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Abstract. We consider real-time games where the goal consists, for each player,
in maximizing the average reward he or she receives per time unit. We consider
zero-sum rewards, so that a reward of +r to one player corresponds to a reward
of —r to the other player. The games are played on discrete-time game structures
which can be specified using a two-player version of timed automata whose loca-
tions are labeled by reward rates. Even though the rewards themselves are zero-
sum, the games are not, due to the requirement that time must progress along a
play of the game.

Since we focus on control applications, we define the value of the game to a
player to be the maximal average reward per time unit that the player can ensure.
We show that, in general, the values to players 1 and 2 do not sum to zero. We
provide algorithms for computing the value of the game for either player; the al-
gorithms are based on the relationship between the original, infinite-round game,
and a derived game that is played for only finitely many rounds. As memoryless
optimal strategies exist for both players in both games, we show that the problem
of computing the value of the game is in NPNcoNP.

1 Intr oduction

Gamegrovide asettingfor the studyof controlproblemslt is naturalto view asystem
andits controllerastwo playersin a game;the problemof synthesizinga controller
given a control goal can be phrasedas the problemof ®nding a controller strategly
that enforcesthe goal, regardlessof how the systembehaes [Chu63RW89,PR89].
In the control of real-time systems,the gamesmust not only model the interac-
tion stepsbetweenthe systemand the controller, but also the amountof time that
elapseshetweenthesesteps.This leadsto timed games,a model that was ®rst ap-
plied to the synthesiof controllersfor safety reachability and other w-regular goals
[MPS95AH97,AMAS98 HHM99,dAFH* 03]. More recently the problemof design-
ing controllersfor efciency goalshasbeenaddressedyia the consideratiorof priced
versionsof timed games[BCFL04,ABM04]. In pricedtimed games price rates(or,

symmetrically reward rates)are associatedvith the statesof the game,andprices(or

rewards)with its transitions.The problemthathassofar beenaddresseds the synthe-
sisof minimum-costontrollersfor reachabilitygoals|BCFL04,ABMO04]. In thispaper
we focusinsteadon the problemof synthesizingcontrollersthatmaximizethe average
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Fig. 1. A game automaton where player 1 can freeze time to achieve a higher average reward.

reward" pertime unit accruedalonganin®nite play of the game.This is anexpressie
and widely applicableef®ciengy goal, sincemary real-time systemsare modeledas
non-terminatingsystemswhich exhibit in®nite behaiors.

We considertimed gamesplayed betweentwo playersover discrete-timegame
structureswith ®nite statespace.At eachround, both playersindependentlychoose
amove.We distinguishbetweerimmediatenoves which correspondo controlactions
or systemtransitionsandtake 0 time, andtimed moves Therearetwo timed moves:
the move Dy, which signi®esthe intentionto wait for 0 time, andthe move 03, which
signi®estheintentionof waiting for 1 time unit. Thetwo moveschoserby the players
jointly determinethe successostate:roughly, immediatemovestake the precedence
overtimedones andunit-lengthtime stepsoccuronly whenbothplayersplay D;. Each
stateis associateavith arewardrate,which speci®egherewardobtainedvhenstaying
atthe statefor onetime unit. We considerzero-sunrewards,sothatareward of +r to
oneplayercorrespond$o arewardof —r to the otherplayer Thesegamestructuresan
be speci®edusinga notationsimilar to thatof timed automataEachlocationis labeled
by arewardrate,andby two invariants(ratherthanone),which specifyhow long the
two playerscan stay at the location;the actionslabeling the edgescorrespondo the
immediatemovesof the players.

Thegoal of eachplayeris to maximizethe long-runaveragerewardit recevesper
time unit; however, this goalis subordinateo the requirementhat playersshouldnot
block the progressof time by playing forever zero-delaymoves (immediatemoves,
or Dp). As anexample,considerthe gameof Figurel. The strategy thatmaximizeshe
rewardpertime unit callsfor playerl stayingforeveratqo: thisyieldsanaverageeward
pertime unit of 4. However, sucha stratgyy would block time, sincethe clock x would
notbeableto increasébeyondthe value 2, dueto the playerl invariantx < 2 atqo. If
playerl playsmove al, time canprogressbut the averagerewardpertime unitis 1. To
preventplayersfrom blockingtime in their pursuitof higheraveragereward,we de®ne
the valueof a play of the gamein a way that enforcegtime progresslf time diverges
alongtheplay, thevalueof the play is the averagereward pertime unit obtainedalong
it. If time doesnot diverge alongthe play, therearetwo caseslf a playercontritutes
to blocking the progressof time, thenthe value of the play to the playeris —oo; if
the progresof time is blocked entirely by the otherplayer, thenthe value of the play
to the playeris +. Thesede®nitionsare basedon the treatmentof time divergence
in timed gamesof [dAFH* 03,dAHS0J. Accordingto thesede®nitions,even though
therewardrateis zero-sumandtime-divergentplayshave zero-sunmvalues the games
arenot zero-sumgdueto the treatmentof time divergence . Sincewe are interestedn
the problemof controllerdesign,we de®nethe value of a gameto a playerto be the
maximal play valuethat the playeris ableto secureregardlesof how the adwersary

1 with a sign change, this is obviously equivalent to minimizing the average cost.



plays.Theresultinggamesarenot determinedthatthe valuesthatthe two playerscan
securedo not sumto zero.We show thatthereis no symmetricalformulationthat can
atthesametime enforcetime progressandleadto a determinedsetting.

