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Abstract

We considertwo-playergamesplayedover nite state
spacesfor an in nite numberof rounds. At ead state
theplayeis simultaneouslghoosemoves;the movesdeter
minea successostate It is oftenadvantajeousfor players
to chooseprobability distributionsover moves,ratherthan
singlemoves. Givena goal (e.g., “r eath a target state”),
the questionof winningis thusa probabilistic one: “what
is the maximalprobability of winningfroma givenstate?”.

On thesegamestructues, two fundamentahotionsare
thoseof equivalencesand metrics Givena setof winning
conditions,two statesare equivalentif the players canwin
the samegameswith the sameprobability fromboth states.
Metrics provide a boundon the differencein the probabil-
ities of winning acrossstates,capturinga quantitativeno-
tion of state"“similarity”.

We introduceequivalencesaand metricsfor two-player
gamestructuies,andweshowthatthey characterizethedif-
ferencein probability of winninggamesvhosegoalsare ex-
pressedn the quantitative -calculus. Thequantitative -
calculuscanexpressa large setof goals,includingreada-
bility, safetyand! -regular properties.Thus,we claim that
our relationsand metricsprovide the canonicalextensions
to gamespf the classicalnotion of bisimulationfor transi-
tion systemsWe developour resultsboth for equivalences
and metrics,which generlize bisimulation,and for asym-
metricalversions,which genealize simulation.
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1. Intr oduction

We considertwo-player gamesplayed for an in nite
numberof roundsover nite statespaces.At eachround,
theplayerssimultaneoushandindependentlgelectmoves;
the moves then determinea probability distribution over
successostates Thesegamesknown variouslyasstodas-
tic games[24] or concureent games[3, 1, 5], generalize
mary commonstructuresin computerscience from tran-
sition systemsto Markov chains[12] andMarkov decision
processefs]. Thegamesareturn-basedf, ateachstate at
mostone of the playershasa choiceof moves,anddeter
ministicif the successostateis uniquelydeterminedy the
currentstate andby the moveschoserby theplayers.

It is well-known thatin suchgameswith simultaneous
movesit is often advantageougor the playersto random-
ize their moves,so thatat eachround, they play not a sin-
gle “pure” move, but rather a probability distribution over
the available moves. Theseprobability distributions over
moves,calledmixedmoves[20], leadto variousnotionsof
equilibria[29, 20], suchasthe equilibriumresultexpressed
by the minimax theorem[29]. Intuitively, the bene t of
playing mixed, ratherthan pure, moveslies in preventing
the adwersaryfrom tailoring a responseo the individual
move played.Evenfor simplereachabilitygpamestheuseof
mixed movesmay allow playersto win, with probability 1,
gamesghatthey would lose(i.e., win with probability 0) if
restrictedto playing pure moves[3]. With mixed moves,
the questionof winning a gamewith respectto a goal is
thusa probabilisticone: whatis the maximalprobability a
playercanbe guaranteeaf winning, regardlesf how the
otherplayerplays? This probability is known, in brief, as
thewinning probability.
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In structuregangingfrom transitionsystemgo Markov
decisionprocessesand games,a fundamentalquestionis
the one of equivalenceof states. Given a suitably large
class of properties,containingall propertiesof interest
to themodelertwo statesareequivalentif the sameproper
tieshold in both states.For a property , denotethe value
of atsby (s): inthecaseof gamesthismightrepresent
themaximalprobability of a playerwinning with respecto
agoalexpressedy . Two statess andt areequivalentif

(s) = (t)forall 2 . For( nite-branching)transition
systemsandfor the classof properties expressiblan the

-calculus[14], stateequivalenceis capturedby bisimula-
tion [19]; for Markov decisionprocessest is capturedoy
probabilistichisimulation[22]. For quantitatve properties,
anotionrelatedto equivalencess thatof a metric: a metric
providesatight boundfor how muchthevalueof aproperty
candiffer at statesof the systemandprovidesthusa quan-
titative notionof similarity betweerstatesGivenaset of
propertiesthe metric distanceof two statess andt canbe
de nedassup,cq]j (S) (t)j. Metricsfor Markov deci-
sionprocessebave beenstudiedin [7, 27, 28, 8, 9]. Obvi-
ously, the metricsandrelationsareconnectedin the sense
thattherelationsarethe kernelsof the metrics(the pairsof
stateshaving metric distance0). The metricsandrelations
are at the heartof mary veri cation techniquesfrom ap-
proximatereasoningonecansubstitutestateghatareclose
in themetric)to systenreductiongonecancollapsesquiva-
lentstatesYo compositionateasoningandre nement(pro-
viding anotionof substitutvity of equivalents).

We introducemetricsandequialencerelationsfor con-
currentgameswith respecto the classof properties ex-
pressiblein the quantitatve -calculus[5, 18]. We claim
thatthesemetricsandrelationsrepresenthe canonicalex-
tensionof bisimulationto games.We alsointroduceasym-
metricalversionsof thesemetricsandequivalenceswhich
constitutethe canonicalextensionof simulation.

An equialencerelationfor deterministicgameghatare
eitherturn-basedor wherethe playersare constrainedo
playing puremoves,hasbeenintroducedin [2] andcalled
alternatingbisimulation.Relationsandmetricsfor the gen-
eral caseof concurrentgameshave so far proved elusie,
with someprevious attemptsat their de nition by a subset
of the authorsfollowing a subtly awed approacH4, 16].
Thecauseof thedif culty goesto theheartof thede nition
of bisimulation.In the de nition of bisimulationfor transi-
tion systemsfor every pair s, t of bisimilar stateswe re-
quirethatif s cangoto astates’, thent shouldbeableto go
tot’, suchthats’ andt’ areagainbisimilar (we alsoaskthat
s, t have anequialentpredicatevaluation).This de nition
hasbeenextendedto Markov decisionprocesseby requir
ing thatfor everymixedmovefrom s, thereis amixedmove
from t, suchthatthe movesinduceprobability distributions
over successostateghatareequivalentmodulothe under

lying bisimulation[22, 21]. Unfortunately the generaliza-
tion of this appealingde nition to gamedails. It turnsout,
aswe provein thispaperthatrequiringplayersto beableto
replicateprobability distributionsover successorémodulo
the underlyingequivalence)leadsto an equivalencethatis
too ne, andthatmayfail to relatestatesatwhich thesame
guantitatve -calculusformulashold. We shav thatphras-
ing the de nition in termsof distributions over successor
statesis the wrong approachfor games;rather the de ni-
tion shouldbe phrasedn termsof expectationsof certain
metric-boundedjuantities.

