 M , we
denoteby �d its oppositeversion,de�nedby �d(s; t) = d(t; s)
for all s; t 2 S; wesaythatd is symmetricalif d = �d.

2.1. Game Structures

We assumea �x ed, �nite set V of observationvari-
ables. A (two-player, concurrent)gamestructure G =
hS; [�]; Moves; � 1; � 2; � i consistsof the following compo-
nents[1, 3]:

� A �nite setS of states.

� A variableinterpretation[�] : V � S 7! [0; 1], which
associateswith eachvariablev 2 V avaluation[v].

� A �nite setMovesof moves.

� Two move assignments� 1; � 2: S 7! 2Moves n ; . For
i 2 f 1; 2g, the assignment� i associateswith each
states 2 S thenonemptyset� i(s) � Movesof moves
availableto player-i at states.

� A probabilistic transition function � : S � Moves�
Moves 7! Dist(S), that gives the probability
� (s; a1; a2)( t) of atransitionfrom s to t whenplayer-1
playsmovea1 andplayer-2 playsmovea2.

At everystates 2 S, player1 choosesa movea1 2 � 1(s),
andsimultaneouslyand independentlyplayer2 choosesa
move a2 2 � 2(s). The gamethenproceedsto thesucces-
sorstatet 2 S with probability � (s; a1; a2)( t). We denote
by Dest(s;a1; a2) = f t 2 S j � (s; a1; a2)( t) > 0g the
setof destinationstateswhenactionsa1; a2 arechosenat

s. The variablesin V naturally inducean equivalenceon
states:for statess; t, de�ne s � t if for all v 2 V we have
[v](s) = [v](t). In the following, unlessotherwisenoted,
the de�nitions refer to a gamestructurewith components
G = hS; [�]; Moves; � 1; � 2; � i . For player i 2 f 1; 2g, we
write � i = 3 � i for theopponent.We alsoconsiderthe
following subclassesof gamestructures.

� Turn-basedgamestructures. A gamestructureG is
turn-basedif we canwrite S asthe disjoint union of
two sets:thesetS1 of player-1 states,andthesetS2 of
player-2 states,suchthats 2 S1 implies j� 2(s)j = 1,
and s 2 S2 implies j� 1(s)j = 1, and further, there
is a specialvariableturn 2 V, suchthat [turn]s = 1
iff s 2 S1, and [turn]s = 0 iff s 2 S2: thus, the
variableturn indicateswhoseturnit is to playatastate.
Turn-basedgamesareoftencalledperfectinformation
games[20].

� Markov decisionprocesses.A gamestructureG is a
Markov decisionprocess(MDP) [6] if only oneof the
two playershasa choiceof moves.For i 2 f 1; 2g, we
saythatastructureis ani -MDP if 8s 2 S, j� ∼i(s)j =
1. For MDPs,we omit the(single)moveof theplayer
without a choiceof moves,and write � (s; a) for the
transitionfunction.

� Deterministicgamestructures.A gamestructureG is
deterministicif, for all s 2 S, a1 2 Moves, anda2 2
Moves, thereexistsa t 2 S suchthat� (s; a1; a2)( t) =
1; wedenotesucht by � (s; a1; a2). Wesometimescall
probabilistic a generalgamestructure,to emphasize
thefactthatit is notnecessarilydeterministic.

Pure and mixed moves. A mixedmove is a probability
distribution over themovesavailableto a playerat a state.
We denoteby Di(s) = Dist(� i(s)) thesetof mixedmoves
available to player i 2 f 1; 2g at s 2 S. The moves in
Movesarecalledpure moves,in contrastto mixed moves.
We extendthetransitionfunctionto mixedmoves.For s 2
S andx1 2 D1(s), x2 2 D2(s), we write � (s; x1; x2) for
thenext-stateprobabilitydistribution inducedby themixed
movesx1 andx2, de�ned for all t 2 S by

� (s; x1; x2)( t) =
X

a1∈Γ1 (s)

X

a2∈Γ2 (s)

� (s; a1; a2)( t) x1(a1) x2(a2):

In the following, we sometimesrestrict the movesof the
playersto puremoves.We identify a puremove a 2 � i(s)
availableto playeri 2 f 1; 2gatastates with adeterministic
distribution thatplaysa with probability1.

The deterministic setting. The deterministicsettingcon-
sistsin consideringdeterministicgamestructures,andplay-
ersrestrictedto playpuremoves.
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Predecessoroperators. Givena valuationf 2 F , a state
s 2 S, andtwo mixedmovesx1 2 D1(s) andx2 2 D2(s),
wede�ne theexpectationof f from s underx1; x2:

Ex1 ,x2
s (f ) =

X

t∈S

� (s; x1; x2)( t) f (t)

For a gamestructureG, for i 2 f 1; 2g we de�ne the val-
uation transformerPrei : F 7! F by, for all f 2 F and
s 2 S,

Prei(f )(s) = sup
xi ∈Di (s)

inf
x� i ∈D� i (s)

Ex1 ,x2
s (f ):