We provide algorithmsfor computingthe value of the gamefor eitherplayer The
algorithmsarebasedntherelationshipbetweertheoriginal, in®nite-round,gameand
a derived gamethatis playedon the samediscrete-timegamestructure but for only
®nitely mary rounds.As in [EM79], the derived gameterminatesvhene&er oneof the
two playersclosesa loop; our construction however, differs from [EM79] in how it
assignsa valueto theloops,dueto our differentnotionof valueof a play. We shav that
aplayercanachiese the samevaluein the ®nite game asin the original in®nite-round
game.Our proofis inspiredby theargumentin [EM79], andit closessomesmallgaps
in the proof of [EM79].

The equivalencebetween®nite and in®nite gamesprovidesa PSRACE algorithm
for computingthe value of averagereward discrete-timegames.We improve this re-
sultby shaving thatboth®nite andin®nite gamesadmitmemoryles®ptimal stratgies
for eachplayer Oncewe ®x a memorylesstratgy for a player the gameis reduced
to a graph.We provide a polynomial-timealgorithm that enableshe computatonof
thevalueof the graphfor the otherplayer Thealgorithmis basedon polynomial-time
graphtransformationsfollowed by the applicationof Karp's algorithmfor computing
the minimum/maximalaveragecostof a cycle [Kar78]. The existenceof memoryless
stratgyies,togethemwith this algorithm, provide uswith a polynomialwitnessandwith
a polynomial-timealgorithmfor checkingthe withess.Sincethis analysiscanbe done
bothfor thewinning strateyiesof a player, andfor the“spoiling” strategjiesof theoppo-
nent,we concludethatthe problemof computingthe valueof anaverage-revardtimed
gamefor eitherplayer isin NPNcoNP Thismatcheshebestknown bounddor several
otherclasse®f gamesamongwhich areturn-basedleterministigparity gamegEJ9]]
andturn-basedtochastiadeachabilitygamedCon93. Sincethe maximumaveragere-
ward accumulatedn the ®rst n time units cannotbe computedby iteratingn timesa
dynamic-programmingperatorthe weakly-polynomiabklgorithmof [ZP96] cannotbe
adaptedo our gamesthe existenceof polynomialalgorithmsis anopenproblem.

Thegoalof minimizing thelong-runaveragecostincurredduringthelife of areal-
time systermrhasbeenconsideregbreviouslyin [BBLO4]. There theunderlyingmodelis
atimedautomatonandthe papersolvestheveri®cationproblem(“whatis theminimum
long-run averagecost achievable?”), or equivalently, the control problemfor a fully
deterministicsystem.n contrastthe underlyingcomputationamodelin this paperis
a timed game,and the problemsolved is the control of a nondeterministiaeal-time
system.

Comparedo otherwork on pricedtimedgamegBCFL04,ABM04], our modelsfor
timed gamesaresimpli®edin two ways.First, rewardscanonly be accruedoy staying
ata state,andnot by takingtransitions Secondwe studythe problemin discretetime.
Ontheotherhand,our modelsaremoregenerain that, unlike [BCFL04,ABMO04], we
do notimposestructuralconstraintoon the gamestructureghatensurethe progressof
time. Thereis atradeof betweenmposingstructuralconstraintsandallowing rewards
for transitionsthadwe introducedconstraintghatensureime progresswe could have
easilyaccommodatefbr rewvardsonthetransitionsTherestrictionto discrete-timdim-



its somavhatthe expressvenesf the models.Neverthelesscontrol problemswhere
thecontrolactionscanbeissuedonly at discretepointsin time arevery common:most
realcontrollersaredrivenby a periodicclock; hencethediscrete-timeestrictionis not
unduly limiting asfar asthe controlleractionsare concernedWe notethatthereare
alsomary casesvherethe systemactionscanbe consideredo occurin discrete-time:
this is the case for instance wheneer the stateof the systemis sampledregularly in
time.

2 Discrete-Time Game Structures

We de®ne discrete-time game structues as a discrete-timeversion of the timed
gamestructuresof [dAFH* 03]. A discrete-timegame structurerepresentsa game
betweentwo players,which we denoteby 1, 2; we indicate by ~i the opponent
of i € {1;2} (thatis, player3—i). A discrete-timegamestructue is a tuple ¢4 =
(S Acts;; Acty; G; G; d;r), where:
— Sis a®nite setof states.
— Actg andActs aretwo disjoint setsof actionsfor player1 andplayer2, respec-
tively. We assumethat Dy; Dy € Actg andwrite M; = Acts U {Dy; Dy} for the sets
of movesof playeri € {1;2}.
- Fori € {1;2}, thefunctionG : S— 2V \ 0 is anenablingcondition,which assigns
to eachstates asetG(s) of movesavailableto playeri in thatstate.
- d:Sx (M1UM,) — Sis adestinatiorfunction that, given a stateand a move of
eitherplayer, determineshe next statein thegame.
- r: S— Zisafunctionthatassociatewith eachstates € Sthereward rateof s: this
is therewardthatplayerl earnsfor stayingfor onetime unit ats.

