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Abstract. We consider real-time games where the goal consists, for each player,
in maximizing the average reward he or she receives per time unit. We consider
zero-sum rewards, so that a reward of +r to one player corresponds to a reward
of −r to the other player. The games are played on discrete-time game structures
which can be specified using a two-player version of timed automata whose loca-
tions are labeled by reward rates. Even though the rewards themselves are zero-
sum, the games are not, due to the requirement that time must progress along a
play of the game.
Since we focus on control applications, we define the value of the game to a
player to be the maximal average reward per time unit that the player can ensure.
We show that, in general, the values to players 1 and 2 do not sum to zero. We
provide algorithms for computing the value of the game for either player; the al-
gorithms are based on the relationship between the original, infinite-round game,
and a derived game that is played for only finitely many rounds. As memoryless
optimal strategies exist for both players in both games, we show that the problem
of computing the value of the game is in NP∩coNP.

1 Intr oduction

Gamesprovideasettingfor thestudyof controlproblems.It is naturalto view asystem
and its controlleras two playersin a game;the problemof synthesizinga controller
given a control goal can be phrasedas the problemof ®nding a controller strategy
that enforcesthe goal, regardlessof how the systembehaves [Chu63,RW89,PR89].
In the control of real-time systems,the gamesmust not only model the interac-
tion stepsbetweenthe systemand the controller, but also the amountof time that
elapsesbetweenthesesteps.This leadsto timed games,a model that was ®rst ap-
plied to thesynthesisof controllersfor safety, reachability, andotherw-regulargoals
[MPS95,AH97,AMAS98,HHM99,dAFH+ 03]. More recently, the problemof design-
ing controllersfor ef�ciency goalshasbeenaddressed,via theconsiderationof priced
versionsof timed games[BCFL04,ABM04]. In priced timed games,price rates(or,
symmetrically, rewardrates)areassociatedwith thestatesof thegame,andprices(or
rewards)with its transitions.Theproblemthathassofar beenaddressedis thesynthe-
sisof minimum-costcontrollersfor reachabilitygoals[BCFL04,ABM04]. In thispaper,
we focusinsteadon theproblemof synthesizingcontrollersthatmaximizetheaverage
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Fig. 1. A game automaton where player 1 can freeze time to achieve a higher average reward.

reward1 pertime unit accruedalonganin®nite play of thegame.This is anexpressive
andwidely applicableef®ciency goal, sincemany real-timesystemsaremodeledas
non-terminatingsystemswhichexhibit in®nite behaviors.

We considertimed gamesplayedbetweentwo playersover discrete-timegame
structureswith ®nite statespace.At eachround,both playersindependentlychoose
amove.Wedistinguishbetweenimmediatemoves, whichcorrespondto controlactions
or systemtransitionsandtake 0 time, andtimedmoves. Thereare two timed moves:
themove D0, which signi®esthe intentionto wait for 0 time, andthemove D1, which
signi®estheintentionof waiting for 1 time unit. Thetwo moveschosenby theplayers
jointly determinethe successorstate:roughly, immediatemovestake the precedence
overtimedones,andunit-lengthtimestepsoccuronly whenbothplayersplayD1. Each
stateis associatedwith arewardrate,whichspeci®estherewardobtainedwhenstaying
at thestatefor onetime unit. We considerzero-sumrewards,sothata rewardof +r to
oneplayercorrespondsto arewardof −r to theotherplayer. Thesegamestructurescan
bespeci®edusinga notationsimilar to thatof timedautomata.Eachlocationis labeled
by a reward rate,andby two invariants(ratherthanone),which specifyhow long the
two playerscanstayat the location; the actionslabelingthe edgescorrespondto the
immediatemovesof theplayers.

Thegoalof eachplayeris to maximizethelong-runaveragerewardit receivesper
time unit; however, this goal is subordinateto therequirementthatplayersshouldnot
block the progressof time by playing forever zero-delaymoves (immediatemoves,
or D0). As anexample,considerthegameof Figure1. Thestrategy thatmaximizesthe
rewardpertimeunit callsfor player1 stayingforeveratq0: thisyieldsanaveragereward
pertime unit of 4. However, sucha strategy would block time,sincetheclock x would
not beableto increasebeyondthevalue2, dueto theplayer-1 invariantx≤ 2 at q0. If
player1 playsmovea1, timecanprogress,but theaveragerewardpertimeunit is 1. To
preventplayersfrom blockingtime in theirpursuitof higheraveragereward,wede®ne
thevalueof a play of thegamein a way thatenforcestime progress.If time diverges
alongtheplay, thevalueof theplay is theaveragerewardpertime unit obtainedalong
it. If time doesnot divergealongtheplay, therearetwo cases.If a playercontributes
to blocking the progressof time, then the value of the play to the player is −∞; if
theprogressof time is blockedentirelyby theotherplayer, thenthevalueof theplay
to the player is +∞. Thesede®nitionsarebasedon the treatmentof time divergence
in timed gamesof [dAFH+ 03,dAHS02]. Accordingto thesede®nitions,even though
therewardrateis zero-sum,andtime-divergentplayshave zero-sumvalues,thegames
arenot zero-sum,dueto the treatmentof time divergence.Sincewe areinterestedin
the problemof controllerdesign,we de®nethe valueof a gameto a playerto be the
maximalplay valuethat the player is ableto secure,regardlessof how the adversary

1 With a sign change, this is obviously equivalent to minimizing the average cost.
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plays.Theresultinggamesarenot determined:that thevaluesthatthetwo playerscan
securedo not sumto zero.We show that thereis no symmetricalformulationthatcan
at thesametime enforcetime progress,andleadto adeterminedsetting.

We provide algorithmsfor computingthevalueof thegamefor eitherplayer. The
algorithmsarebasedontherelationshipbetweentheoriginal, in®nite-round,game,and
a derived gamethat is playedon the samediscrete-timegamestructure,but for only
®nitely many rounds.As in [EM79], thederivedgameterminateswheneveroneof the
two playersclosesa loop; our construction,however, differs from [EM79] in how it
assignsavalueto theloops,dueto ourdifferentnotionof valueof aplay. Weshow that
a playercanachieve thesamevaluein the®nite game,asin theoriginal in®nite-round
game.Our proof is inspiredby theargumentin [EM79], andit closessomesmallgaps
in theproofof [EM79].