Intuitively, Prei(f )(s) is the maximalexpectationplayer i
canachieve of f afteronestepfrom s: this is theclassical
“one-day”or “next-stage”operatorof thetheoryof repeated
games[10]. We alsode�ne a deterministicversionof this
operator, in whichplayersareforcedto playpuremoves:

PreΓi (f )(s) = max
xi ∈Γi (s)

min
x� i ∈Γ� i (s)

Ex1 ,x2
s (f ) :

2.2. Quan titativ e � -calculus

We considerthesetof propertiesexpressedby thequan-
titative � -calculus(q� ). As discussedin [13, 5, 18], a large
setof propertiescanbeencodedin q� , spanningfrom basic
propertiessuchasmaximal reachabilityandsafetyproba-
bility, to themaximalprobabilityof satisfyinga general! -
regularspeci�cation.

Syntax. The syntaxof quantitative � -calculusis de�ned
with respectto thesetof observationvariablesV aswell asa
setMVarsof calculusvariables,whicharedistinctfrom the
observationvariablesin V. Thesyntaxis givenasfollows:

� ::= c j v j Z j : � j � _ � j � ^ � j � � c j � 	 c j

pre1(� ) j pre2(� ) j �Z : � j � Z: �

for constantsc 2 [0; 1], observationvariablesv 2 V, and
calculusvariablesZ 2 MVars. In the formulas�Z : � and
� Z: � , we furthermorerequirethat all occurrencesof the
boundvariableZ in � occurin thescopeof anevennumber
of occurrencesof the complementoperator: . A formula
� is closedif every calculusvariableZ in � occursin the
scopeof aquanti�er �Z or � Z . Fromnow on,with abuseof
notation,we denoteby q� thesetof closedformulasof q� .
A formulais aplayer-i formula,for i 2 f 1; 2g, if � doesnot
containthepre∼i operator;wedenotewith q� i thesyntactic
subsetof q� consistingonly of closedplayer-i formulas.A
formula is in positiveform if the negationappearsonly in
front of gamevariables,i.e., in the context : v; we denote
with q� + andq� +

i thesubsetsof q� andq� i consistingonly
of positive formulas.

Weremarkthatthe�xpoint operators� and� will notbe
neededto achieveour resultsonthelogicalcharacterization

of gamerelations.They have beenincludedin thecalculus
becausethey allow theexpressionof many interestingprop-
erties,suchassafety, reachability, andin general,! -regular
properties.

Semantics. A variablevaluation� : MVars 7! F is afunc-
tion that mapsevery variableZ 2 MVars to a valuation
in F . We write � [Z 7! f ] for thevaluationthatagreeswith
� on all variables,except that Z is mappedto f . Given
a gamestructureG anda variablevaluation� , every for-
mula � of the quantitative � -calculusde�nes a valuation
[[� ]]Gξ 2 F (thesuperscriptG is omittedif thegamestruc-
tureis clearfrom thecontext):

[[c]]ξ = c [[v]]ξ = [v] [[Z ]]ξ = � (Z )

[[: � ]]ξ = 1 � [[� ]]ξ [[�
�
⊕

	

	
c]]ξ = [[� ]]ξ

�
⊕

	

	
c

[[� 1

�
∨

∧

	
� 2]]ξ = [[� 1]]ξ

�
t

u

	
[[� 2]]ξ

[[prei(� )]]ξ = Prei([[� ]]ξ)

[[
�

µ
ν

	
Z: � ]]ξ =

�
inf
sup

	
f f 2 F j f = [[� ]]ξ[Z 7→f ]g

wherei 2 f 1; 2g. Theexistenceof the �xpoints is guaran-
teedby themonotonicityandcontinuityof all operatorsand
canbecomputedby Picarditeration[5]. If � is closed,[[� ]]ξ
is independentof � , andwewrite simply [[� ]].

We alsode�ne a deterministicsemantics[[�]]Γ for q� , in
which playerscanselectonly puremovesin the operators
pre1, pre2. [[�]]Γ is de�ned as[[�]], exceptfor theclause

[[prei(� )]]Γξ = PreΓi ([[� ]]Γξ ) :

Example1 Givena setT � S, thecharacteristicvalua-
tion T of T is de�ned by T(s) = 1 if s 2 T, andT(s) = 0
otherwise.With thisnotation,themaximalprobabilitywith
which player i 2 f 1; 2g can ensureeventually reaching
T � S is given by [[�Z :(T _ prei(Z ))]], andthe maximal
probabilitywith which playeri canguaranteestayingin T
forever is givenby [[� Z:(T ^ prei(Z ))]] [5].

3. Metrics

We are interestedin developing a metric on statesof
a gamestructurethat capturesan approximatenotion of
equivalence:statesclosein the metric shouldyield simi-
lar valuesto theplayersfor any winning objective. Specif-
ically, we are interestedin de�ning a bisimulationmetric
[' g] 2 M suchthat for any gamestructureG andstates
s; t of G, thefollowing continuitypropertyholds:

[' g](s; t) = sup
φ∈qµ

j[[� ]](s) � [[� ]](t)j: (1)

In particular, thekernelof themetric, that is, statesat dis-
tance0, are equivalent: eachplayer can get exactly the
samevaluefrom eitherstatefor any objective. Notice that
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in de�ning the metric independentof a player, we areex-
pectingour metricsto be reciprocal, that is, invariantun-
der a changeof player. Reciprocity is expectedto hold
sincetheunderlyinggameswe consideraredetermined—
for any game,thevalueobtainedby player2 is 1 minusthe
valueobtainedby player1— andyields canonicalmetrics
ongames.