Ourstartingpointis acloserook atthede nition of met-
ricsfor Markov decisionprocessesWe obsenethatwe can
manipulatethe de nition of metricsgivenin [28], obtain-
ing analternative form, which we call the a priori form, in
contrastwith the original form of [28], which we call the
a posteriori form. Informally, the a posterioriform is the
traditionalde nition, phrasedn termsof similarity of prob-
ability distributions;the a priori form is insteadphrasedn
termsof expectationsWe shov that,while on Markov deci-
sionprocessethesetwo formscoincide thisis notthecase
for games;moreorver, we shaw thatit is the a priori form
thatprovidesthe canonicaimetricsfor games.

We prove that the a priori metric distance between
two statess and t of a concurrentgame is equal to
SUPsea] (S) (1)j, where is the setof propertiesex-
pressiblevia the quantitatve -calculus. This resultcan
be summarizedby sayingthat the quantitatve -calculus
providesa logical characterizationfor the a priori metrics,
similar to theway the ordinary -calculusprovidesa logi-
calcharacterizatioof bisimulation.Furthermorewe prove
thata priori metrics— andtheir kernels,the a priori rela-
tions— satisfyareciprocity property statingthatproperties
expressedn termsof player1 andplayer2 winning condi-
tions have the samedistinguishingpower. This property
is intimately connectedo the fact that concurrentgames,
played with mixed moves, are determinedfor ! -regular
goals[17, 5]: the probability that player1 achiezesa goal

is one minusthe probability that player 2 achievesthe
goal: . Reciprocityensureghatthereis one,canonical,
notionof gameequivalence.This s in contrastto the case
of alternatingbisimulationof [2], in which thereare dis-
tinct player1 andplayer2 versionsasaconsequencef the
factthat concurrenigameswhenplayedwith puremoves,
arenot determined.The logical characterizatiorand reci-
procity resultjustify our claim thata priori metricsandre-
lationsarethecanonicahotionof metrics,andequialence,
for concurrentgames.Neitherthe logical characterization
nor the reciprocity resulthold for the a posteriorimetrics
andrelations.

While this introductionfocusedmostly on metricsand
equivalencerelationswe alsodevelopresultsfor theasym-
metricalversionsof thesenotions,relatedto simulation.



2. Gamesand Goals

We will developmetricsfor gamestructureoverasetS
of states.We startwith somepreliminaryde nitions. For a
nite setA, let Dist(A) denotethe setof probability distri-
butionsover A. We saythatp 2 Dist(A) is deterministiaf
thereisa 2 A suchthatp(a) = 1.

For a setS, avaluationover S is a functionf : S 7!
[0; 1] associatingwvith every elements 2 S a valueO
f(s) 1; we let F be the set of all valuations. For
¢ 2 [0; 1], we denoteby c the constantvaluationsuchthat
c(s) = catalls 2 S. We ordervaluationspointwise: for
f;g2 F,wewritef gifff(s) g(s)atalls2 S;we
remarkthatF , under , formsalattice.

Givena;b 2 IR, we write at b = maxfa;bg, and
au b= minfa;bg; wealsoleta b= minfl, maxf0O;a+
bgganda b = maxfO;minfl;a bgg We extend
u;t;+; ; ; tovaluationdyinterpretinghemin point-
wisefashion.

A directedmetricis a functiond : S? 7! IR>o which
satisesd(s;s) = 0 andd(s;t) d(s;u) + d(u;t) for
all s;t;u 2 S. We denoteby M S2? 7! IR the space
of all metrics;this spaceprderedpointwise formsalattice
whichweindicatewith (M ; ). Givenametricd 2 M , we
denoteby d its oppositeversionde nedby d(s;t) = d(t; s)
forall s;t 2 S; wesaythatd is symmetricaif d = d.

2.1. Game Structures

We assumea x ed, nite setV of observationvari-
ables A (two-player concurrent)gamestructue G =
hS;[];Moves 1; o; i consistsof the following compo-
nents[1, 3]:

A nite setS of states.

A variableinterpretation] : V. S 7! [0;1], which
associatewith eachvariablev 2 V avaluation[v].

A nite setMovesof moves.

Two move assignments ;; o: S 7! 2M¥esn . For
i 2 f1;2g, the assignment ; associatewith each
states 2 S thenonemptyset ;(s) Movesof moves
availableto playeri atstates.

A probabilistictransitionfunction : S Moves
Moves 7! Dist(S), that gives the probability
(s;a1; a)(t) of atransitionfrom stot whenplayer1
playsmovea; andplayer2 playsmoveas.

At everystates 2 S, playerl chooseamovea; 2 1(S),
and simultaneouslyand independentlyplayer 2 choosesa
moveas 2 o(s). Thegamethenproceedgo the succes-
sorstatet 2 S with probability (s;a;;az)(t). We denote
by Des(s;a;;a2) = ft 2 S| (s;a;;az)(t) > 0Og the
setof destinationstateswhenactionsa;; a; arechosenat

s. Thevariablesin V naturallyinducean equivalenceon

states:for statess;t,denes tif forallv2 V wehave

[VI(s) = [v](t). In the following, unlessotherwisenoted,

the de nitions refer to a gamestructurewith components
G = hS;[];Moves 1; o; i. Forplayeri 2 f1;2g, we

write i = 3 i for the opponent.We alsoconsiderthe

following subclassesf gamestructures.