The equivalencebetween®nite andin®nite gamesprovidesa PSPACE algorithm
for computingthe valueof averagereward discrete-timegames.We improve this re-
sultby showing thatboth®nite andin®nite gamesadmitmemorylessoptimalstrategies
for eachplayer. Oncewe ®x a memorylessstrategy for a player, the gameis reduced
to a graph.We provide a polynomial-timealgorithmthat enablesthe computatonof
thevalueof thegraphfor theotherplayer. Thealgorithmis basedon polynomial-time
graphtransformations,followedby theapplicationof Karp's algorithmfor computing
theminimum/maximalaveragecostof a cycle [Kar78]. The existenceof memoryless
strategies,togetherwith this algorithm,provideuswith a polynomialwitnessandwith
a polynomial-timealgorithmfor checkingthewitness.Sincethis analysiscanbedone
bothfor thewinningstrategiesof aplayer, andfor the“spoiling” strategiesof theoppo-
nent,we concludethattheproblemof computingthevalueof anaverage-rewardtimed
game,for eitherplayer, is in NP∩coNP. Thismatchesthebestknownboundsfor several
otherclassesof games,amongwhich areturn-baseddeterministicparity games[EJ91]
andturn-basedstochasticreachabilitygames[Con92]. Sincethemaximumaveragere-
ward accumulatedin the ®rst n time units cannotbe computedby iteratingn timesa
dynamic-programmingoperator, theweakly-polynomialalgorithmof [ZP96] cannotbe
adaptedto our games;theexistenceof polynomialalgorithmsis anopenproblem.

Thegoalof minimizing thelong-runaveragecostincurredduringthelife of a real-
timesystemhasbeenconsideredpreviouslyin [BBL04]. There,theunderlyingmodelis
atimedautomaton,andthepapersolvestheveri®cationproblem(“what is theminimum
long-run averagecost achievable?”),or equivalently, the control problemfor a fully
deterministicsystem.In contrast,theunderlyingcomputationalmodelin this paperis
a timed game,and the problemsolved is the control of a nondeterministicreal-time
system.

Comparedto otherwork onpricedtimedgames[BCFL04,ABM04], ourmodelsfor
timedgamesaresimpli®edin two ways.First, rewardscanonly beaccruedby staying
at a state,andnot by takingtransitions.Second,we studytheproblemin discretetime.
On theotherhand,our modelsaremoregeneralin that,unlike [BCFL04,ABM04], we
do not imposestructuralconstraintson thegamestructuresthatensuretheprogressof
time.Thereis a tradeoff betweenimposingstructuralconstraintsandallowing rewards
for transitions:hadwe introducedconstraintsthatensuretime progress,we couldhave
easilyaccommodatedfor rewardsonthetransitions.Therestrictiontodiscrete-timelim-
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its somewhat theexpressivenessof themodels.Nevertheless,control problemswhere
thecontrolactionscanbeissuedonly atdiscretepointsin timeareverycommon:most
realcontrollersaredrivenby aperiodicclock;hence,thediscrete-timerestrictionis not
unduly limiting asfar asthe controlleractionsareconcerned.We notethat thereare
alsomany caseswherethesystemactionscanbeconsideredto occurin discrete-time:
this is thecase,for instance,whenever thestateof thesystemis sampledregularly in
time.

2 Discrete-Time GameStructures

We de®ne discrete-time game structures as a discrete-timeversion of the timed
gamestructuresof [dAFH+ 03]. A discrete-timegamestructurerepresentsa game
betweentwo players,which we denoteby 1, 2; we indicate by ∼i the opponent
of i ∈ {1;2} (that is, player 3− i). A discrete-timegamestructure is a tuple G =
(S;Acts1;Acts2;G1;G2;d; r), where:

– Sis a ®nite setof states.
– Acts1 andActs2 aretwo disjoint setsof actionsfor player1 andplayer2, respec-

tively. We assumethatD0;D1 =∈ Actsi andwrite Mi = Actsi ∪{D0;D1} for thesets
of movesof playeri ∈ {1;2}.

– For i ∈ {1;2}, thefunctionGi : S 7→ 2Mi \ /0 is anenablingcondition,whichassigns
to eachstatesa setGi(s) of movesavailableto playeri in thatstate.

– d : S× (M1∪M2) 7→ S is a destinationfunction that,givena stateanda move of
eitherplayer, determinesthenext statein thegame.

– r : S 7→ Z is a functionthatassociateswith eachstates∈ Sthereward rateof s: this
is therewardthatplayer1 earnsfor stayingfor onetimeunit at s.

ThemoveD0 representsanalways-enabledstutteringmovethattakes0 time:werequire
thatfor s∈ Sandi ∈ {1;2}, we haveD0 ∈ Gi(s) andd(s;D0) = s. Themovesin {D0}∪
Acts1∪Acts2 areknown asthezero-timemoves.Themove D1 representsthedecision
of waiting for 1 time unit. We do not requirethat D1 be alwaysenabled:if we have
D1 6∈ Gi(s) for player i ∈ {1;2} at a states∈ S, then player i cannotwait, but must
immediatelyplayazero-timemove.Wede®nethesizeof adiscrete-timegamestructure
by |G | = ∑s∈S(|G1(s)|+ |G2(s)|).

2.1 Move Outcomes, Runs, and Strategies

A timedgameproceedsasfollows.At eachstates∈ S, player1 choosesa move a1 ∈
G1(s), andsimultaneouslyandindependently, player2 choosesa move a2 ∈ G2(s). The
setof successorstatesd̃(s;a1;a2) ⊆ S is thendeterminedaccordingto the following
rules.

– Actionstake precedenceover stutter stepsand time steps.If a1 ∈ Acts1 or a2 ∈
Acts2, then the gametakes an action a selectednondeterministicallyfrom A =

{a1;a2}∩ (Acts1∪Acts2), andd̃(s;a1;a2) = {d(s;a) | a∈ A}.
– Stutterstepstake precedenceover time steps.If a1;a2 ∈ {D0;D1}, thereare two

cases.
• If a1 = D0 or a2 = D0, thegameperformsastutterstep,andd̃(s;a1;a2) = {s}.
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• If a1 = a2 = D1, thenthegameperformsatimestepof duration1,andthegame
proceedsto d̃(s;a1;a2) = {d(s;D1)}.