Thus, our metrics will generalizeequivalenceand re-
�nement relationsthat have beenstudiedon MDPs andin
the deterministicsetting. To underlinethe connectionbe-
tweenclassicalequivalencesand the metricswe develop,
we write [s ' g t] for [' g](s; t), so that the desiredprop-
erty of thebisimulationmetriccanbestatedas[s ' g t] =
supφ∈qµ j[[� ]](s) � [[� ]](t)j. Metricsof this typehavealready
been developed for Markov decision processes(MDPs)
[27, 8]. Our constructionof metricsfor gamesstartsfrom
ananalysisof theseconstructions.

3.1. Metrics for MDPs

We considerthecaseof 1-MDPs; the casefor 2-MDPs
is symmetrical. Throughout this subsection,we �x a
1-MDP hS; [�]; Moves; � 1; � 2; � i . Before we presentthe
metric correspondentof probabilisticsimulation,we �rst
rephraseclassical probabilistic (bi)simulation on MDPs
[15, 11, 22, 23] as a �xpoint of a relation transformer
F : 2S×S 7! 2S×S. For all relationsR � S � S and
s; t 2 S, let (s; t) 2 F (R) if f

s � t ^ 8x12M 1(s) : 9y12M 1(t) : � (s; x1) v R � (t; y1);
(2)

for all statess; t 2 S. In (2), � is thepredicateequivalence
relation:s � t if thepredicateshavethesamevalueats and
t. Therelationv R lifts therelationR onstatesto a relation
on distributions. Precisely, for a relationR � S � S and
two distributionsp;q 2 Dist(S), we let p v R q if thereis a
function� : S � S ! [0; 1] suchthat(i) �( s; s′) > 0 im-
plies(s; s′) 2 R, (ii) p(s) =

P
s0∈S �( s; s′) for any s 2 S,

and(iii) q(s′) =
P

s∈S �( s; s′) for any s′ 2 S. Probabilis-
tic simulationis the greatest�xpoint of (2); probabilistic
bisimulationis thegreatestsymmetrical�xpoint of (2).

To obtainametricequivalentof probabilisticsimulation,
we lift theabove �xpoint from relations(subsetsof S2) to
metrics(mapsS2 7! IR). First,we de�ne [� ] 2 M for all
s; t 2 S by [s � t] = maxv∈V j[v](s) � [v](t)j. Second,
welift (2) to metrics,de�ning ametrictransformerH 1MDP

post :
M 7! M . For all d 2 M , let D (� (s; x1); � (t; y1))( d) be
thedistribution distancebetween� (s; x1) and� (t; y1) with
respectto the metric d. We will show later how to de�ne
suchadistributiondistance.For s; t 2 S, we let

H 1MDP
post (d)(s; t) (3)

= [s � t] t sup
x1∈Γ1 (s)

inf
y1∈Γ1 (t)

D(� (s; x1); � (t; y1))( d):

In this de�nition, the8 and9 of (2) have beenreplacedby
sup and inf , respectively. Sinceequivalentstatesshould
havedistance0, thesimulationmetricin MDPsis de�nedas
theleast(ratherthangreatest)�xpoint of (3) [27, 8]. Simi-
larly, thebisimulationmetricis de�nedastheleastsymmet-
rical �xpoint of (3).

For a distanced 2 M and two distributions p;q 2
Dist(S), thedistributiondistanceD(p;q)(d) betweenp and
q with respectto d, is a measureof how much“work” we
have to do to make p look like q, giventhatmoving a unit
of probabilitymassfrom s 2 S to t 2 S hascostd(s; t).
Moreprecisely, D (p;q)(d) is de�nedvia thetrans-shipping
problem,asthe minimum costof shippingthedistribution
p into q, with edgecostsd. Thus,D(p;q)(d) is thesolution
of thefollowing linearprogramming(LP) problemover the
setof variablesf � s,tgs,t∈S [27]:

Minimize
X

s,t∈S

d(s; t)� s,t subject to

X

s∈S

� s,t = p(s);
X

t∈S

� s,t = q(t); � s,t � 0:

Equivalently, we cande�ne D(p;q)(d) via the dual of the
above LP problem.Givena metricd 2 M , let C(d) � F
bethesubsetof valuationsk 2 F suchthatk(s) � k(t) �
d(s; t) for all s; t 2 S. Thenthedualformulationis:

Maximize
X

s∈S

p(s) k(s) �
X

s∈S

q(s)k(s) (4)

subject to k 2 C(d):