Themove Dy representanalways-enablegtutteringmove thattakesO time: werequire
thatfor se Sandi € {1;2}, we have Dy € G(s) andd(s, Dy) =s. Themovesin {Dy} U
Actg UActs areknown asthe zeo-timemoves.The move Dy representshe decision
of waiting for 1 time unit. We do not requirethat D; be always enabled:if we have
Dy & G(s) for playeri € {1,2} ata states € S, thenplayeri cannotwait, but must
immediatelyplay azero-timemove.We de®nethesizeof adiscrete-timayamestructure
by |4 = Yses(IG(9)] +G(9)])-

2.1 Move Outcomes, Runs, and Strategies

A timed gameproceedsasfollows. At eachstates € S, player1 choosesamove a® €
G(s), andsimultaneoushandindependentlyplayer2 choosesa move a2 € G(s). The

setof successostatesa(s al;a®) C Sis thendeterminedaccordingto the following
rules.

- Actionstake precedencever stutter stepsand time steps.If a® € Actg or & €
Acts, thenthe gametakes an action a selectednondeterministicallyfrom A =
{a%;a®} N (Actg UActg), andd(s;al;a%) = {d(s a) | a€ A}.

- Stutterstepstake precedencever time steps.If al;a® € {Dy; D1}, therearetwo
cases. B

e If al = Dy or a® = Dy, thegameperformsastutterstep,andd(s;al; a?) = {s}.



o Ifal=2a? = Dy, thenthegameperformsatime stepof durationl, andthegame
proceedso d(s;al;a?) = {d(s;D1)}.

An in nite run (or simply run) of the discrete-timegamestructure¥ is a sequence
so; (af;ad);s1; (a%;a3); ;100 suchthats € S a, ; € G(), 82, 1 € G(S), andse1 €
d(sqag, ;a2 ,) forall k> 0. A nite run s is a®nite pre®x of a run thatterminates
at a states, we thensetlast(s ) = s. We denoteby FRunsthe setof all ®nite runs of
thegamestructure andby Runsthe setof its in®nite runs.For a®nite or in®niterun s,
andanumberk < |s|, we denoteby s < thepre®xof s upto andincludingstates,. A

suchthatsy = sands, =s.

A strategy pi for playeri € {1;2} is a mapping p; : FRuns— M; that asso-
ciateswith each®nite run ; (al;a2);s1;:::; s, the move pi(so; (a};a2);51;:::5%0) to
be played at s,. We require that the strat@yy only selectsenabledmoves, that is,
pi(s) € G(last(s)) forall s € FRunsFori € {1;2}, let P; denotethe setof all player
i stratgies.A strat@y p; for playeri € {1;2} is memoryles for all s; s’ € FRunswe
havethatlast(s ) = last(s’) impliespi(s) = pi(s’). For stratgiesp;, € Py andp. € Py,
we saythata run sg; (a%;a@;sl; .11 is consistentwith p; and p» if, for all n > 0 and
i = 1;2, we have pi(so; (a};ad);s1;:: ;%) = &, ;- We denoteby Outcomess; ps; p2)
the setof all runsthatstartin s andare consistentwith p1; p». Note thatin our timed
gamesiwo stratgliesanda startstateyield a setof outcomespecauséf the players
both proposeactions,a hondeterministichoicebetweerthe two movesis made.Ac-
cordingto this de®nition, strategjies canbasetheir choiceson the entire history of the
game consistingof both paststatesandmoves.

2.2 Discrete-Time Game Automata

We specifydiscrete-timegamestructuresvia discrete-timegameautomatawhich are
adiscrete-timeversionof thetimedautomatorgamesof [dAFH* 03]; bothmodelsare
two-playerversionsof timedautomatdAD94]. A clodk conditionoverasetC of clocks
is aboolearcombinatiorof formulasof theform x < cor x—y < ¢, wherecis aninteger,
x;y € C, and= is either< or <. We denotethe setof all clock conditionsover C by
ClkCondsgC). A clodk valuationis afunctionk : C— IR, andwe denoteby K (C) the
setof all clock valuationsfor C.

A discrete-time  game  automaton  is a tuple o =
(Q;C;Actsi; Acts; E; q; r ; Invy; Invo; Rew), where:

— Qis a®nite setof locations.

— Cis a®nite setof clocks.

- Actg andActs aretwo disjoint, ®nite setsof actionsfor player1 andplayer 2,
respectiely.

- ECQx (Actg UActs) x Qis anedgerelation.

- g : E — CIkCondg$C) is a mappingthat associatesvith eachedgea clock con-
dition that speci®eswhen the edge can be traversed.We require that for all
(0:a;q1); (9,8 02) € E with au # gz, theconjunctiong(a; &;q1) A g(g; & 0z) is un-
satis®ableln otherwords,thegamemove andclock valuesdetermineuniquelythe
successolocation.



- r :E — 2¢ isamappingthatassociatewith eachedgethe setof clocksto bereset
whentheedgeis traversed.

— Invy;Inv, : Q — ClkCondgC) aretwo functionsthat associatevith eachlocation
aninvariantfor playerl and2, respectiely.

- Rew: Q~ Zisafunctionthatassignes reward Ren(q) € Z with eachq € Q.

Given a clock valuationk : C — IR>o, we denoteby k + 1 the valuationde®nedby
(k +1)(x) = k(x) + 1 for all clocksx € C. Theclock valuationk : C — IR satis es
theclock constrainta € ClkCond$C), writtenk = a, if a holdswhentheclockshave
thevaluesspeci®eddy k. For asubse€ C C of clocks,k [C' := 0] denoteghevaluation
de®nedby k[C :=0](x) = 0if x e C’, andby k[C' := 0](x) = k(x) otherwise.