Turn-basedgamestructues. A gamestructureG is
turn-basedif we canwrite S asthe disjoint union of
two sets:thesetS; of player1 statesandthesetS, of
player2 statessuchthats 2 S; impliesj »(s)j = 1,
ands 2 S, impliesj 1(s)j = 1, andfurther, there
is a specialvariableturn 2 V, suchthat[turn]s = 1
iff s 2 Sy, and[turn]s = 0iff s 2 S,: thus,the
variableturnindicatesvhoseturnit isto playatastate.
Turn-basedjamesareoftencalledperfectinformation
gamed20].

Markov decisionprocesses A gamestructureG is a
Markov decisionprocesqMDP) [6] if only oneof the
two playershasa choiceof moves.Fori 2 f 1;2g, we
saythatastructureisani-MDPif 8s2 S, ;(s)] =
1. For MDPs,we omit the (single)move of the player
without a choiceof moves,andwrite (s;a) for the
transitionfunction.

Deterministicgamestructuies. A gamestructureG is
deterministicif, foralls 2 S, a; 2 Moves anday 2
Moves thereexistsat 2 S suchthat (s;a;;aq)(t) =
1; wedenotesucht by (s;a;;az). Wesometimegall
probabilistic a generalgamestructure,to emphasize
thefactthatit is not necessarilyleterministic.

Pure and mixed moves. A mixed move is a probability
distribution over the movesavailableto a playerat a state.
We denoteby D,(s) = Dist( ;(s)) thesetof mixedmoves
availableto playeri 2 fl;2gats 2 S. The movesin

Movesare called pure moves,in contrastto mixed moves.
We extendthe transitionfunctionto mixed moves. For s 2

S andx; 2 Di(S), X2 2 Ds(s), wewrite (s;X7;Xs) for
the next-stateprobability distribution inducedby the mixed
movesx; andxs, de nedforallt 2 S by

(s x>%; X2)(t)X=

(s;ar; a2)(t) X1(a1) x2(a2):
a1€T1(s) az€T2(s)

In the following, we sometimegestrictthe moves of the
playersto puremoves. We identify apuremovea 2 ;(S)
availableto playeri 2 f 1; 2g atastates with adeterministic
distribution thatplaysa with probability 1.

The deterministic setting. The deterministicsettingcon-
sistsin consideringleterministiqgamestructuresandplay-
ersrestrictedto play puremoves.



Predecessopperators. Givenavaluationf 2 F, astate
s 2 S, andtwo mixedmovesx; 2 Di(s) andxs 2 Ds(S),
we de ne theexpectationof f from s underx; Xs:

EZv22(f) = (six1;%2)(1) f (1)

tes
For a gamestructureG, fori 2 f1;2g we de ne the val-
uationtransformerPre : F 7! F by, forallf 2 F and
s2S,

Pre(f)(s) = sup inf
i €D; (S) x €D (S)

E2 2 (f):

Intuitively, Pre(f )(s) is the maximalexpectationplayeri
canachieve of f afteronestepfrom s: thisis the classical
“one-day”or “next-stage”operatorof thetheoryof repeated
gameq10]. We alsode ne a deterministicversionof this
operatorin which playersareforcedto play puremoves:

Prd (f)(s) = E22(f)

max min
xj €T (s) z el (s)

2.2. Quantitativ e -calculus

We considetthe setof propertieexpressedy thequan-
titative -calculus(q ). As discussedh [13, 5, 18], alarge
setof propertiecanbeencodedn g , spanningrom basic
propertiessuchas maximalreachabilityand safety proba-
bility, to the maximalprobability of satisfyinga general -
regularspeci cation.

Syntax. The syntaxof quantitatve -calculusis de ned
with respecto thesetof obsenationvariablesv aswell asa
setMVars of calculusvariables,which aredistinctfrom the
obsenationvariablesn V. Thesyntaxis givenasfollows:

n=cjviZijsop ) M) cpcj
pre( )ipre( ) Z: | Z

for constants 2 [0; 1], obsenationvariablesv 2 V, and
calculusvariablesz 2 MVars. In theformulas Z : and
Z: , we furthermorerequirethat all occurrence®f the
boundvariableZ in  occurin the scopeof anevennumber
of occurrence®f the complemenboperator: . A formula
is closedif every calculusvariableZ in  occursin the
scopeofaquantier Z or Z.Fromnow on,with aluseof
notation,we denoteby g thesetof closedformulasof q .
A formulais aplayeri formula,fori 2 f1;2g,if doesnot
containthepre_, operatorwe denotewith q , thesyntactic
subsebf q consistingonly of closedplayeri formulas.A
formulais in positiveform if the negationappearsonly in
front of gamevariables,.e., in the context : v; we denote
withq *andq ;" thesubset®fq andq ; consistingonly
of positive formulas.
We remarkthatthe xpoint operators and will notbe
neededo achieve ourresultsonthelogical characterization

of gamerelations.They have beenincludedin the calculus
becaus¢hey allow theexpressiorof mary interestingprop-
erties,suchassafety reachabilityandin general] -regular
properties.