An in�nite run (or simply run) of the discrete-timegamestructureG is a sequence
s0;〈a1

1;a2
1〉;s1;〈a1

2;a2
2〉;s2; : : : suchthatsk ∈ S, a1

k+ 1 ∈ G1(sk), a2
k+ 1 ∈ G2(sk), andsk+ 1 ∈

d̃(sk;a1
k+ 1;a2

k+ 1) for all k ≥ 0. A �nite run s is a ®nite pre®x of a run that terminates
at a states, we thenset last(s ) = s. We denoteby FRunsthe setof all ®nite runsof
thegamestructure,andby Runsthesetof its in®nite runs.For a®nite or in®nite runs ,
andanumberk < |s |, wedenoteby s≤k thepre®xof s upto andincludingstatesk. A
states′ is reachablefrom anotherstates if thereexistsa ®nite run s0;〈a1

1;a2
1〉;s1; : : : ;sn

suchthats0 = sandsn = s′.
A strategy pi for player i ∈ {1;2} is a mapping pi : FRuns 7→ Mi that asso-

ciateswith each®nite run s0;〈a1
1;a2

1〉;s1; : : : ;sn the move pi(s0;〈a1
1;a2

1〉;s1; : : : ;sn) to
be played at sn. We require that the strategy only selectsenabledmoves, that is,
pi(s ) ∈ Gi(last(s )) for all s ∈ FRuns. For i ∈ {1;2}, let P i denotethesetof all player
i strategies.A strategy pi for playeri ∈ {1;2} is memorylessif for all s ;s ′ ∈ FRunswe
havethatlast(s ) = last(s ′) impliespi(s ) = pi(s ′). Forstrategiesp1∈P1 andp2 ∈P2,
we saythat a run s0;〈a1

1;a2
1〉;s1; : : : is consistentwith p1 andp2 if, for all n ≥ 0 and

i = 1;2, we have pi(s0;〈a1
1;a2

1〉;s1; : : : ;sn) = ai
n+ 1. We denoteby Outcomes(s;p1;p2)

thesetof all runsthat start in s andareconsistentwith p1;p2. Note that in our timed
games,two strategiesanda startstateyield a setof outcomes,becauseif the players
bothproposeactions,a nondeterministicchoicebetweenthe two movesis made.Ac-
cordingto this de®nition,strategiescanbasetheir choiceson theentirehistoryof the
game,consistingof bothpaststatesandmoves.

2.2 Discrete-Time Game Automata

We specifydiscrete-timegamestructuresvia discrete-timegameautomata,which are
a discrete-timeversionof thetimedautomatongamesof [dAFH+ 03]; bothmodelsare
two-playerversionsof timedautomata[AD94]. A clock conditionoverasetC of clocks
isabooleancombinationof formulasof theform x� cor x−y� c, wherec is aninteger,
x;y ∈ C, and� is either< or ≤. We denotethe setof all clock conditionsover C by
ClkConds(C). A clock valuationis a functionk : C 7→ IR≥0, andwedenoteby K(C) the
setof all clockvaluationsfor C.

A discrete-time game automaton is a tuple A =
(Q;C;Acts1;Acts2;E;q; r ; Inv1; Inv2;Rew), where:

– Q is a ®nite setof locations.
– C is a ®nite setof clocks.
– Acts1 andActs2 are two disjoint, ®nite setsof actionsfor player1 andplayer2,

respectively.
– E ⊆ Q× (Acts1∪Acts2)×Q is anedgerelation.
– q : E 7→ ClkConds(C) is a mappingthat associateswith eachedgea clock con-

dition that speci®eswhen the edge can be traversed.We require that for all
(q;a;q1);(q;a;q2) ∈ E with q1 6= q2, theconjunctionq(q;a;q1)∧q(q;a;q2) is un-
satis®able.In otherwords,thegamemoveandclockvaluesdetermineuniquelythe
successorlocation.
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– r : E 7→ 2C is amappingthatassociateswith eachedgethesetof clocksto bereset
whentheedgeis traversed.

– Inv1; Inv2 : Q 7→ ClkConds(C) aretwo functionsthat associatewith eachlocation
aninvariantfor player1 and2, respectively.

– Rew : Q 7→ Z is a functionthatassignesarewardRew(q) ∈ Z with eachq∈ Q.

Given a clock valuationk : C 7→ IR≥0, we denoteby k + 1 the valuationde®nedby
(k + 1)(x) = k (x)+ 1 for all clocksx∈ C. Theclock valuationk : C 7→ IR≥0 satis�es
theclockconstrainta ∈ ClkConds(C), writtenk |= a , if a holdswhentheclockshave
thevaluesspeci®edby k . For asubsetC′ ⊆C of clocks,k [C′ := 0] denotesthevaluation
de®nedby k [C′ := 0](x) = 0 if x∈C′, andby k [C′ := 0](x) = k (x) otherwise.

Thediscrete-timegameautomatonA inducesadiscrete-timegamestructure[[A ]],
whosestatesconsistof a locationof A anda clock valuationoverC. The ideais the
following. ThemoveD0 is alwaysenabledatall states〈q;k 〉, andleadsagainto 〈q;k 〉.
ThemoveD1 is enabledfor playeri ∈ {1;2} atstate〈q;k 〉 if k +1 |= Invi(q); themove
leadsto state〈q;k + 1〉. For playeri ∈ {1;2} anda ∈ Actsi, themove a is enabledat
a state〈q;k 〉 if thereis a transition(q;a;q′) in E which is enabledat 〈q;k 〉, andif the
invariantInvi(q′) holdsfor thedestinationstate〈q′;k [r (q;a;q′) := 0]〉. If thevaluesof
theclockscangrow unboundedly, this translationwouldyield anin®nite-statediscrete-
timegamestructure.However, wecande®neclock regionssimilarly to timedautomata
[AD94], andwecanincludein thediscrete-timegamestructureonly onestateperclock
region;asusual,this leadsto a®nite statespace.