Thediscrete-timegameautomatone’ inducesa discrete-timegamestructure]</]],
whosestatesconsistof a locationof .7 anda clock valuationover C. Theideais the
following. The move D, is alwaysenabledat all states(q; k), andleadsagainto (q; k).
Themove Dy is enabledor playeri € {1;2} atstate(q; k) if k + 1= Invi(q); themove
leadsto state(q; k + 1). For playeri € {1;2} anda € Acts, the move a is enabledat
astate(q; k) if thereis atransition(q;a;q’) in E which is enabledat (qg; k), andif the
invariantlnv; (d') holdsfor thedestinatiorstate(q'; k[r (q;a;q) := Q). If the valuesof
theclockscangrow unboundedlythis translationwould yield anin®nite-statediscrete-
time gamestructure However, we cande®neclodk regionssimilarly to timedautomata
[AD94], andwe canincludein thediscrete-timegamestructureonly onestateperclock
region; asusual this leadsto a®nite statespace.

3 The AverageReward Condition

In this section, we consider a discrete-time game structure ¥ =
(S Acts;; Actg; G; G; d;r), unlessotherwisenoted.

3.1 The Value of a Game

We considergameswhere the goal for player 1 consistsin maximizing the aver
age reward per time unit obtainedalong a game outcome.The goal for player 2
is symmetrical,and it consistsin minimizing the averagereward per time unit ob-
tained along a game outcome.To make thesegoals precise,considera ®nite run

®nedby D(s) = 1if s} = s2 = Dy, andDi(s ) = 0 otherwise thereward Ry accrued
atstepk of therunis givenby R«(s ) =r(sk_1) - Dk(s). Thetime elapsediurings and
thereward achieedduring s arede®nedin the obviousway, by D(s) =Y ; Dk(s)

andR(s) = -, R«(s). Finally, we de®nethe long-runaveragereward of anin®nite

runs’ by:
R(s!
T(s’) =liminf ( ?") ;
n—¥ D(Sgn)
A ®rst attemptto de®nethe goal of the gameconsistsin askingfor the maximum

value of this long-runaveragereward that player 1 cansecure Accordingto this ap-
proach thevaluefor playerl of thegameat a states would be de®nedby

V(¢4;s) = sup inf inf{F(s)|s € Outcomess;p1;p2)}:

p1ePy P2EP2



However, this approacHails to take into accounthefactthat,in timed gamesplayers
mustnot only play in orderto achieve the goal, but mustalsoplay realistic stratejies
thatguarante¢he advancemenbf time. As anexample considethe gameof Figurel.
We have V({qo; [x := Q])) = 4, andthe optimal stratgyy of player1 consistsn staying
at qo forever, never playing the move al. Due to the invariantx < 2, sucha strateyy
blocksthe progres®f time:oncex = 2,theonly maove playerl canplayis Dy. It is easy
to seethatthe only stratgiesof playerl thatdo not block time eventuallyplay move
al, andhave valuel. Notethatthe gamedoesnot containary blockedstatesj.e., from
every reachablestatethereis a run thatis time-divergent:the lack of time progressof
theabove-mentionedtratay is dueto thefactthatplayerl valuesmoreobtaininghigh
averagereward,thanletting time progress.

To ensureghatwinning stratgjiesdo not block the progresof time, we modify the
de®nition of valueof a run, sothat ensuringtime divergencehashigher priority than
maximizing the averagereward. Following [dAFH* 03], we introducethe following
predicates:

— Fori € {1;2}, we denoteby blameles¥s) ("blamelessi” ) the predicatede®ned
by In > 0:vk > n:si‘( = D. Intuitively, blameless ) holdsif, alongs, playeri
beyonda certainpoint cannotbe blamedfor blockingtime.

— We denoteby td(s) (" "time-divergence”)the predicatede®nedby ¥n > 0: 3k >
n:[(st=Di)A(sZ=Dy)].

We de®nethevalueof aruns € Runsfor playeri € {1;2} by:

+o if blameles§s) A —td(s);
wi(s) =< (-1)*Dr(s) iftd(s); 1)
—00 if —blamelesgs) A —td(s).

It is easyto checkthat,for eachrun,exactly oneof thethreecase®f theaborede®nition
applies.Notice thatif td(s) holds,thenw;(s) = —w»(s), sothatthe valueof time-
divergentrunsis de®nedin a zero-sumfashion.We de®nethe value of the gamefor
playeri ats € Sasfollows:

Vi(¢;s) = sup inf inf{wi(s)|s € Outcomets,pi;p2)}: 2
pieP; P~EP-

We omit theamgument¥ from vi(¥¢;s) whenclearfrom the context.

We saythata states € Sis well-formedif, for all i € {1;2}, we have vi(s) > —o.
From(1) and(2), a stateis well-formedif bothplayerscanensurehattime progresses
from that state,unlessblocked by the other player: this is the samenotion of well-
formednessntroducedin [dAHS02dAFH* 03]. Sincewe desiregameswhere time
progressesye consideronly gamesconsistingof well-formedstates.