TheconstraintC(d) onthevaluationk, statesthevalueof k
acrossstatescannotdiffer by morethand. This means,in-
tuitively, thatk behaveslike thevaluationof a q� formula:
aswewill see,thelogicalcharacterizationimpliesthatd is a
boundfor thedifferencein valuationof q� formulasacross
states.Indeed,thelogical characterizationof themetricsis
provedby constructingformulaswhosevaluationapproxi-
matethatof theoptimalk. Plugging(4) into (3), weobtain:

H 1MDP
post (d)(s; t) = [s � t] t (5)

sup
x1∈Γ1 (s)

inf
y1∈Γ1 (t)

sup
k∈C(d)

�
Ex1

s (k) � Ey1
t (k)

�

We caninterpretthis de�nition asfollows. Statet is trying
to simulatestates (this is a de�nition of a simulationmet-
ric). First, states choosesa mixedmove x1, attemptingto
makesimulationashardaspossible;then,statet choosesa
mixedmove y1, trying to matchtheeffect of x1. Oncex1

andy1 have beenchosen,the resultingdistancebetweens
andt is equalto themaximaldifferencein expectation,for
movesx1 andy1, of avaluationk 2 C(d). Wecall themet-
ric transformerH 1MDP

post thea posteriorimetric transformer:
thevaluationk in (5) is chosenafter themovesx1 andy1

arechosen.We cande�ne an a priori metric transformer,
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wherek is chosenbeforex1 andy1:

H 1MDP
prio (d)(s; t) = [s � t] t (6)

sup
k∈C(d)

sup
x1∈Γ1 (s)

inf
y1∈Γ1 (t)

�
Ex1

s (k) � Ey1
t (k)

�

Intuitively, in thea priori transformer, �rst a valuationk 2
C(d) is chosen.Then,statet mustsimulatestates with re-
spectto the expectationof k. States choosesa move x1,
trying to maximizethedifferencein expectations,andstate
t choosesamovey1, trying to minimizeit. Thedistancebe-
tweens andt is thenequalto thedifferencein theresulting
expectationsof k.

Theorem1 below statesthat for MDPs, a priori anda
posteriorisimulationmetricscoincide. In thenext section,
wewill seethatthis is not thecasefor games.

Theorem1 For all MDPs,H 1MDP
post = H 1MDP

prio .

Proof Considertwo statess; t 2 S, anda metricd 2 M .
Wehaveto provethatsupk supx1

inf y1 Ex1
s (k) � Ey1

t (k) =
supx1

inf y1 supk Ex1
s (k) � Ey1

t (k). In the left-handside,
we canexchangethe two outersups. Then,noticing that
the differencein expectationis bilinear in k and y1 for a
�x ed x1, that y1 is a probabilitydistribution, andthat k is
chosenfrom a compactconvex subset,we apply the gen-
eralizedminimaxtheorem[25] to exchangesupk inf y1 into
inf y1 supk, thusobtainingtheright-handside. �

Themetricsde�nedabovearelogicallycharacterizedbyq� .
Precisely, let [� ] 2 M betheleastsymmetrical�xpoint of
H 1MDP

prio = H 1MDP
post . Then,theresultsof [8] (originally stated

for H 1MDP
post ) statethatfor all statess; t of a1-MDP, we have

[s � t] = supφ∈qµ j[[� ]](s) � [[� ]](t)j.

3.2. Metrics for Concurren t Games

We now extendthesimulationandbisimulationmetrics
from MDPs to generalgamestructures.As we shall see,
unlikefor MDPs,theapriori andtheaposteriorimetricsdo
not coincideover games.In particular, we show that thea
priori formulationsatis�esbotha tight logicalcharacteriza-
tion aswell asreciprocitywhile, perhapssurprisingly, the
morenaturala posterioriversiondoesnot.

A posteriori metrics are de�ned via the metric trans-
former Hv1 : M 7! M as follows, for all d 2 M and
s; t 2 S:

Hv1 (d)(s; t)

= [s � t] t sup
x1∈D1 (s)

inf
y1∈D1 (t)

sup
y2∈D2 (t)

inf
x2∈D2 (s)

D(� (s; x1; x2); � (t; y1; y2); d)

= [s � t] t sup
x1∈D1 (s)

inf
y1∈D1 (t)

sup
y2∈D2 (t)

inf
x2∈D2 (s)

sup
k∈C(d)

�
Ex1 ,x2

s (k) � Ey1 ,y2
t (k)

�
: (7)

We de�ne a posteriorigamesimulationmetric [v 1] asthe
least �xpoint of Hv1 , and we de�ne a posteriori game
bisimulationmetric [�= 1] as the leastsymmetrical�xpoint
of Hv1 . The a posteriorisimulationmetric [v 1] hasbeen
introducedin [4, 16].