Semantics. A variablevaluation : MVars 7! F isafunc-
tion that mapsevery variableZ 2 MVars to a valuation
in F. Wewrite [Z 7! f]forthevaluationthatagreeswith

on all variables,exceptthat Z is mappedto f. Given
a gamestructureG and a variablevaluation , every for-
mula of the quantitatve -calculusde nes a valuation
[ ]IEG 2 F (thesuperscripG is omittedif the gamestruc-
tureis clearfrom the context):

[cde=c WMMe=N [Z]c= (2)
[ k=1 [1 [ §cde=101¢Ec
[ ole=110e o [ 2l

[pre,( e = Pre(l 1¢)
[42: 1= D0 2F f = [l

wherei 2 f1;2g. Theexistenceof the xpoints is guaran-
teedby themonotonicityandcontinuityof all operatorsand
canbecomputedy Picarditeration[5]. If isclosed[ ]
isindependenof , andwe write simply[ .

We alsode ne adeterministicsemanticq ]* for q , in
which playerscanselectonly puremovesin the operators
pre,, pre,. [ 17 is de ned as[ ], exceptfor theclause

[pre,( )1 = Pre (I 1¢) :

Examplel GivenasetT S, thecharacteristicvalua-
tionT of Tisdenedby T(s) = 1ifs2 T,andT(s) = 0

otherwise With this notation,the maximalprobabilitywith

which playeri 2 f1;2g canensureeventually reaching
T Sisgivenby [Z (T _ pre,(Z))]], andthe maximal
probabilitywith which playeri canguaranteestayingin T

foreveris givenby [ Z:(T * pre,(Z))] [5].

3. Metrics

We are interestedin developing a metric on statesof
a game structurethat capturesan approximatenotion of
equivalence: statesclosein the metric shouldyield simi-
lar valuesto the playersfor any winning objective. Specif-
ically, we areinterestedn de ning a bisimulationmetric
[ 4] 2 M suchthatfor ary gamestructureG andstates
s;t of G, thefollowing continuity propertyholds:

[ gl(sit) = supj[ I(s) [ 1(W)i: (1)
PEqL

In particular the kernelof the metric, thatis, statesat dis-
tanceO, are equivalent: eachplayer can get exactly the
samevaluefrom eitherstatefor arny objective. Notice that



in de ning the metric independenbf a player we are ex-
pectingour metricsto be recipmocal, thatis, invariantun-
der a changeof player Reciprocityis expectedto hold
sincethe underlyinggameswe consideraredetermined—
for any game thevalueobtainedby player2 is 1 minusthe
value obtainedby player 1— andyields canonicalmetrics
ongames.

Thus, our metricswill generalizeequivalenceand re-
nement relationsthat have beenstudiedon MDPs andin
the deterministicsetting. To underlinethe connectionbe-
tween classicalequivalencesand the metricswe develop,
wewrite [s ' , t] for [' /](s;t), sothatthe desiredprop-
erty of the bisimulationmetriccanbe statedas([s ' , t] =
SUPeq, i 1(s) [ 1(t)i. Metricsof thistypehave already
been developed for Markov decision processe{MDPS)
[27, 8]. Our constructionof metricsfor gamesstartsfrom
ananalysisof theseconstructions.

3.1. Metrics for MDPs

We considerthe caseof 1-MDPs;the casefor 2-MDPs
is symmetrical. Throughoutthis subsection,we x a
1-MDP hS;[];Moves 1; »o; i. Before we presentthe
metric correspondenbf probabilistic simulation, we rst
rephraseclassical probabilistic (bi)simulation on MDPs
[15, 11, 22, 23] asa xpoint of a relation transformer
F : 299 71 25%5 For all relationsR S S and
s;t 2 S, let(s;t) 2 F(R) iff

st N 8x12My(s) 1 9y12Mq(t) 1 (six1) VR (L Yy1);
)
for all statess;t 2 S. In (2), isthepredicateequivalence
relation:s t if thepredicatehavethesamevalueats and
t. Therelationv g lifts therelationR onstatego arelation
on distributions. Preciselyfor arelatonR S S and
two distributionsp; q 2 Dist(S), weletp v g qif thereisa

function :S S! [0; 1]|§uchthat(i) ( s;s’)> 0im-
plies(s;s’) 2 Rii) p(s) = g ( si8) forarys2 S,
and(iii) q(s") = ,cg ( s:8') forary s’ 2 S. Probabilis-

tic simulationis the greatestxpoint of (2); probabilistic
bisimulationis the greatessymmetrical xpoint of (2).

To obtainametricequivalentof probabilisticsimulation,
we lift the above xpoint from relations(subsetof S?) to
metrics(mapsS? 7! IR). First,wedene[ ]2 M for all
s;t 2 Shy[s t] = max,eyjvl(s) [v](t)j. Second,
welift (2) to metrics de ning ametrictransformeH ;31°° :
M 7! M. Foralld 2 M, letD( (s;x1); (t;y1))(d) be
thedistribution distancebetween (s;x1) and (t; y;) with
respecto the metricd. We will show later how to de ne
suchadistributiondistanceFor s;t 2 S, welet

H 2P (d)(s; 1) ®)

= [s tlt sup inf D( (six1); (ty1))(d):

z1€T1(s) y1€l1(t)

In this de nition, the 8 and9 of (2) have beenreplacedby
sup and inf, respectiely. Sinceequialentstatesshould
have distanced, thesimulationmetricin MDPsis de nedas
theleast(ratherthangreatest)xpoint of (3) [27, 8]. Simi-
larly, thebisimulationmetricis de ned astheleastsymmet-
rical xpoint of (3).