3.2 Determinacy

A games determinedf, for all se S, wehavevy(s) +vz(s) = 0: thismeanghatif player
i € {1;2} cannotenforcearewardc € IR, thenplayer~i canenforceatleastreward —c.
The following theoremprovides a strongnon-determinag result for average-ravard
discrete-timegames.
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Fig. 2. A game automaton. Unspecified guards and invariants are “true”.

Theorem 1. (non-determinacy)or all ¢ > 0, there exists a game structue ¥ =
(SActs;;Acts; G; G; d;r) with a states € S, and two “spoiling” strategiesp; € Pj,
p; € P2, sud thatthefollowing holds:

sup sup{wi(s) | s € Outcomess; p1;p5)} < —¢
p1EP1

sup sup{wz(s) | s € Outcomets; pi;p2)} < —c:
p2€P>

Asa consequencer;(s) < —candv;(s) < —c.

Notethatin thetheoremwe take sup ratherthaninf asin (2), overthe setof outcomes
arising from the stratgyies. Hence,the theoremstatesthat even if the choiceamong
actionsis resohed in favor of the playertrying to achiese the value,thereis a game
with a states wherevy(s) + vz(s) < —2c < 0. Moreover, in thetheoremthe adwersary
stratgies are ®xed, againproviding an advantageto the playertrying to achieve the
value.

Proof. Considerthegameof Figure2. We take for pf € P, andp; € P the stratgies
that play always Dy in qo, and Dy elsavhere.Let sp = (qp; [x := 0]), andconsiderthe
value
Vi(s0) = sup sup{wi(s) |s € Outcomets; p1;p5)}:
p1€P1

Therearetwo caseslf eventuallyplayerl playsforever Dy in s, playerl obtainsthe
value—oo, astime doesnotprogressandplayerlis notblamelesslf playerl, wheneer
atsy, eventuallyplaysa?, thenthevalueof the gameto player1 is —c. Hence we have
V1(S9) = —c. Theanalysisfor player2 is symmetricalll

The exampleof Figure 2, togetherwith the above analysis,indicatesthat we cannot
de®nethe valueof anaveragerewarddiscrete-timegamein away thatis symmetrical,
leadsto determinag, and enforcestime progressin fact, consideragainthe casein
which player2 playsalways Dy at sp. If, beyond somepoint, playerl playsforever Dy
in 59, time doesnot progressandthesituationis symmetricalwrt. playersl and2: they
both play forever Dy. Hence,we mustrule out this combinationof stratejies (either
by assigningvalue —» to the outcomeaswe do, or by someotherdevice). Oncethis
is ruled out, the otherpossibility is that player 1, whenaer in s, eventuallyplaysal.
In this case time diverges,andthe averagevalueto playerl is —c. As the analysisis
symmetricalthevalueto bothplayersis —c, contradictingdeterminag.



4 Solution of AverageReward Timed Games

In this section,we solve the problemof computingthe value of an averagereward
timed gamewith respectto both players.First, we de®nea turn-basedrersionof the
timed game.Suchversionis equivalentto the ®rst gamewhenoneis concernedvith
the value achieved by a speci®cplayer Then,following [EM79], we de®nea ®nite
gameandwe provethatit hasthe samevalueasthe turn-basedn®nite game.This will
leadto aPSRACE algorithmfor computingthevalueof thegame We thenshaw thatthe
®nite and,consequenththein®nite gameadmitmemoryles®ptimalstratgiesfor both
players;asmentionedn theintroduction,this will enableusto shav thatthe problem
of computingthevalueof the gameis in NPNcoNP

In the remainderof this section,we considera ®xed discrete-timegamestructure
¥ = (S Actg;Acts; G; G; d;r), andwe assumehatall statesarewell-formed.We fo-
cuson the problemof computingvs (s), asthe problemof computingv,(s) is symmet-
rical. For a®nite run s anda ®nite or in®nite run §suchthatlast(s) = r st(s’), we
denoteby s - s’ their concatenationwherethe commonstateis includedonly once.

4.1 Turn-based Timed Game

We describea turn-basedversionof the timed game,where at eachround player 1
chooseshis move beforeplayer2. Player2 canthususeher knowledgeof playerl's
move to chooseher own. Moreover, when both playerschoosean action, the action
chosenby player 2 is carriedout. This accountdfor the fact thatin the de®nition of
vi(s), nondeterminisnis resohedin favor of player2 (see(2)). Noticethatif player2
prefersto carryouttheactionchoserby playerl, shecanreplywith thestutteringmove
Dy. De®nitionspertainingthis gamehave a“to” superscripthatstandsor “turn-based

in®nite”. We de®netheturn-basedoint destinationfunctior® : Sx My x M, — Shy

disD) ifal=a?=D;
d(s aba?) = d(s;Dy) if {a%;a’} C {Dy;D} andal = Dyora® =Dy
' d(sal) if al € Actg anda? € {Dy; D1}
d(sa®) if a® ¢ Acts

As before,arunis anin®nite sequence; (a}; a2);si; (a3; ad);s;::: suchthats, € S,

a1 € G(X), 8,1 € G(x), and Se1 € d'(si g, 1;88,4) for all k> 0. A 1-run
is a ®nite pre®x of a run endingin a stateg, while a 2-run is a ®nite pre®x of

Fori € {1, 2}, wedenoteby FRuns thesetof all i-runs.Intuitively, i-runsarerunswhere
it is playeri's turnto move. In theturn-basedyame,a strategy p; for playeri € {1;2}
is a mappingp; : FRuns — M; suchthatp;(s) € G(last(s)) for all s € FRuns. For
i € {1;2}, let P! denotethe setof all playeri stratgies;noticethat P = P;. Player
1 memorylessstratgjies are de®nedas usual.We saythata player2 stratgy p € P}
is memoryles#f, for all s;s’ € FRuns, last(s) = last(s’) andlasta(s ) = lastas”)
imply p(s) = p(s’).