A priori metricsarede�nedbybringingthesupk outside.
Precisely, we de�ne a metric transformerH�1 : M 7! M
asfollows,for all d 2 M ands; t 2 S:

H�1 (d)(s; t)

= [s � t] t sup
k∈C(d)

sup
x1∈D1 (s)

inf
y1∈D1 (t)

sup
y2∈D2 (t)

inf
x2∈D2 (s)

�
Ex1 ,x2

s (k) � Ey1 ,y2
t (k)

�

= [s � t] t sup
k∈C(d)

�
sup

x1∈D1 (s)

inf
x2∈D2 (s)

Ex1 ,x2
s (k)

� sup
y1∈D1 (t)

inf
y2∈D2 (t)

Ey1 ,y2
t (k)

�

= [s � t] t sup
k∈C(d)

�
Pre1(k)(s) � Pre1(k)( t)

�
: (8)

The a priori simulationmetric [� 1] is the least�xpoint of
H�1 , andthea priori bisimulationmetric [' 1] is the least
symmetrical�xpoint of H�1 .

We now show somebasicpropertiesof thesemetrics.
We show thatapriori �xpoints givea (directed)metric.We
show thata priori anda posteriorimetricsaredistinct. We
thenfocuson theapriori metrics,andshow throughour re-
sultsthatthey arethenaturalmetricsfor concurrentgames.

Theorem2 For all gamestructuresG, andall statess; t; u
of G, wehave(1) [s � 1 t] � 0, and[s v 1 t] � 0, and(2)
[s � 1 u] � [s � 1 t] + [t � 1 u].

Proof The�rst part follows by consideringk(s) = 0 for
all s 2 S. The secondpart is proved by inductionon the
iterationsusedto computethe�xpoint of H�1 , asgivenin
(8). Thecrucialstepconsistsin observingthat,for d 2 M ,
wehave

sup
k∈C(d)

�
Pre1(k)(s) � Pre1(k)( t)

�

+ sup
k∈C(d)

�
Pre1(k)( t) � Pre1(k)(u)

�

� sup
k∈C(d)

�
Pre1(k)(s) � Pre1(k)(u)

�
: �

A priori and a posteriori metrics are distinct. First, we
show that a priori and a posteriorimetricsare distinct in
general: the a priori metric never exceedsthe a posteri-
ori one,andthereareconcurrentgameswhereit is strictly
smaller. Intuitively, this canbeexplainedasfollows. Sim-
ulationentailstrying to simulatetheexpectationof avalua-
tion k, asweseefrom (7), (8). It is easierto simulateastate
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(*, *, *)(u)d

(*, *, *)(w)d

8/9 1/34/95/9

0 1/9 1/3 4/9 5/9 2/3 8/9

2/31 01/9

1

b,f

a,f a,g

c,f b,g c,g

Figure 1. Transition probabilities from states
s; t to states u; w.

s from astatet if thevaluationis known in advance,asin a
priori metrics(8), thanif thevaluationk is chosenafterall
themoveshavebeenchosen,asin a posteriorimetrics(7).

As a specialcase,we shall seethat equality holds for
turn-basedgamestructures,in additionto MDPsaswehave
seenin theprevioussubsection.

Theorem3 Thefollowingassertionshold.

1. For all gamestructuresG, andfor all statess; t of G,
wehave[s � 1 t] � [s v 1 t].

2. There is a gamestructure G, andstatess; t of G, such
that [s � 1 t] = 0 and[s v 1 t] > 0.

3. For all turn-basedgamestructures,wehave� 1 = v 1.

Proof The�rst assertionis aconsequenceof thefactthat,
for all functionsf : IR2 7! IR, wehavesupx inf y f (x; y) �
inf y supx f (x; y) (intuitively, it is easierto maximizeif we
canchoosex aftery). Repeatedapplicationsof this allows
usto show that, for all d 2 M , we have H�(d) � Hv(d)
(with pointwiseordering).Theresultthenfollows from the
monotonicityof H� andHv.

For the secondassertion,we give an examplewherea
priori distancesarestrictly lessthana posterioridistances.
Considera gamewith statesS = f s; t; u; wg. Statesu and
w are sink stateswith [u � w] = 1; statess and t are
suchthat [s � t] = 0. At statess and t, player-2 has
movesf f ; gg. Player-1 hasa singlemove f ag at states,
andmovesf b;cg at statet. Themovesfrom s andt leadto
u andw with transitionprobabilitiesindicatedin Figure1.
In the �gure, thepoint b;f indicatestheprobabilityof go-
ing to u andw whenthe move pair (b;f ) is played,with
� (s; b;f )(u) + � (s; b;f )(w) = 1; similarly for the other
movepairs.Thethick line segmentbetweenthepointsa; f
anda; g representsthetransitionprobabilitiesarisingwhen
player1 playsmovea, andplayer2 playsa mixedmove(a
mix of f andg).

We show that, in this game,we have [s v 1 t] > 0.
Considerthe metric d where d(u; w) = 1 (recall that
[u � w] = 1, andnotethe otherdistancesdo not matter,

sinceu, w aretheonly two destinations).We needto show

8y1 2 D1(t):9y2 2 D2(t):8x2 2 D2(s):9k 2 C(d):
�
Ea,x2

s (k) � Ey1 ,y2
t (k)

�
> 0 (9)

Considerany mixedmove y1 = �b + (1 � � )c, whereb;c
arethemovesavailableto player1 at t, and0 � � � 1. If
� < 1

2 , choosemovef from t asy2, andchoosek(w) = 1,
k(u) = 0. Otherwise,choosemove g from t as y2, and
choosek(w) = 0, k(u) = 1. With thesechoices,thetransi-
tion probability � (t; y1; y2) will fall outsideof thesegment
[(a; f ); (a; g)] in Figure1. Thus,with thechoiceof k above,
weensurethatthedifferencein (9) is alwayspositive.