3 The AverageReward Condition

In this section, we consider a discrete-time game structure G =
(S;Acts1;Acts2;G1;G2;d; r), unlessotherwisenoted.

3.1 The Value of a Game

We considergameswhere the goal for player 1 consistsin maximizing the aver-
age reward per time unit obtainedalong a gameoutcome.The goal for player 2
is symmetrical,and it consistsin minimizing the averagereward per time unit ob-
tained along a gameoutcome.To make thesegoals precise,considera ®nite run
s = s0;〈s 1

1 ;s 2
1 〉;s1; : : : ;sn. For k ≥ 1, the time Dk elapsedat stepk of the run is de-

®nedby Dk(s ) = 1 if s 1
k = s 2

k = D1, andDk(s ) = 0 otherwise;therewardRk accrued
atstepk of therun is givenby Rk(s ) = r(s k−1) ·Dk(s ). Thetimeelapseddurings and
therewardachieveddurings arede®nedin theobviousway, by D(s ) =∑n

k= 1Dk(s )
andR(s ) = ∑n

k= 1Rk(s ). Finally, we de®nethe long-runaveragerewardof an in®nite
runs ′ by:

r(s ′) = lim inf
n→¥

R(s ′
≤n)

D(s ′
≤n)

:

A ®rst attemptto de®nethegoalof thegameconsistsin askingfor themaximum
valueof this long-runaveragereward that player1 cansecure.Accordingto this ap-
proach,thevaluefor player1 of thegameat a stateswouldbede®nedby

ṽ(G ;s) = sup
p1∈P1

inf
p2∈P2

inf{r(s ) | s ∈ Outcomes(s;p1;p2)}:
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However, this approachfails to take into accountthefactthat,in timedgames,players
mustnot only play in orderto achieve thegoal,but mustalsoplay realisticstrategies
thatguaranteetheadvancementof time.As anexample,considerthegameof Figure1.
We have ṽ(〈q0; [x := 0]〉) = 4, andtheoptimalstrategy of player1 consistsin staying
at q0 forever, never playing the move a1. Due to the invariantx ≤ 2, sucha strategy
blockstheprogressof time:oncex= 2, theonly moveplayer1 canplayis D0. It is easy
to seethat theonly strategiesof player1 thatdo not block time eventuallyplay move
a1, andhavevalue1. Notethatthegamedoesnot containany blockedstates,i.e., from
every reachablestatethereis a run that is time-divergent:the lack of time progressof
theabove-mentionedstrategy is dueto thefactthatplayer1 valuesmoreobtaininghigh
averagereward,thanletting timeprogress.

To ensurethatwinning strategiesdo not block theprogressof time,we modify the
de®nitionof valueof a run, so that ensuringtime divergencehashigherpriority than
maximizing the averagereward. Following [dAFH+ 03], we introducethe following
predicates:

– For i ∈ {1;2}, we denoteby blamelessi(s ) (“blamelessi” ) the predicatede®ned
by ∃n ≥ 0:∀k > n:s i

k = D1. Intuitively, blamelessi(s ) holds if, alongs , player i
beyonda certainpoint cannotbeblamedfor blockingtime.

– We denoteby td(s ) (``time-divergence”)the predicatede®nedby ∀n ≥ 0: ∃k >
n: [(s 1

k = D1)∧ (s 2
k = D1)].

We de®nethevalueof a run s ∈ Runsfor playeri ∈ {1;2} by:

wi(s ) =





+∞ if blamelessi(s )∧¬td(s );

(−1)(i+ 1) r(s ) if td(s );

−∞ if ¬blamelessi(s )∧¬td(s ).

(1)

It iseasyto checkthat,for eachrun,exactlyoneof thethreecasesof theabovede®nition
applies.Notice that if td(s ) holds,thenw1(s ) = −w2(s ), so that the valueof time-
divergentruns is de®nedin a zero-sumfashion.We de®nethe valueof the gamefor
playeri at s∈ Sasfollows:

vi(G ;s) = sup
pi∈P i

inf
p∼i∈P∼i

inf{wi(s ) | s ∈ Outcomes(s;p1;p2)}: (2)

We omit theargumentG from vi(G ;s) whenclearfrom thecontext.
We saythata states∈ S is well-formedif, for all i ∈ {1;2}, we have vi(s) > −∞.

From(1) and(2), a stateis well-formedif bothplayerscanensurethattimeprogresses
from that state,unlessblocked by the other player: this is the samenotion of well-
formednessintroducedin [dAHS02,dAFH+ 03]. Sincewe desiregameswhere time
progresses,we consideronly gamesconsistingof well-formedstates.

3.2 Determinacy

A gameisdeterminedif, for all s∈S, wehavev1(s)+v2(s) = 0: thismeansthatif player
i ∈ {1;2} cannotenforcearewardc∈ IR, thenplayer∼i canenforceat leastreward−c.
The following theoremprovidesa strongnon-determinacy result for average-reward
discrete-timegames.
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q2x := 0x := 0

a1

x� 1 x� 1

Inv1 : x� 0
Inv2 : x� 0

r = � c r = +ca1

a2

a2

q0q1

Fig. 2. A game automaton. Unspecified guards and invariants are “true”.

Theorem 1. (non-determinacy)For all c > 0, there exists a game structure G =
(S;Acts1;Acts2;G1;G2;d; r) with a states∈ S, and two “spoiling” strategiesp∗

1 ∈ P1,
p∗

2 ∈ P2, such that thefollowing holds:

sup
p1∈P1

sup{w1(s ) | s ∈ Outcomes(s;p1;p∗
2)} ≤ −c

sup
p2∈P2

sup{w2(s ) | s ∈ Outcomes(s;p∗
1 ;p2)} ≤ −c:

Asa consequence, v1(s) ≤−c andv2(s) ≤−c.

Notethatin thetheoremwe take sup, ratherthaninf asin (2), over thesetof outcomes
arising from the strategies.Hence,the theoremstatesthat even if the choiceamong
actionsis resolved in favor of the player trying to achieve the value,thereis a game
with a states wherev1(s)+v2(s) ≤−2c < 0. Moreover, in thetheorem,theadversary
strategiesare®xed, againproviding an advantageto the player trying to achieve the
value.