For stratgjiesp; € P{ andp, € P%, wesaythataruns; <a%; a§>; S1;::: isconsistent



thereis a uniquerun that startsin s andis consistenwith p; and p,. We denotethis
runby outcome¥'(s; p1; p2). Thevalueassignedo arun, to a stratgy andto thewhole
gamearede®nedasfollows. We setw;”(s ) = wy(s ), and

Vi*(s;p1) = inf wi”(outcome$'(s; py; p2)); Vi*(S) = sup Vi°(s;p1):
p2&P; preP!
Thefollowing theoremfollows from the de®nitionof turn-basedjameandfrom (2).
Theorem 2. For all s€ S, it holdsvi(s) = V{*(s).

4.2 Turn-based Finite Game

We now de®nea ®nite turn-basedyamethat can be playedon a discrete-timegame
structure De®nitionspertainingthis gamehave a“tf” superscripthatstandor “turn-
based®nite”. The ®nite gameendsassoonasa loop is closed.A maximalrun in the

s e S, we denoteby outcome$(s; p1; p2) the uniquemaximalrun thatstartsin s andis
consistentvith p; andp,.

In the®nite game,amaximalrun s endingwith theloop/ is assignedhevalueof
thein®nite run obtainedby repeating forever. Formally, w{(s) = wi(s -1 ), where
| W denoteghe concatenatiof numerablymary copiesof | . Thevalueassignedo a
stratgy p; € P} andthevalueassignedo thewhole gamearede®nedasfollows.

Vi(sp1) = Jinf Wi (outcome¥(s; p1; p2)); Vi(s) = sup Vi(sp1):
2&F2

preP
Noticethatsincethis gameis ®nite andturn-basedfor all s€ S, it holds:

sup inf wi(outcome¥(s,p1;p2)) = inf sup wj(outcome$(s;p1;p2)):  (3)

pleP:LF’ZEPZ pZEPZplePl
4.3 Mapping Strategies
We introducede®nitionsthatallow usto relatethe ®nite gameto thein®nite one.For a

ple loop (if any) occurringin s. Similarly, letloopcuf s ) bethe operatorthatremoves
the ®rst simpleloop (if ary) from s. Formally, if s is asimplerun (i.e. it containsno
loops)we set r stloofs ) = e (theemptysequence)andloopcuis ) = s. Otherwise,
letk > 0 bethesmallesnumbersuchthats; = sy, for somej < k; we set

We now de®nethe gquasi-sgmentationQSe(s ) to be the sequencef simple loops
obtainedby applying r stlooprepeatediyo s .

s e if rstloop(s)=¢e
QSe(s) —{ r stloo(s ) - QSe(loopcuts))  otherwise

10



Fig. 3. Nodes linked by dashed lines represent the same state of the game.

For an in®nite run s, we setQSg(s) = lim_y QS@(s<n). Given a ®nite run s,
loopcutcanonly be applieda ®nite numberof timesbeforeit corvergesto a ®xpoint.
We call this ®xpoint resid's ). Notice thatfor all runss, resid’s ) is asimplepathand
therefordts lengthis boundedoy |S].

For simplicity, we developedthe above de®nitionsfor 1-runs.The corresponding
de®nitionsof resid's ) andQSe(s ) for 2-runss aresimilar.

For all i € {1;2} andall stratgiesp € P}, we de®nethe stratgyp asp(s) =
p(resids)) for all s € FRuns. Intuitively, p behaeslike p until aloopis formed.At
thatpoint, p forgetstheloop, behaiing asif thewholeloop hadnot occurredWe now
give sometechnicallemmas.

Lemmal. Let p1 € P}, p, € P}, and s = outcome$(s; fy; p2). For all k > 0,
resids<x) is a pre x of a nite run consistentwith p;. Formally, there is p} € P}
ands’ = outcome¥(s; p1; p5) suchthats’ =resids<y)-r.

Similarly, let s = outcome$ (s; p1; f). For all k> 0, theris p; € P} ands’ =
outcome$(s; p1; p2) suthats’ =residsx) - r.

Proof. We prove the ®rst statementas the secondone is analogousWe proceedby
inductionon the lengthof QSe(s k). If QS@(s<k) is the emptysequencdi.e. s
containsno loops),the resultis easilyobtainedas p; coincideswith p; until aloopis
formed.So,we cantake p; = p, andobtainthe conclusion.

I . Asillustratedin Figure3, let s; bethe®rst stateafter/, thatdoesnotbelongto / ;.
Then,sj_, belongsto / 1 andthereis anotherindex i < j — 1 suchthats; = sj_1. So,
the gamewenttwice throughs ;1 andtwo differentsuccessoraeretaken. However,
playerl musthave choserthesamemovein s; ands;_1, asby constructionp,(s<i) =
P1(s<j-1). Thereforethe changemustbe dueto a differentchoiceof p,. It is easyto
devise p; thatcoincideswith py, exceptthat/ 1 maybeskippedandats;, thesuccessor
s is chosenWe canthenobtainarunr = outcome$'(s; f1; p;) andanintegerk’ >0

applyingtheinductive hypothesigo r andk’.