To show that in thegamewe have [s � 1 t] = 0, it suf-
�ces to show (giventhat[s � 1 t] � 0) that

8k 2 C(d):9y1 2 D1(t):8y2 2 D2(t):9x2 2 D2(s):
�
Ea,x2

s (k) � Ey1 ,y2
t (k)

�
� 0:

If k(u) = k(w), theresultis immediate.Assumeotherwise,
without lossof generality, that k(u) < k(w), andchoose
y1 = c. For every y2, the distribution of successorstates
(andof k-expectations)will bein theinterval [(c; f ); (c;g)]
in Figure1. By choosingx2 = f , we have thatEa,f

s (k) <
Ec,y2

t (k) for all y2 2 D2(t), leadingto theresult.
The last assertionof the theoremis proven in the same

wayasTheorem1. �

Reciprocity of a priori metric. Theprevioustheoremes-
tablishesthat the a priori and a posteriorimetricsare in
generaldistinct. We now prove that it is the a priori met-
ric, ratherthanthea posteriorione,thatenjoys reciprocity,
andthatprovidesa(quantitative)logicalcharacterizationof
[[q� ]]. We begin by consideringreciprocity.

Theorem4 Thefollowingassertionshold.

1. For all gamestructuresG, wehave[� 1] = [� 2], and
[' 1] = [' 2].

2. There is a concurrentgamestructure G, with statess
andt, where [v 1] 6= [w2].

Proof For the �rst assertion,it suf�ces to show that, for
all d 2 M , andstatess; t 2 S, we have H�1 (d)(s; t) =
H�2 ( �d)( t; s). We proceedasfollows:

sup
k∈C(d)

�
Pre1(k)(s) � Pre1(k)( t)

�
(10)

= sup
k∈C(d)

�
� Pre2(1 � k)(s) + Pre2(1 � k)( t)

�
(11)

= sup
k∈C(d̆)

�
Pre2(k)( t) � Pre2(k)(s)

�
(12)

Thestepfrom (10) to (11)usesPre1(k)(s) = 1 � Pre2(1 �
k)(s) [5], andthestepfrom (11) to (12) usesthechangeof
variablesk ! 1 � k.

7



To show that reciprocityfails for a posteriorisimulation
metrics,considerthegamefrom Figure1. We addtwo new
movesto player 2 at statet, namelyf e;hg, suchthat for
any � 2 [0; 1], � (t; � ; �e + (1 � � )h)(u) = � (s; a; �f +
(1 � � )g)(u): usingmove f e;hg player2 canensurethat
transitionprobabilitiesareonthesolidline in Figure1. Rea-
soningasin Theorem3, it still is thecasethat[s v 1 t] > 0.
Sincethe player-2 movesf e;hg from statet are identical
in inducedtransitionprobabilitiesto player-2 movesf f ; gg
from states, player2 canrestrictherselfto movesf e;hg at
statet andensurethat[s v 2 t] = 0. �

As a consequenceof this theorem,we write [' g] in place
of [' 1] = [' 2], to emphasizethattheplayer-1 andplayer-2
versionsof gameequivalencemetricscoincide.

Logical characterization of a priori metric. Thefollow-
ing theoremexpressesthe fact that [[q� ]] providesa logical
characterizationfor the a priori metrics. The proof of the
theoremusesideasfrom [16] and[8].

Theorem5 The following assertionshold for all game
structuresG, andfor all statess; t of G:

[s � 1 t] = sup
φ∈qµ

+
1

([[� ]](s) � [[� ]](t))

[s ' g t] = sup
φ∈qµ

j[[� ]](s) � [[� ]](t)j

Wenotethat,dueto Theorem3,ananalogousresultdoes
nothold for thea posteriorimetrics.Togetherwith thelack
of reciprocity of the a posteriorimetrics, this is a strong
indicationthat thea priori metrics,andnot thea posteriori
ones,arethe“natural” metricsonconcurrentgames.

The Kernel. The kernel of the metric [' g ] de�nes an
equivalencerelation ' g on the statesof a gamestructure:
s ' g t if f [s ' g t] = 0. We call this thegamebisimulation
relation. Noticethatby thereciprocitypropertyof ' g, the
gamebisimulationrelationis canonical:' 1 = ' 2 = ' g .
Similarly, we de�ne the gamesimulationpreorders � 1 t
asthekernelof thedirectedmetric [� 1], that is, s � 1 t if f
[s � 1 t] = 0. Alternatively, it is possibleto de�ne � 1 and
' g directly. Given a relationR � S � S, let B (R) � F
consistof all valuationsk 2 F suchthat,for all s; t 2 S, if
sRt thenk(s) � k(t). We havethefollowing result.