For a distanced 2 M and two distributions p;q 2
Dist(S), thedistributiondistanceD (p; g)(d) betweerp and
g with respecto d, is a measureof how much“work” we
have to do to make p look like g, giventhat moving a unit
of probabilitymassfroms 2 Stot 2 S hascostd(s;t).
More preciselyD (p; g)(d) is de ned viathetrans-shipping
problem,asthe minimum costof shippingthe distribution
p into g, with edgecostsd. Thus,D (p; g)(d) is thesolution
of thefollowing linear programmingLP) problemoverthe
setof variables ;10 tes [27]:

Minimize

d(s;t) s; subjectto

st=0at); s O

seS tesS
Equivalently, we cande ne D (p; g)(d) via the dual of the
above LP problem.Givenametricd 2 M ,letC(d) F
bethe subsebf valuationsk 2 F suchthatk(s) k(t)

d(s;t) for all s;t 2 S. Thenthedualformulationis:

p(s) k(s) as)k(s) (4

seS seS

subject to k 2 C(d):

Maximize

TheconstraintC(d) onthevaluationk, stategshevalueof k
acrossstatescannotdiffer by morethand. This meansjn-
tuitively, thatk behaeslik e the valuationof aq formula:
aswewill seethelogicalcharacterizatiormpliesthatdisa
boundfor thedifferencein valuationof q formulasacross
states.Indeed thelogical characterizatioof the metricsis
proved by constructingformulaswhosevaluationapproxi-
matethatof theoptimalk. Plugging(4) into (3), we obtain:
Haoer(d)(sit) = [s 1]t (5)
sup inf  sup EZ'(k) EM(k)
z1€T1(s) y1 €1 (t) k€C(A)
We caninterpretthis de nition asfollows. Statet is trying
to simulatestates (this is a de nition of a simulationmet-
ric). First, states chooses mixed move x 1, attemptingto
malke simulationashardaspossiblethen,statet chooses
mixed move yy, trying to matchthe effect of x;. Oncex;
andy; have beenchosentheresultingdistancebetweers
andt is equalto the maximaldifferencein expectation for
movesx; andy;, of avaluationk 2 C(d). We call themet-
ric transformerH ;312" the a posteriori metrictransformer:
the valuationk in (5) is chosenafter the movesx; andy,
arechosen.We cande ne ana priori metric transformer



wherek is choserbeforex; andy;:
Haer(@d)(sit) = [s 1]t 6)
sup  sup inf  EX*(k) EY(k)
keC(d) z1€T1(s) y1 €1 ()

Intuitively, in the a priori transformey rst avaluationk 2
C(d) is chosen.Then,statet mustsimulatestates with re-
spectto the expectationof k. States choosesa move X,
trying to maximizethe differencein expectationsandstate
t choosesamoveys, trying to minimizeit. Thedistancebe-
tweens andt is thenequalto the differencein theresulting
expectationof k.

Theoreml belov statesthat for MDPs, a priori anda
posteriorisimulationmetricscoincide. In the next section,
wewill seethatthisis notthecasefor games.

Theorem1 For all MDPs,H ;0" = H PP,

Proof Considertwo statess;t 2 S, andametricd2 M .
We haveto provethatsup, sup,, inf,, EZ*(k) E?*(k) =
sup,, inf,, sup, EZ*(k)  E{*(k). In the left-handside,
we canexchangethe two outer sups. Then, noticing that
the differencein expectationis bilinearin k andy; for a
x edxy, thaty; is a probability distribution, andthatk is
chosenfrom a compactcorvex subsetwe apply the gen-
eralizedminimaxtheorem25] to exchangesup,, inf,, into
inf,, sup,, thusobtainingtheright-handside. [ |

Themetricsde nedabovearelogically characterizetly q .
Preciselylet[ ]2 M betheleastsymmetrical xpoint of
Hoie = Hpoee™. Then,theresultsof [8] (originally stated
for Hoott") statethatfor all statess; t of a1-MDP, we have
[s 1= supyeq il 1(s) [ 1))

3.2. Metrics for Concurren t Games

We now extendthe simulationandbisimulationmetrics
from MDPs to generalgamestructures. As we shall see,
unlike for MDPs,theapriori andtheaposteriorimetricsdo
not coincideover games.In particular we show thatthe a
priori formulationsatis esbothatight logical characteriza-
tion aswell asreciprocitywhile, perhapssurprisingly the
morenaturala posterioriversiondoesnot.

A posteriori metrics are de ned via the metric trans-
formerHc, : M 7! M asfollows, foralld 2 M and
s;t2 S:

He, (d)(s;t)
= [s t]t sup inf sup inf
21€D1(s) y1 €D1(t) y2 €D2(t) z2€D2 ()

D( (s;x1;%2); (ty1;Yy2):d)

=[s t]Jt sup inf sup inf
z1€D1(s) y1 €D1(t) y2€D2 (t) z2€D2 ()

sup Egt*2(k)  EF(k) ¢ (7)
keC(d)

We de ne a posteriorigamesimulationmetric[v 1] asthe
least xpoint of Hc,, and we de ne a posteriori game
bisimulationmetric [= 1] asthe leastsymmetrical xpoint
of Hc,. The a posteriorisimulationmetric [v 1] hasbeen
introducedn [4, 16].

A priori metricsarede ned by bringingthesup,, outside.
Preciselywe de ne ametrictransformeH <, : M 7! M
asfollows,foralld2 M ands;t 2 S:

H, (d)(s:1)

=[s t]Jt sup sup inf sup inf
keC(d) 1 €D1(s) y1 €D1(t) y2 €D2 (t) x2€D2 (5)
Epre(k) EP(K)
=[s t]Jt sup sup inf  EZ*"2(k)
keC(d) 21 €D1(s) 22€D2(s)
sup inf  EY*¥2(k)
y1E€D1(t) y2€D2(t)
=[s tlt sup Pra(k)(s) Pre(k)(t) : (8)

keC(d)

The a priori simulationmetric[ 1] is theleast xpoint of
H <, , andthea priori bisimulationmetric[' ;] is theleast
symmetrical xpoint of H <, .

We now shov somebasic propertiesof thesemetrics.
We shaw thatapriori xpoints give a (directed)metric. We
shaw thata priori anda posteriorimetricsaredistinct. We
thenfocusonthea priori metrics,andshaow throughour re-
sultsthatthey arethe naturalmetricsfor concurrengames.