Using this lemma,we canshaw thatfor all p; € P4, eachloop occurringin the
in®nite gameundelp; canalsooccurin the®nite gameunderp.

Lemma 2. Letp; € P!, p, € P1, ands = outcomes (s, p1;p2). Forall | € QSey(s),
| canoccurasthe nal loopin a maximalrun of the nite game Formally, there is
p, € P} ands’ = outcome¥(s; p1; p;) sudithat! =loop(s’).

11



Similarly, let s = outcome$ (s; ps; f2). For all | € QSe(s), thereis p; € P} and
s’ = outcome¥(s; p;; p2) sudthat/ = loop(s’).

The next lemmastatesthatif the stratgyy p; of player1 achievesvaluen in the
®nite turn-basedyame the stratgyy p; achieresat leastasmuchin the in®nite turn-
basedyame.

Lemma 3. Forall s€ Sandp; € P{, it holdsV{*(s; 1) > V{(s; p1).

Proof. Letn =V{(s;p1). Weshaw thatf; canensureewardn in thein®nite game The
resultis trivially trueif n = —. So,in thefollowing we assuméhatn > —oo.

Fix a player2 stratgy p, € P}, andlet s = outcome$(s; p1;p2). Let QSgy(s) =
I'1;1,:::. We distinguishtwo casesaccordingto whethertime divergesor notin s. If
time diverges,all loops/ j thatcontainno tick give no contribution to the valueof s
andcanthereforebeignored.

Forall / j containing(atleast)atime step,by Lemma2, / j is apossibleterminating
loop for the®nite gameunderp. Thus,R(/ j) > n-D(/ ;). Now, thevalueof s canbe
split asthe valuedueto loopscontainingtime steps plusthevaluedueto theresidual.
For all n > 0, let m, bethenumberof loopsin QSe(s<,). We obtain:

W'(s) =

. _—
o Rlsew) | Rlesids <o)+ ST R( )

| . ZTrlR(IJ')
¥ D(s<p)  no¥ D(resids<n)) + 303D )

=liminf =x———>n
n—¥ ET:lD(I i)

Considemow thecasewhens containsonly ®nitely mary time stepsLetk > 0 be
suchthatno time stepsoccurin s afters. Consideraloop [ j entirely occurringafter
Sk. Obviously [ j containsno time steps.Moreover, by Lemmaz2, | j is a terminating
loop for a maximalrun r in the ®nite gameunderp,. SinceVi(s;p;) > —oo, it must
be wj(r) = 4. Consequentlyit holds blameles¥(r ) andin particularplayer 1 is
blamelessn all edgesn [ ;.

Now, let k' > 0 be suchthateachstate(andedge)after s, will eventuallybe part
of aloop of QSeg(s). Let k" = max{k;k'}. Then,all edgesthat occur after k” will
eventuallybe partof aloop whereplayer1l is blamelessConsequentlyk” is a witness
to thefactthatblamelesy(s ), andthereforewi*(s ) = +o0 > n.n

Lemma 4. Forall s€ Sandp, € P3, it holdsV{*(s; f2) < Vi(s; p2).

Proof. Let n = V{(s;p2). Similarly to Lemma3, we canrule out the casen = +oo
astrivial. Fix a player 1 stratgy p;, and let s = outcome$(s; p1; P2). We show
thatwj*(s) < n. If time divergeson s, the proof is similar to the analogousasein
Lemmaa3. Otherwise Jet k > 0 be suchthat no time stepsoccurin s after si. Con-
sideraloop/ € QSe(s), entirely occurringafter sy. Obviously | containsno time
stepsMoreover, by Lemmaz2, | is aterminatingloop for amaximalrunr in the®nite
gameunderp;. Sincevy(s;p1) < +oo, it mustbewj(r ) = —c. Consequentlyit holds
—blameles¥(r ) andin particularplayerl is blamedin someedgeof | . This shovsthat
—blameles(s ), andconsequently®(s) = —w < n.1

Lemmas3 and4 shawv thatthein®nite gameis no harderthanthe®nite one,for both
players.Consideringalso(3), we obtainthefollowing result.

12



Theorem 3. Forall se S, V{*(s) = Vi(s).

Theorem£ and3 allow usto usethe®nite gameto computehevalueof theoriginal
timed game.The length of the ®nite gameis boundedby |S. It is well-known thata
recursve, backtrackingalgorithmcancomputethe valueof suchgamein PSRACE.

Theorem 4. For all se S, vi(s) canbecomputedn PSFACE.

4.4 Memory

By following the “for getful game” constructionand proofs usedby [EM79], we can
derive a similar resulton the existenceof memorylesstratgiesfor both players.The
proofdepend®nthefactthatthevalueof forgetful gameis the sameastheturn-based
®nite game(and hence the sameasthe in®nite game,from Theorem3), andfollows
thesameinductive stepsasprovidedin [EM79)].

Theorem 5. Foralli € {1;2}, andt € S, there existsa memorylessptimalstrategy for
playeri. Formally, there existsp; € P; suth thatvy (t;pi) = va(t).