Proof. Considerthegameof Figure2. We take for p∗
1 ∈ P1 andp∗

2 ∈ P2 thestrategies
that play alwaysD0 in q0, andD1 elsewhere.Let s0 = 〈q0; [x := 0]〉, andconsiderthe
value

v̂1(s0) = sup
p1∈P1

sup{w1(s ) | s ∈ Outcomes(s0;p1;p∗
2)}:

Therearetwo cases.If eventuallyplayer1 playsforever D0 in s0, player1 obtainsthe
value−∞, astimedoesnotprogress,andplayer1 is notblameless.If player1,whenever
at s0, eventuallyplaysa1, thenthevalueof thegameto player1 is−c. Hence,wehave
v̂1(s0) = −c. Theanalysisfor player2 is symmetrical.

The exampleof Figure2, togetherwith the above analysis,indicatesthat we cannot
de®nethevalueof anaveragerewarddiscrete-timegamein a way thatis symmetrical,
leadsto determinacy, andenforcestime progress.In fact, consideragainthe casein
which player2 playsalwaysD0 at s0. If, beyondsomepoint,player1 playsforeverD0
in s0, timedoesnotprogress,andthesituationis symmetricalwrt. players1 and2: they
both play forever D0. Hence,we must rule out this combinationof strategies (either
by assigningvalue−∞ to theoutcome,aswe do, or by someotherdevice).Oncethis
is ruledout, theotherpossibility is thatplayer1, whenever in s0, eventuallyplaysa1.
In this case,time diverges,andtheaveragevalueto player1 is −c. As theanalysisis
symmetrical,thevalueto bothplayersis−c, contradictingdeterminacy.
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4 Solution of AverageReward Timed Games

In this section,we solve the problemof computingthe value of an averagereward
timed gamewith respectto both players.First, we de®nea turn-basedversionof the
timed game.Suchversionis equivalentto the ®rst gamewhenoneis concernedwith
the value achieved by a speci®cplayer. Then, following [EM79], we de®nea ®nite
gameandwe provethatit hasthesamevalueastheturn-basedin®nite game.This will
leadto aPSPACEalgorithmfor computingthevalueof thegame.Wethenshow thatthe
®niteand,consequently, thein®nitegameadmitmemorylessoptimalstrategiesfor both
players;asmentionedin the introduction,this will enableusto show thattheproblem
of computingthevalueof thegameis in NP∩coNP.

In the remainderof this section,we considera ®xed discrete-timegamestructure
G = (S;Acts1;Acts2;G1;G2;d; r), andwe assumethatall statesarewell-formed.We fo-
cuson theproblemof computingv1(s), astheproblemof computingv2(s) is symmet-
rical. For a ®nite run s anda ®nite or in®nite run s′ suchthat last(s ) = �r st(s ′), we
denoteby s ·s ′ their concatenation,wherethecommonstateis includedonly once.

4.1 Turn-based Timed Game

We describea turn-basedversionof the timed game,whereat eachround player 1
chooseshis move beforeplayer2. Player2 canthususeher knowledgeof player1's
move to chooseher own. Moreover, whenboth playerschoosean action, the action
chosenby player2 is carriedout. This accountsfor the fact that in the de®nition of
v1(s), nondeterminismis resolvedin favor of player2 (see(2)). Noticethat if player2
prefersto carryouttheactionchosenby player1,shecanreplywith thestutteringmove
D0. De®nitionspertainingthisgamehavea“t∞” superscriptthatstandsfor “turn-based
in®nite”. We de®netheturn-basedjoint destinationfunctioñdt : S×M1×M2 7→ Sby

d̃t(s;a1;a2) =





d(s;D1) if a1 = a2 = D1

d(s;D0) if {a1;a2} ⊆ {D0;D1} anda1 = D0 or a2 = D0

d(s;a1) if a1 ∈ Acts1 anda2 ∈ {D0;D1}

d(s;a2) if a2 ∈ Acts2

As before,a run is an in®nite sequences0;〈a1
1;a2

1〉;s1;〈a1
2;a2

2〉;s2; : : : suchthat sk ∈ S,
a1

k+ 1 ∈ G1(sk), a2
k+ 1 ∈ G2(sk), and sk+ 1 ∈ d̃t(sk;a1

k+ 1;a2
k+ 1) for all k ≥ 0. A 1-run

is a ®nite pre®x of a run ending in a statesk, while a 2-run is a ®nite pre®x of
run endingin a move a ∈ M1. For a 2-run s = s0;〈a1

1;a2
1〉;s1; : : : ;sn;〈a1

n+ 1〉, we set
last(s0;〈a1

1;a2
1〉;s1; : : : ;sn;〈a1

n+ 1〉) = sn andlasta(s0;〈a1
1;a2

1〉;s1; : : : ;sn;〈a1
n+ 1〉) = a1

n+ 1.
For i ∈{1;2}, wedenotebyFRunsi thesetof all i-runs.Intuitively, i-runsarerunswhere
it is playeri's turn to move. In theturn-basedgame,a strategy pi for playeri ∈ {1;2}
is a mappingpi : FRunsi 7→ Mi suchthat pi(s ) ∈ Gi(last(s )) for all s ∈ FRunsi. For
i ∈ {1;2}, let P t

i denotethesetof all playeri strategies;noticethatP t
1 = P1. Player-

1 memorylessstrategiesarede®nedasusual.We saythat a player-2 strategy p ∈ Pt
2

is memorylessif f, for all s ;s ′ ∈ FRuns2, last(s ) = last(s ′) andlasta(s ) = lasta(s ′)
imply p(s ) = p(s ′).

For strategiesp1 ∈P t
1 andp2 ∈ P t

2, wesaythataruns0;〈a1
1;a2

1〉;s1; : : : is consistent
with p1 andp2 if, for all n ≥ 0 andi = 1;2, we have p1(s0;〈a1

1;a2
1〉;s1; : : : ;sn) = a1

n+ 1
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and p2(s0;〈a1
1;a2

1〉;s1; : : : ;sn;〈a1
n+ 1〉) = a2

n+ 1. Sinced̃t is deterministic,for all s∈ S,
thereis a uniquerun that startsin s andis consistentwith p1 andp2. We denotethis
runby outcomest∞(s;p1;p2). Thevalueassignedto a run,to astrategy andto thewhole
gamearede®nedasfollows.We setwt∞

1 (s ) = w1(s ), and

vt∞
1 (s;p1) = inf

p2∈P t
2

wt∞
1 (outcomest∞(s;p1;p2)); vt∞

1 (s) = sup
p1∈P t

1

vt∞
1 (s;p1):

Thefollowing theoremfollows from thede®nitionof turn-basedgameandfrom (2).