Theorem2 For all gamestructuesG, andall statess;t; u
of G,wehave(1)[s 1t] O,and[svit] 0, and(2)
[s 1u] [s (t]+[t ;u]l

Proof The rst partfollows by consideringk(s) = 0 for
all s 2 S. Thesecondpartis proved by inductionon the
iterationsusedto computethe xpoint of H <, , asgivenin
(8). Thecrucialstepconsistdan observinghat,ford 2 M,
we have

sup Pre(k)(s) Pre(k)(t)
keC(d)
+ sup Pre(k)(t) Pre(k)(u)
keC(d)

sup Pre(k)(s) Pre(k)(u) : H
keC(d)

A priori and a posteriori metrics are distinct.  First, we
shaw that a priori and a posteriorimetricsare distinct in

general: the a priori metric never exceedsthe a posteri-
ori one,andthereareconcurrengameswhereit is strictly

smaller Intuitively, this canbe explainedasfollows. Sim-
ulationentailstrying to simulatethe expectationof avalua-
tion k, aswe seefrom (7), (8). It is easietto simulatea state
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Figure 1. Transition probabilities from states
s;t to states u;w.

s from a statet if thevaluationis known in advance asin a
priori metrics(8), thanif the valuationk is choserafterall
themoveshave beenchosenasin a posteriorimetrics(7).

As a specialcase,we shall seethat equality holds for
turn-basedjamestructuresin additionto MDPsaswe have
seenin the previoussubsection.

Theorem3 Thefollowing assertionshold.

1. For all gamestructuesG, andfor all statess;t of G,
wehave[s 1t] [svit]

2. Theris a gamestructue G, andstatess;t of G, suc
that[s ;t]= 0and[svt]> 0.

3. For all turn-basedgamestructues,wehave | = v .

Proof The rst assertions aconsequencef thefactthat,
for all functionsf : IR? 7! IR, wehavesup, inf, f (X;y)
inf, sup, f (x;y) (intuitively, it is easierto maximizeif we
canchoosex aftery). Repeatedpplicationsof this allows
usto shawv that,foralld 2 M , wehave H<(d) H(d)
(with pointwiseordering).Theresultthenfollows from the
monotonicityof H< andH .

For the secondassertionwe give an examplewherea

priori distancesare strictly lessthana posterioridistances.

Consideragamewith statesS = fs;t; u; wg. Statesu and
w are sink stateswith [u w] = 1; statess andt are
suchthat [s t] = 0. At statess andt, player2 has
movesff;gg. Playerl hasa singlemove f ag at states,
andmovesf b;cg at statet. Themovesfrom s andt leadto
u andw with transitionprobabilitiesindicatedin Figurel.
In the gure, the point b;f indicatesthe probability of go-
ing to u andw whenthe move pair (b;f ) is played,with
(s;b;f)(u) + (s;b;f)(w) = 1; similarly for the other
move pairs. Thethick line segmentbetweerthe pointsa; f
anda; g representshetransitionprobabilitiesarisingwhen
playerl playsmove a, andplayer2 playsa mixedmove (a
mix of f andg).
We show that, in this game,we have [s v t] > 0.
Considerthe metric d where d(u;w) = 1 (recall that
[u w] = 1, andnotethe otherdistancesdo not matter

sinceu, w aretheonly two destinations)We needto shov
8y; 2 D(1):9y2 2 Do(1):8%x2 2 Do(s):9k 2 C(d):
EC"2(k)  Ef(k) >0 ©)

Considerary mixedmovey; = b + (1 )¢, whereb;c
arethe movesavailableto player1 att, andO 1If

< % choosemovef fromt asys, andchoosek(w) = 1,
k(u) = 0. Otherwise,choosemove g fromt asy,, and
choosek(w) = 0, k(u) = 1. With thesechoicesthetransi-
tion probability (t; y1;y2) will fall outsideof the segment
[(a;f); (a;9)] in Figurel. Thus,with thechoiceof k above,
we ensurethatthedifferencen (9) is alwayspositive.

To show thatin thegamewe have[s | t] = O, it suf-
ces toshaow (giventhat[s ;t] 0)that

8k 2 C(d):9y; 2 D4(1):8ys 2 Do(t):9%5 2 Dy(S):
E®"2(k) EM™¥%(k) O

If k(u) = k(w), theresultisimmediate Assumeotherwise,
without loss of generality thatk(u) < k(w), andchoose
y1 = c. For everyys, the distribution of successostates
(andof k-expectationsyill bein theinterval [(c;f); (c;g)]
in Figurel. By choosingx, = f, we have thatE® (k) <
E;¥2 (k) for all y 2 Dy(t), leadingto theresult.

The last assertiorof the theoremis provenin the same
way asTheoreml. |

Reciprocity of a priori metric. Theprevioustheoremes-
tablishesthat the a priori and a posteriorimetricsare in
generaldistinct. We now prove thatit is the a priori met-
ric, ratherthanthe a posteriorione,thatenjoys reciprocity
andthatprovidesa (quantitatve)logical characterizationof
[g 1- We begin by consideringeciprocity
Theorem4 Thefollowing assertionshold.
1. For all gamestructuiesG, wehave[ 1] = [ 2], and
[ 4=1 2]
2. Ther is a concurentgamestructue G, with statess
andt, whee|[v ] 6 [ws].

Proof Forthe rst assertionjt sufces to show that, for
alld 2 M, andstatess;t 2 S, we have H <, (d)(s;t) =
H <, (d)(t; s). We proceedasfollows:

sup Pra(k)(s) Pre(k)(t) (10)
keC(d)
= sup Pre(l k)(s)+ Pre(1 Kk)(t) (11)
keC(d)
= sup Pre(k)(t) Pre(k)(s) (12)
keC(d)

Thestepfrom (10)to (11)usesPre (k)(s) = 1  Pre(1
k)(s) [5], andthestepfrom (11) to (12) usesthe changeof
variablek ! 1 k.