Theorem6 Givena gamestructureG, � 1 (resp.' 1) can
be characterizedas the largest(resp.largestsymmetrical)
relation R such that, for all statess; t with sRt, we have
s � t and

8k 2 B (R):8x1 2 D1(s):9y1 2 D1(t):8y2 2 D2(t):

9x2 2 D2(s):
�
Ey1 ,y2

t (k) � Ex1 ,x2
s (k)

�
: (13)

We notethat theabove theoremallows thecomputation
of ' 1 via a partition-re�nementscheme.Fromthe logical
characterizationtheorem,weobtainthefollowingcorollary.

Corollary 1 For any gamestructure G andstatess; t of
G, we haves ' g t iff [[� ]](s) = [[� ]](t) holds for every
� 2 q� and s � 1 t iff [[� ]](s) � [[� ]](t) holds for every
� 2 q� +

1 .

Computation. The next theoremstatesthat the metrics
are computableto any degreeof precision. This follows,
sincethede�nition of thedistancebetweentwo statesof a
givengame,asthe least�xpoint of themetric transformer
(8), canbewrittenasaformulain thetheoryof reals,which
is decidable[26]. Sincethe distancebetweentwo states
maynotberational,we canonly guaranteeanapproximate
computationin general.

Theorem7 For any gamestructure G, and statess; t of
G, thefollowingassertionshold.

1. For all rational v, and all � > 0, it is decidableif
j[s � 1 t] � vj < � andif j[s ' g t] � vj < � .

2. It is decidableif s � 1 t andif s ' g t.

Game Metrics and (Bi-)simulation Metrics. The a pri-
ori metricsassumean adversarialrelationshipbetweenthe
players. We show that, on turn-basedgames,the a pri-
ori bisimulationmetric coincideswith the classicalbisim-
ulation metric wherethe playerscooperate.Moreover, on
1-MDPs,the player-1 a priori simulationmetric coincides
with thecooperative simulationmetric. Themetricanalog
of classical(bi)simulation[19, 22] is obtainedthroughthe
metric transformersH�12 : M 7! M andH'12 : M 7!
M givenby

H�12 (d)(s; t)

= [s � t] t sup
k∈C(d)

sup
x1∈D1 (s)

sup
x2∈D1 (s)

inf
y1∈D1 (t)

inf
y2∈D1 (t)

f Ex1 ,x2
s (k) � Ey1 ,y2

t (k)g

H'12 (d)(s; t) = H�12 (d)(s; t) t H�12 (d)( t; s)

The metrics[� 12] and[' 12] arede�ned asthe least�x ed
pointsof H�12 andH'12 respectively. Thekernelof these
metrics de�ne the classicalprobabilistic simulation and
bisimulationrelations.

Theorem8 Thefollowingassertionshold.

1. On turn-basedgamestructures,[' g] = [' 12].

2. There is a deterministicgamestructure G and states
s; t in G such that [s ' g t] > [s ' 12 t].

3. There is a deterministicgamestructure G and states
s; t in G such that [s ' g t] < [s ' 12 t].

The�rst partfollowseasilyfrom thede�nition. Thesecond
part is provenby thegamein Figure2, whereit holdsthat
[s ' g t] = 1

2 and[s ' 12 t] = 0. In this �gure, asin all
subsequentones,differentstatecolorsdenotethatobserva-
tion variableshave differentvaluesat thestates,sothatthe
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Figure 2. [s ' g t] = 1
2 and [s ' 12 t] = 0

t

sa, a
a, b
b, a

u va, a

b, b

a, a a, a

Figure 3. [s ' g t] = 0 but [s ' 12 t] = 1:

statesaredistinguisheablein q� . Thethird partis provenby
thegamein Figure3 where[s � t] = 0 and[u � v] = 1.

Theorem9 Thefollowingassertionshold.

1. For i -MDPswehave[� i] = [� 12].

2. There is a deterministic2-MDPG with statess; t such
that [s � 1 t] < [s � 12 t].

3. There is a deterministic2-MDPG with statess; t such
that [t � 1 s] > [t � 12 s].

Again,the�rst statementfollowseasilyfrom thede�nition.
The secondand third are proven by the deterministic2-
MDP in Figure4, whereagain[s � t] = 0 and[u � v] = 1.

4. Discussion

Our derivation of � i and ' g, for i 2 f 1; 2g, as ker-
nels of metrics, seemssomewhat abstruse:most equiva-
lenceor similarity relationshave beende�ned, after all,
without resortingto metrics.We now point out how a gen-
eralizationof the usualde�nitions [22, 2, 7, 8], suggested
in [4, 16], fails to producethe “right” relations. Further-
more, the �a wed relationsobtainedasa generalizationof
[22, 2, 7, 8] areno simpler thanour de�nitions, basedon
kernelmetrics.Thus,ourstudyof gamerelationsaskernels
of metricscarriesnodrawbacksin termsof leadingto more
complicatedde�nitions. Indeed,we believe that themetric
approachis thesuperioronefor thestudyof gamerelations.