Theorem 2. For all s∈ S, it holdsv1(s) = vt∞
1 (s).

4.2 Turn-based Finite Game

We now de®nea ®nite turn-basedgamethat can be playedon a discrete-timegame
structure.De®nitionspertainingthis gamehave a “tf” superscriptthatstandsfor “turn-
based®nite”. The ®nite gameendsassoonasa loop is closed.A maximalrun in the
®nite gameis a 1-run s = s0;〈a1

1;a2
1〉;s1; : : : ;sn suchthat sn is the ®rst statethat is

repeatedin s . Formally, n is the leastnumbersuchthat sn = sj , for some j < n. We
set loop(s ) to be the suf®x of s : sj;〈a1

j+ 1;a2
j+ 1〉; : : : ;sn. For p1 ∈ P t

1, p2 ∈ P t
2, and

s∈ S, we denoteby outcomestf(s;p1;p2) theuniquemaximalrun thatstartsin s andis
consistentwith p1 andp2.

In the®nite game,amaximalrun s endingwith theloop l is assignedthevalueof
thein®nite run obtainedby repeatingl forever. Formally, wtf

1(s ) = w1(s · l w), where
l w denotestheconcatenationof numerablymany copiesof l . Thevalueassignedto a
strategy p1 ∈ P t

1 andthevalueassignedto thewholegamearede®nedasfollows.

vtf
1(s;p1) = inf

p2∈P t
2

wtf
1(outcomestf(s;p1;p2)); vtf

1(s) = sup
p1∈P t

1

vtf
1(s;p1):

Noticethatsincethisgameis ®nite andturn-based,for all s∈ S, it holds:

sup
p1∈P1

inf
p2∈P2

wtf
1(outcomestf(s;p1;p2)) = inf

p2∈P2
sup

p1∈P1

wtf
1(outcomestf(s;p1;p2)): (3)

4.3 Mapping Strategies

We introducede®nitionsthatallow usto relatethe®nite gameto thein®nite one.For a
1-runs = s0;〈a1

1;a2
1〉;s1; : : : ;sn, let �r stloop(s ) betheoperatorthatreturnsthe®rstsim-

ple loop (if any) occurringin s . Similarly, let loopcut(s ) betheoperatorthatremoves
the®rst simpleloop (if any) from s . Formally, if s is a simplerun (i.e. it containsno
loops)we set�r stloop(s ) = e (theemptysequence),andloopcut(s ) = s . Otherwise,
let k≥ 0 bethesmallestnumbersuchthats j = s k, for somej < k; weset

�r stloop(s ) = s j;〈a1
j+ 1;a2

j+ 1〉; : : : ;〈a
1
k ;a2

k〉;s k;

loopcut(s ) = s0;〈a1
1;a2

1〉; : : : ;s j;〈a1
k+ 1;a2

k+ 1〉; : : : ;sn:

We now de®nethe quasi-segmentationQSeg(s ) to be the sequenceof simple loops
obtainedby applying�r stlooprepeatedlyto s .

QSeg(s ) =

{
e if �r stloop(s ) = e

�r stloop(s ) ·QSeg(loopcut(s )) otherwise

10



l 1

s js i s j−1

Fig. 3. Nodes linked by dashed lines represent the same state of the game.

For an in®nite run s , we set QSeg(s ) = limn→¥ QSeg(s≤n). Given a ®nite run s ,
loopcutcanonly beapplieda ®nite numberof timesbeforeit convergesto a ®xpoint.
We call this ®xpoint resid(s ). Noticethatfor all runss , resid(s ) is a simplepathand
thereforeits lengthis boundedby |S|.

For simplicity, we developedthe above de®nitionsfor 1-runs.The corresponding
de®nitionsof resid(s ) andQSeg(s ) for 2-runss aresimilar.

For all i ∈ {1;2} and all strategies p ∈ P t
i , we de®nethe strategyp̃ as p̃(s ) =

p(resid(s )) for all s ∈ FRunsi. Intuitively, p̃ behaveslike p until a loop is formed.At
thatpoint, p̃ forgetstheloop,behaving asif thewholeloop hadnot occurred.We now
givesometechnicallemmas.

Lemma 1. Let p1 ∈ P t
1, p2 ∈ P t

2, and s = outcomest∞(s; p̃1;p2). For all k > 0,
resid(s≤k) is a pre�x of a �nite run consistentwith p1. Formally, there is p ′

2 ∈ P t
2

ands ′ = outcomestf(s;p1;p ′
2) such that s ′ = resid(s≤k) · r .

Similarly, let s = outcomest∞(s;p1; p̃2). For all k > 0, there is p ′
1 ∈ P t

1 and s ′ =
outcomestf(s;p ′

1;p2) such that s ′ = resid(s≤k) · r .

Proof. We prove the ®rst statement,as the secondone is analogous.We proceedby
inductionon the lengthof QSeg(s≤k). If QSeg(s≤k) is the emptysequence(i.e. s≤k

containsno loops),theresultis easilyobtained,asp̃1 coincideswith p1 until a loop is
formed.So,we cantakep ′

2 = p2 andobtaintheconclusion.
On theotherhand,supposeQSeg(s≤k) = l 1; : : : ; l n. For simplicity, supposel 1 6=

l 2. As illustratedin Figure3, let s j bethe®rst stateafterl 1 thatdoesnotbelongto l 1.
Then,s j−1 belongsto l 1 andthereis anotherindex i < j −1 suchthats i = s j−1. So,
thegamewent twice throughs j−1 andtwo differentsuccessorsweretaken.However,
player1 musthavechosenthesamemovein s i ands j−1, asby constructionp̃1(s≤i) =
p̃1(s≤ j−1). Therefore,thechangemustbedueto a differentchoiceof p2. It is easyto
devisep ′

2 thatcoincideswith p2, exceptthatl 1 maybeskipped,andats i, thesuccessor
s j is chosen.We canthenobtaina run r = outcomest∞(s; p̃1;p ′

2) andanintegerk′ ≥ 0
suchthatQSeg(r ≤k′) = l 2; : : : ; l n andresid(r ≤k′) = resid(r ). Thethesisis obtainedby
applyingtheinductivehypothesisto r andk′.