To shaw thatreciprocityfails for a posteriorisimulation
metrics,considethe gamefrom Figurel. We addtwo new
movesto player 2 at statet, namelyf e;hg, suchthat for
ary 2 [0;1], (t; ;e + (1 )h)(u) = (s;a; f +
(1 )g)(u): usingmove f e;hg player2 canensurethat
transitionprobabilitiesareonthesolidline in Figurel. Rea-
soningasin Theorem3, it still is thecasethat[s v ; t] > 0.
Sincethe player2 movesf e;hg from statet areidentical
in inducedtransitionprobabilitiesto player2 movesf f ; gg
from states, player2 canrestrictherselfto movesf e;hg at
statet andensurehat[sv 5 t] = 0. |

As a consequencef this theoremwe write [' (] in place
of[' 1]1=1 <], toemphasiz¢hattheplayerl andplayer2
versionsof gameequialencemetricscoincide.

Logical characterization of a priori metric. Thefollow-
ing theoremexpresseshe factthat[q ] providesalogical
characterizatiorfor the a priori metrics. The proof of the
theoremusesdeasfrom [16] and[8].

Theorem5 The following assertionshold for all game
structuesG, andfor all statess;t of G:

[s 1t]= sup ([ I(s) [ 1It))
dEquy

[s" gt]= supjl I(s) [ 1(V)i
PEAL

We notethat,dueto Theoren3, ananalogousesultdoes
not hold for thea posteriorimetrics. Togethemwith thelack
of reciprocity of the a posteriorimetrics, this is a strong
indicationthatthe a priori metrics,andnot the a posteriori
ones.arethe“natural” metricson concurrengames.

The Kernel. The kernel of the metric [' ,] de nes an
equivalencerelation' , on the statesof a gamestructure:
s' g tiff[s' 4t] = 0. We call thisthe gamebisimulation
relation. Notice that by the reciprocity propertyof * ,, the
gamebisimulationrelationis canonical:' | = ' 3 = ' .
Similarly, we de ne the gamesimulationpreorders ; t

asthe kernelof the directedmetric[ ], thatis,s ; t iff
[s 1t] = 0. Alternatively, it is possibleto de ne ; and
' g directly. GivenarelatonR S S, letB(R) F

consistof all valuationsk 2 F suchthat,for all s;t 2 S, if

sRt thenk(s) k(t). We havethefollowing result.

Theorem6 GivenagamestructueG, ; (resp.' 1) can
be characterizedas the largest (resp.largestsymmetrical)
relation R sud that, for all statess;t with sRt, we have
s tand

8k 2 B(R):8x1 2 D1(5):9y; 2 D1(1):8y2 2 Do(t):
Ox2 2 Do(s): E¥*¥2(k) EZV™2(Kk) : (13)

We notethatthe above theoremallows the computation
of ' 1 via a partition-re nementscheme.Fromthe logical
characterizatiotheoremye obtainthefollowing corollary:.

Corollary 1 For any gamestructue G and statess;t of
G, wehaves ' , tiff [ 1(s) = [ I(t) holdsfor every

2 q ands 4 tiff[ J(s) [ 1(t) holdsfor every
2q 7.
Computation. The next theoremstatesthat the metrics

are computableto ary degreeof precision. This follows,
sincethe de nition of the distancebetweertwo statesof a
givengame,asthe least xpoint of the metric transformer
(8), canbewritten asaformulain thetheoryof reals,which
is decidable[26]. Sincethe distancebetweentwo states
may not berational,we canonly guarante@napproximate
computatiorin general.

Theorem?7 For any gamestructue G, and statess;t of
G, thefollowing assertionsold.

1. For all rational v, andall > 0, it is decidableif
i[s 1t] vi< andifj[s' 4t] vj<

2. Itisdecidabldgfs ;tandifs' ,t.

Game Metrics and (Bi-)simulation Metrics. The a pri-
ori metricsassumen adwersarialrelationshipbetweenthe
players. We shav that, on turn-basedgames,the a pri-
ori bisimulationmetric coincideswith the classicalbisim-
ulation metric wherethe playerscooperate.Moreover, on
1-MDPs, the player1 a priori simulationmetric coincides
with the cooperatie simulationmetric. The metricanalog
of classical(bi)simulation[19, 22] is obtainedthroughthe
metrictransformerdH<,, : M 7! M andH~,, : M 7!

M givenby

H=,, (d)(s;t)
= [s t]t sup sup sup inf inf
keC(d) x1€D1(s) 22€D1(s) y1 €D1(t) y2 €D1(t)

FER (k) EP 2 (K)g
Hewo (@)(Si1) = e, (@)(Si0) t H, ()6 S)

The metrics[ 12] and[' 12] arede ned asthe least x ed
pointsof H<,, andH~,, respectiely. Thekernelof these
metrics de ne the classical probabilistic simulation and
bisimulationrelations.

Theorem8 Thefollowing assertionshold.
1. Onturn-basedgamestructues,[' ;] = [ 12].

2. There is a deterministicgamestructuie G and states
s;tin Gsudthat[s' ,t]> [s' 12t].

3. Ther is a deterministicgamestructuie G and states
s;tin Gsudthat[s' ,t]<[s' 12t].

The rst partfollows easilyfrom thede nition. Thesecond
partis provenby the gamein Figure2, whereit holdsthat
[s'4t]= % and[s ' 12 t] = 0. In this gure, asin all
subsequentnes differentstatecolorsdenotethatobsena-
tion variableshave differentvaluesat the statessothatthe



Figure 2.[s" 4t]= 2 and [s' 12t]= 0

Ob/O L @

t

Figure 3.[s' 4t]=O0but[s' 2t]= 1L

statesredistinguisheablén q . Thethird partis provenby
thegamein Figure3where[s t]= Oand[u v]= 1.