4.5 Improved Algorithms

We shaw that,givens € S, n € Q andi € {1;2}, the problemof checkingwhether
Vi'(s) > nisin NPNcoNR Thedecisionproblemv{(s) > n is in NP because memo-
rylessstratey for playerl actsasa polynomial-timewitness:oncesucha stratey p1
is ®xed, we cancomputein polynomialtime the valueVi(s; p1). The problemis also
in coNPbecausepncea memorylesstratagy of player2 is ®xed,we cancomputein
polynomialtime thevaluev{(s; p2).

Oncewe ®x amemorylesstrat@y for playeri € {1;2}, the®nite gameis reduced
to a multigraphwhereall the choicesbelongto player ~i. It is convenientto de®ne
the setof verticesof the multigraphasU = {{s} | s€ S}, ratherthansimply asS. Let
E be the setof edgesof the multigraph.Eachedgee € E is labeledwith the pair of
moves(al;a?) € M x My playedby theplayersalonge. We labele with tick whenever
al = a® = Dy, andwith bl; whenaera' € ActsU {Dp}; every edgee from {s} to {t}
is also associatedvith reward r(s) if it haslabel tick, and reward O otherwise.We

for 1 <i < n. Givena stronglyconnecteccomponen{SCC)(V;F), whereV C U and
F C E, wecollapse(V;F) asfollows: (i) wereplacein U theverticesin V by thesingle
vertex JV; (i) we remove all edgesin F; (iii) we replaceevery edgefromv eV to
ueU\V (resp.fromue U\V tov e V) with anedgeof the samelabelfrom [V to
u (resp.from u to JV); (iv) we replaceeveryedgee ¢ F fromveV toV €V with a
self-loopof thesamdabelfrom JV to JV.

To determingthe valueof this multigraphto playerl, we ®rst transformthe multi-
graphsothatall edgesarelabeledwith tick, andwe thenapply Karp's algorithmfor
computingthe loop with minimum or maximumaveragereward [Kar78]. We proceed
dependingonwhethermlayerl, or player2, ®xesamemorylesstratgly. Whenplayerl
®xesamemorylesstratey:

1. Find a maximal SCC (V;F), whereV C U andF C E, suchthatall edgesin F
are labeledwith —tick and —bl;. Player2 will wantto avoid following this SCC
forever; thus,we collapseit. Repeatuntil nomoreSCCscanbecollapsed.

13



2. If avertex u € U hasno outgoingedges,t meansthat player 2 could not avoid
enteringandfollowing one of the SCCscollapsedabove. Hence,for eachu € U
without outgoingedgesfemove u from the graphalongwith all incomingedges,
andassigrnvalue—+o to all s € u. Repeauntil no moreverticescanberemoved.

3. Find all theloopswhoseedgesareall labeledwith —tick. Dueto the collapsingin
the above steps,eachof theseloops containsat leastone edgelabeledbls, soits
valuewhenfollowedforeveris —c. Remaore all suchverticesfrom the graph,and
assigrnvalue —o to the correspondingtates.

4. FromtheresultingmultigraphG, construcia multigraphG’ with the samevertices

in G’ anedgefrom ug to un+ 1 labeledby the samerewardasens 1.

5. Usethe algorithmof [Kar78] to ®nd the loop with minimal averagerewardin G
(the algorithmof [Kar78] is phrasedor graphs,but it canbetrivially adaptedo
multigraphs).If r is the averagereward of the loop thusfound, all the verticesof
the loop, andall the verticesthat canreachthe loop, have valuer. Remave them
from G', andassignvaluer to the correspondingtates Repeatthis stepuntil all
verticeshave beenremoved.

Similarly (but notsymmetrically) jf player2 ®xesa memorylesstratgy, we cancom-
putethevaluefor playerl asfollows:

1. Findall theloopswhereall theedgesarelabeledwith —tick and—bl;. Thesdoops,
andall the verticesthat canreachthem, have value +«. Remaore themfrom the
graph,andassignvalue+ to the correspondingtates.

2. FindamaximalSCC(V;F), whereV C U andF C E, suchthatall edgesn F are
labeledwith —tick. Dueto the previous step,everyloopin (V;F) containsat least
one edgelabeledbly, andplayer1 will wantto avoid following forever suchan
SCC:thus,we collapse(V;F).

3. For eachu € U without outgoingedges remove u from the graphalongwith all
incoming edgesandassignvalue —o to all s € u. Repeatuntil no more vertices
canberemoved.

4. From the resultingmultigraph G, constructa multigraphG’ asin step4 of the
previouscase.

5. This stepis the sameasstep5 of the previouscase gxceptthatin eachiterationwe
®nd theloop with maximalaveragereward.

Sincethe algorithm of [Kar78], aswell asthe abose graphmanipulationscanall be
donein polynomialtime, we have thefollowing result.

Theorem 6. Theproblemof computinghevalueto playeri € {1;2} of a discrete-time
average reward gameis in NPNcoNP

We notethatthemaximalrewardthata playercanaccruen the®rst n time unitscannot
be computedby iteratingn timesa dynamic-programmingperator asis the casefor
untimedgamesin fact,eachplayercanplay anunboundediumberof zero-timemoves
in the®rstn time units,sothateventhe®nite time-horizonversionof ourgamesequires
the consideratiorof time divergence.Hence,it doesnot seempossibleto adaptthe
approachof [ZP96€] to obtain a weakly-polynomialalgorithm. Whetherpolynomial-
time algorithmscanbe achiezed by othermeands anopenproblem.
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