Using this lemma,we canshow that for all p1 ∈ P1, eachloop occurringin the
in®nite gameunderp̃1 canalsooccurin the®nite gameunderp1.

Lemma 2. Letp1 ∈ P t
1, p2 ∈ P t

2, ands = outcomest∞(s; p̃1;p2). For all l ∈ QSeg(s ),
l can occur as the �nal loop in a maximalrun of the �nite game. Formally, there is
p ′

2 ∈ P t
2 ands ′ = outcomestf(s;p1;p ′

2) such that l = loop(s ′).

11



Similarly, let s = outcomest∞(s;p1; p̃2). For all l ∈ QSeg(s ), there is p ′
1 ∈ P t

1 and
s ′ = outcomestf(s;p ′

1;p2) such that l = loop(s ′).

The next lemmastatesthat if the strategy p1 of player1 achievesvaluen in the
®nite turn-basedgame,the strategyp̃1 achievesat leastasmuch in the in®nite turn-
basedgame.

Lemma 3. For all s∈ Sandp1 ∈ P t
1, it holdsvt∞

1 (s; p̃1) ≥ vtf
1(s;p1).

Proof. Let n = vtf
1(s;p1). Weshow thatp̃1 canensurerewardn in thein®nitegame.The

resultis trivially trueif n = −∞. So,in thefollowing we assumethatn > −∞.
Fix a player2 strategy p2 ∈ P t

2, andlet s = outcomest∞(s; p̃1;p2). Let QSeg(s ) =
l 1; l 2 : : :. We distinguishtwo cases,accordingto whethertime divergesor not in s . If
time diverges,all loopsl j that containno tick give no contribution to thevalueof s
andcanthereforebeignored.

For all l j containing(at least)a timestep,by Lemma2, l j is apossibleterminating
loop for the®nite gameunderp1. Thus,R(l j) ≥ n ·D(l j). Now, thevalueof s canbe
split asthevaluedueto loopscontainingtime steps,plusthevaluedueto theresidual.
For all n≥ 0, let mn bethenumberof loopsin QSeg(s≤n). We obtain:

wt∞
1 (s ) =

lim inf
n→¥

R(s≤n)

D(s≤n)
= lim inf

n→¥

R(resid(s≤n))+ ∑mn
j= 1R(l j)

D(resid(s≤n))+ ∑mn
j= 1D(l j)

= lim inf
n→¥

∑mn
j= 1R(l j)

∑mn
j= 1D(l j)

≥ n:

Considernow thecasewhens containsonly ®nitely many timesteps.Let k≥ 0 be
suchthatno time stepsoccurin s afters k. Considera loop l j entirelyoccurringafter
s k. Obviously l j containsno time steps.Moreover, by Lemma2, l j is a terminating
loop for a maximalrun r in the ®nite gameunderp1. Sincevtf

1(s;p1) > −∞, it must
be wtf

1(r ) = +∞. Consequently, it holds blameless1(r ) and in particularplayer 1 is
blamelessin all edgesin l j.

Now, let k′ ≥ 0 besuchthateachstate(andedge)afters k′ will eventuallybepart
of a loop of QSeg(s ). Let k′′ = max{k;k′}. Then,all edgesthat occur after k′′ will
eventuallybepartof a loop whereplayer1 is blameless.Consequently, k′′ is a witness
to thefactthatblameless1(s ), andthereforewt∞

1 (s ) = +∞ ≥ n.

Lemma 4. For all s∈ Sandp2 ∈ P t
2, it holdsvt∞

1 (s; p̃2) ≤ vtf
1(s;p2).

Proof. Let n = vtf
1(s;p2). Similarly to Lemma3, we can rule out the casen = +∞

as trivial. Fix a player 1 strategy p1, and let s = outcomest∞(s;p1; p̃2). We show
that wt∞

1 (s ) ≤ n. If time divergeson s , the proof is similar to the analogouscasein
Lemma3. Otherwise,let k ≥ 0 be suchthat no time stepsoccur in s after s k. Con-
sidera loop l ∈ QSeg(s ), entirely occurringafter s k. Obviously l containsno time
steps.Moreover, by Lemma2, l is a terminatingloop for amaximalrun r in the®nite
gameunderp1. Sincevtf

1(s;p1) < +∞, it mustbewtf
1(r ) = −∞. Consequently, it holds

¬blameless1(r ) andin particularplayer1 is blamedin someedgeof l . Thisshowsthat
¬blameless1(s ), andconsequentlywt∞

1 (s ) = −∞ ≤ n.

Lemmas3 and4 show thatthein®nitegameis noharderthanthe®niteone,for both
players.Consideringalso(3), weobtainthefollowing result.

12



Theorem 3. For all s∈ S, vt∞
1 (s) = vtf

1(s).

Theorems2 and3 allow usto usethe®nitegameto computethevalueof theoriginal
timed game.The lengthof the ®nite gameis boundedby |S|. It is well-known that a
recursive,backtrackingalgorithmcancomputethevalueof suchgamein PSPACE.

Theorem 4. For all s∈ S, v1(s) canbecomputedin PSPACE.

4.4 Memory

By following the “forgetful game”constructionandproofsusedby [EM79], we can
derive a similar resulton theexistenceof memorylessstrategiesfor bothplayers.The
proofdependson thefactthatthevalueof forgetfulgameis thesameastheturn-based
®nite game(andhence,the sameasthe in®nite game,from Theorem3), andfollows
thesameinductivestepsasprovidedin [EM79].

Theorem 5. For all i ∈ {1;2}, andt ∈S, thereexistsa memorylessoptimalstrategyfor
playeri. Formally, thereexistspi ∈ P i such that v1(t;pi) = v1(t).