Theorem9 Thefollowing assertionshold.
1. Fori-MDPswehave[ ;]=1[ 12]-

2. Theris a deterministic2-MDP G with statess;t sudh
that[s 1t]<[s 12t].

3. Theris adeterministi2-MDP G with statess; t sut
that [t 1 S] > [t 12 S].

Again,the rst statemenfollows easilyfrom thede nition.
The secondand third are proven by the deterministic2-
MDP in Figure4,whereagain[s t]= Oandlu v]= 1

4. Discussion

Our dervationof ; and' 4, for i 2 f1;2g, asker
nels of metrics, seemssomavhat abstruse: most equia-
lence or similarity relationshave beende ned, after all,
without resortingto metrics. We now pointout how a gen-
eralizationof the usualde nitions [22, 2, 7, 8], suggested
in [4, 16], fails to producethe “right” relations. Further
more, the awed relationsobtainedas a generalizatiorof
[22, 2, 7, 8] are no simplerthanour de nitions, basedon
kernelmetrics.Thus,our studyof gamerelationsaskernels
of metricscarriesno dravbacksin termsof leadingto more
complicatedde nitions. Indeed,we believe thatthe metric
approachs thesuperioronefor the studyof gamerelations.

We outline the awed generalizatiorof [22, 2, 7, 8] as
proposedn [4, 16], explainingwhy it would seema natu-
ral generalization.The alternatingsimulationof [2] is de-
ned over deterministicgamestructures.Playeri alternat-
ing simulation,for i 2 f1;2g, is thelargestrelationR sat-
isfying thefollowing conditions for all statess;t 2 S: sRt
impliess tand8a; 2 ;(s):9y; 2 4(t):8y.; 2

~i(1) 19X 2 Li(S) 1 (SiXaiX2)R (8 Y15 Y2).

a,a s a,a

t

Figure 4.[s ;t]=0and [s
[t 1s]=1land[t 12s5]=0

12 t] = 1: Also,

The MDP relationsof [22], laterextendedto metricsby
[7, 8], rely onthe xpoint (2), wheresup playstherole of
8, inf playstherole of 9, andR is replacedy distribution
equalitymoduloR, orv g. Thisstronglysuggests— incor-
rectly— thatequialencegor generagjameqprobabilistic,
concurrengames)canbeobtainedby takingthe doubleal-
ternatingof 8989 in thede nition of alternatingsimulation,
changingall 8 into sup, all 9 into inf, andreplacingR by
v r. Thede nition thatwould resultis asfollows. We pa-
rameterizehenew relationsby a playeri 2 f1; 2g, aswell
asbhy whethemixedmaovesor only puremovesareallowed.
ForarelatonR S S,forM 2 f ;Dg,foralls;t2 S
andi 2 f 1; 2g considetthefollowing conditions:

(loc)sR t impliess t.
(M -i-altsim) s R t implies
8x; 2 Mi(S) 1 9y; 2 Mi(t) 18y 2 MNi(t) (9X.; 2
M.i(s) 1 (SiX1;X2) V g (L Y1:Y2);

We thende ne thefollowing relations:
Fori 2 fl;2gandM 2 f ;Dg, playeri M -
alternatingsimulationv  is the largestrelationthat
satis es(loc) and(M -i-altsim).
Fori 2 f1;2g and M 2 f ;Dg, playeri M -
alternating bisimulation=* is the largestsymmetri-
calrelationthatsatis es(loc) and(M -i-altsim).

Over deterministicgamestructuresthe de nitions of v I
and="" coincidewith the alternatingsimulationandbisim-
ulationrelationsof [2]. In fact,v [ and="! capturethe de-
terministicsemanticof q , andthusin somesensegener
alizetheresultsof [2] to probabilisticgamestructures.

Theorem10 For anygamestructue G andstatess;t of
G, thefollowing assertionsold:
1. s=Ttiff[ 1°(s) = [ 1" (t) holdsforevery 2 q ,.
2. svItiff[ 1%(s) [ 1*(t) holdsforevery 2 q
Thefollowing lemmastateshatv P and="P aretheker-

nelsof [v ;] and[=], connectinghustheresultof combin-
ing thede nitions of [22] and[2] with a posteriorimetrics.

Lemmal For all gamestructues G, all playersi 2
f1;2g, and all statess;t of G, wehaves v P tiff [s v,
t]= 0,ands =P tiff[s=;t]= 0.



We are now in a positionto prove that neitherthe -
relations not the D-relations are the “correct” relations
on generalconcurrentgames,since neither characterizes
[g 1- In particular the D-relationsaretoo ne, andthe

-relationsareincomparablevith therelations ; and' ,
fori 2 f1;2g. We prove thesenegative results rst for the
D-relations.They follow from Theorem3 and5.

Theorem1l Thefollowingassertionsold:

1. For all gamestructuesG, all statess;t of G, andall
i 2 1,29, wehavethats v P t impliess ; t, and
s=P timpliess" ; t.

. Theris agamestructue G, andstatess;t of G, suc
thats ;tbuts 6\ t.

. Theris agamestructue G, andstatess;t of G, suc
that[ J(s) = [ ](t) forall 2 q ,buts 6P t for
some 2 f1;2g.

We now turn our attentionto the -relations,shaving
thatthey areincomparablavith ; and' ,, fori 2 f1;2g.

Theorem12 Thefollowingassertionsold:

1. Thee exists a deterministicgame structue G and
statess;t of G suchthatsv I tbuts 6, t,ands =1t
buts 6', t.

2. Thee existsa turn-basedyamestructue G andstates
s;t of G sudithats ; t buts 6\ t. ands' g tbut
se!l't.

Finally, we remarkthat,in view of Theoremé, thede -
nitionsof therelations ; and' ,fori 2 f1;2garenomore
complex thanthede nitionsof v P, v 1, =P and=1.
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