We outline the �a wed generalizationof [22, 2, 7, 8] as
proposedin [4, 16], explainingwhy it would seema natu-
ral generalization.The alternatingsimulationof [2] is de-
�ned over deterministicgamestructures.Player-i alternat-
ing simulation,for i 2 f 1; 2g, is the largestrelationR sat-
isfying thefollowing conditions,for all statess; t 2 S: sRt
implies s � t and 8ai 2 � i(s) : 9yi 2 � i(t) : 8y∼i 2
� ∼i(t) : 9x∼i 2 � ∼i(s) : � (s; x1; x2)R� (t; y1; y2).

t

s

u va, a

a, a a, a

a, a a, b

Figure 4. [s � 1 t] = 0 and [s � 12 t] = 1: Also,
[t � 1 s] = 1 and [t � 12 s] = 0:

TheMDP relationsof [22], laterextendedto metricsby
[7, 8], rely on the �xpoint (2), wheresup playstherole of
8, inf playstherole of 9, andR is replacedby distribution
equalitymoduloR, or v R. Thisstronglysuggests— incor-
rectly— thatequivalencesfor generalgames(probabilistic,
concurrentgames)canbeobtainedby takingthedoubleal-
ternatingof 8989 in thede�nition of alternatingsimulation,
changingall 8 into sup, all 9 into inf , andreplacingR by
v R. Thede�nition thatwould resultis asfollows. We pa-
rameterizethenew relationsby a playeri 2 f 1; 2g, aswell
asbywhethermixedmovesoronly puremovesareallowed.
For arelation R � S � S, for M 2 f � ; Dg, for all s; t 2 S
andi 2 f 1; 2g considerthefollowing conditions:

� (loc) s R t impliess � t.

� (M -i -altsim) s R t implies
8xi 2 M i(s) : 9yi 2 M i(t) : 8y∼i 2 M∼i(t) : 9x∼i 2
M∼i(s) : � (s; x1; x2) v R � (t; y1; y2);

We thende�ne thefollowing relations:

� For i 2 f 1; 2g and M 2 f � ; Dg, player-i M -
alternatingsimulationv M

i is the largestrelationthat
satis�es(loc) and(M -i -altsim).

� For i 2 f 1; 2g and M 2 f � ; Dg, player-i M -
alternatingbisimulation�= M

i is the largestsymmetri-
cal relationthatsatis�es(loc) and(M -i -altsim).

Over deterministicgamestructures,the de�nitions of v Γ
i

and�= Γ
i coincidewith thealternatingsimulationandbisim-

ulationrelationsof [2]. In fact,v Γ
i and�= Γ

i capturethede-
terministicsemanticsof q� , andthusin somesensegener-
alizetheresultsof [2] to probabilisticgamestructures.

Theorem10 For anygamestructure G andstatess; t of
G, thefollowingassertionshold:

1. s �= Γ
i t iff [[� ]]Γ(s) = [[� ]]Γ(t) holdsfor every� 2 q� i.

2. s v Γ
i t iff [[� ]]Γ(s) � [[� ]]Γ(t) holdsfor every� 2 q� +

i .

Thefollowing lemmastatesthatv D
i and�= D

i aretheker-
nelsof [v i] and[�= i], connectingthustheresultof combin-
ing thede�nitions of [22] and[2] with aposteriorimetrics.

Lemma 1 For all gamestructures G, all players i 2
f 1; 2g, and all statess; t of G, we haves v D

i t iff [s v i

t] = 0, ands �= D
i t iff [s �= i t] = 0.
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We are now in a position to prove that neither the � -
relations not the D-relations are the “correct” relations
on generalconcurrentgames,since neither characterizes
[[q� ]]. In particular, the D-relationsare too �ne, and the
� -relationsareincomparablewith therelations� i and' g ,
for i 2 f 1; 2g. We prove thesenegative results�rst for the
D-relations.They follow from Theorem3 and5.

Theorem11 Thefollowing assertionshold:

1. For all gamestructuresG, all statess; t of G, andall
i 2 f 1; 2g, we havethat s v D

i t impliess � i t, and
s �= D

i t impliess ' i t.

2. There is a gamestructure G, andstatess; t of G, such
that s � i t but s 6vDi t.

3. There is a gamestructure G, andstatess; t of G, such
that [[� ]](s) = [[� ]](t) for all � 2 q� , but s 6�= D

i t for
somei 2 f 1; 2g.

We now turn our attentionto the � -relations,showing
thatthey areincomparablewith � i and' g, for i 2 f 1; 2g.

Theorem12 Thefollowing assertionshold:

1. There exists a deterministicgame structure G and
statess; t of G such thats v Γ

1 t but s 6�1 t, ands �= Γ
1 t

but s 6'g t.

2. There existsa turn-basedgamestructure G andstates
s; t of G such that s � 1 t but s 6vΓ1 t. ands ' g t but
s 6�= Γ

1 t.

Finally, we remarkthat, in view of Theorem6, thede�-
nitionsof therelations� i and' g for i 2 f 1; 2garenomore
complex thanthede�nitions of v D

1 , v Γ
1 , �= D

1 , and�= Γ
1 .
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