4.5 Improved Algorithms

We show that, given s∈ S, n ∈ Q and i ∈ {1;2}, the problemof checkingwhether
vtf

i (s) ≥ n is in NP∩coNP. Thedecisionproblemvtf
1(s) ≥ n is in NP becausea memo-

rylessstrategy for player1 actsasa polynomial-timewitness:oncesucha strategy p1
is ®xed,we cancomputein polynomialtime the valuevtf

1(s;p1). The problemis also
in coNPbecause,oncea memorylessstrategy of player2 is ®xed,we cancomputein
polynomialtime thevaluevtf

1(s;p2).
Oncewe ®x a memorylessstrategy for playeri ∈ {1;2}, the®nite gameis reduced

to a multigraphwhereall the choicesbelongto player∼i. It is convenientto de®ne
thesetof verticesof themultigraphasU = {{s} | s∈ S}, ratherthansimply asS. Let
E be the setof edgesof the multigraph.Eachedgee∈ E is labeledwith the pair of
moves〈a1;a2〉 ∈ M1×M2 playedby theplayersalonge. We labelewith tick whenever
a1 = a2 = D1, andwith bli whenever ai ∈ Actsi ∪{D0}; every edgee from {s} to {t}
is also associatedwith reward r(s) if it has label tick, and reward 0 otherwise.We
indicatepathsin this graphby u0;e1;u1;e2; : : : ;un, whereei is anedgefrom ui−1 to ui,
for 1≤ i ≤ n. Givena stronglyconnectedcomponent(SCC)(V;F), whereV ⊆U and
F ⊆E, wecollapse(V;F) asfollows:(i) wereplacein U theverticesin V by thesingle
vertex

⋃
V; (ii) we remove all edgesin F; (iii) we replaceevery edgefrom v ∈ V to

u∈U \V (resp.from u∈ U \V to v ∈V) with anedgeof thesamelabel from
⋃

V to
u (resp.from u to

⋃
V); (iv) we replaceevery edgee 6∈ F from v∈ V to v′ ∈ V with a

self-loopof thesamelabelfrom
⋃

V to
⋃

V.
To determinethevalueof this multigraphto player1, we ®rst transformthemulti-

graphso that all edgesarelabeledwith tick, andwe thenapply Karp's algorithmfor
computingthe loop with minimumor maximumaveragereward[Kar78]. We proceed
dependingonwhetherplayer1, or player2, ®xesamemorylessstrategy. Whenplayer1
®xesa memorylessstrategy:

1. Find a maximalSCC (V;F), whereV ⊆ U andF ⊆ E, suchthat all edgesin F
are labeledwith ¬tick and¬bl1. Player2 will want to avoid following this SCC
forever; thus,we collapseit. Repeatuntil nomoreSCCscanbecollapsed.
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2. If a vertex u ∈ U hasno outgoingedges,it meansthat player2 could not avoid
enteringandfollowing oneof the SCCscollapsedabove. Hence,for eachu ∈ U
without outgoingedges,remove u from thegraphalongwith all incomingedges,
andassignvalue+∞ to all s∈ u. Repeatuntil nomoreverticescanberemoved.

3. Find all the loopswhoseedgesareall labeledwith ¬tick. Dueto thecollapsingin
the above steps,eachof theseloopscontainsat leastoneedgelabeledbl1, so its
valuewhenfollowedforever is −∞. Remove all suchverticesfrom thegraph,and
assignvalue−∞ to thecorrespondingstates.

4. FromtheresultingmultigraphG, constructa multigraphG′ with thesamevertices
asG. For eachsimplepathin G of theform u0;e1;u1; : : : ;un;en+ 1;un+ 1 wherethe
edgese1; : : : ;en arelabeledby¬tick, andtheedgeen+ 1 is labeledby tick, we insert
in G′ anedgefrom u0 to un+ 1 labeledby thesamerewardasen+ 1.

5. Usethealgorithmof [Kar78] to ®nd the loop with minimal averagereward in G′

(the algorithmof [Kar78] is phrasedfor graphs,but it canbe trivially adaptedto
multigraphs).If r is theaveragerewardof the loop thusfound,all theverticesof
the loop, andall the verticesthat canreachthe loop, have valuer. Remove them
from G′, andassignvaluer to the correspondingstates.Repeatthis stepuntil all
verticeshavebeenremoved.

Similarly (but notsymmetrically),if player2 ®xesamemorylessstrategy, wecancom-
putethevaluefor player1 asfollows:
1. Findall theloopswhereall theedgesarelabeledwith ¬tick and¬bl1. Theseloops,

andall the verticesthat canreachthem,have value+∞. Remove themfrom the
graph,andassignvalue+∞ to thecorrespondingstates.

2. Find a maximalSCC(V;F), whereV ⊆U andF ⊆ E, suchthatall edgesin F are
labeledwith ¬tick. Dueto thepreviousstep,every loop in (V;F) containsat least
oneedgelabeledbl1, andplayer1 will want to avoid following forever suchan
SCC:thus,wecollapse(V;F).

3. For eachu ∈ U without outgoingedges,remove u from the graphalongwith all
incomingedges,andassignvalue−∞ to all s∈ u. Repeatuntil no morevertices
canberemoved.

4. From the resultingmultigraphG, constructa multigraphG′ as in step4 of the
previouscase.

5. Thisstepis thesameasstep5 of thepreviouscase,exceptthatin eachiterationwe
®nd theloop with maximalaveragereward.

Sincethe algorithmof [Kar78], aswell asthe above graphmanipulations,canall be
donein polynomialtime,wehave thefollowing result.

Theorem 6. Theproblemof computingthevalueto playeri ∈ {1;2} of a discrete-time
averagereward gameis in NP∩coNP.

Wenotethatthemaximalrewardthataplayercanaccruein the®rst n timeunitscannot
be computedby iteratingn timesa dynamic-programmingoperator, asis thecasefor
untimedgames.In fact,eachplayercanplayanunboundednumberof zero-timemoves
in the®rstn timeunits,sothateventhe®nitetime-horizonversionof ourgamesrequires
the considerationof time divergence.Hence,it doesnot seempossibleto adaptthe
approachof [ZP96] to obtain a weakly-polynomialalgorithm.Whetherpolynomial-
timealgorithmscanbeachievedby othermeansis anopenproblem.
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