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A;?O>G A>C: HG<=;?A \CK?EGE \B Θ (log(n)) DCH \C:I .4& =A
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QCXGTGH/ XG \G>;GTG :I=: CKH =?=>B:;@=> :G@I?;fKGA =HG OG?GH=>

G?CKOI :C =>AC 9HCTG KAGDK> DCH AK@I DK:KHG ;?TGA:;O=:;C?A1

*G@:;C? 0! AK<<=H;dGA CKH LGB @C?@>KA;C?A =?E =EEHGAAGA

:IG ;<9=@: CD CKH HGAK>:A C? :IG EGA;O? CD 9HC:C@C>A DCH DK:KHG

X;HG>GAA =E IC@ ?G:XCHLA1

!!1 &")(,"- P$&M

,IGHG I=TG \GG? <=?B @C?:H;\K:;C?A C? :IG @=9=@;:B A:KEB

CD X;HG>GAA =E IC@ ?G:XCHLA :I=: A9=? K?;@=A:/ <K>:;@=A: =?E

\HC=E@=A: :H=D!@1 -KG :C A9=@G >;<;:=:;C?A/ ICXGTGH/ XG C?>B

<G?:;C? = DGX CD :IG< :I=: DC@KA C? K?;@=A:;?O1

( ?K<\GH CD 9=9GHA I=TG G`:G?EGE :IG HGAK>:A \B FK9:= =?E

MK<=H V8W/ XI;@I AICXGE = O=9 \G:XGG? :IG K99GH =?E >CXGH

\CK?EA C? @=9=@;:B K?EGH :IG 9IBA;@=> <CEG>1 ]H=?@GA@IG::; G:

=>1 V82W @>CAGE :I;A O=9 KA;?O 9GH@C>=:;C? :IGCHB1

*GTGH=> :G@I?;fKGA =;<GE =: ;<9HCT;?O :IG @=9=@;:B CD

X;HG>GAA =E IC@ ?G:XCHLA I=TG \GG? =?=>BdGE1 FHCAAO>=KAGH

=?E ,AG V8[W EG<C?A:H=:GE :I=: = ?C?ST=?;AI;?O @=9=@;:B

@=? \G =::=;?GE =: :IG 9H;@G CD >C?O EG>;TGHB >=:G?@;GA \B

:=L;?O =ET=?:=OG CD >C?OS:GH< A:CH=OG ;? <C\;>G ?CEGA1 !:

I=A =>AC \GG? AICX? :I=:/ ;D \=?EX;E:I ;A =>>CXGE :C ;?@HG=AG

9HC9CH:;C?=>>B :C :IG ?K<\GH CD ?CEGA ;? :IG ?G:XCHL V8^W/

I;OIGH :H=?A9CH: @=9=@;:;GA @=? \G =::=;?GE DCH A:=:;@ X;HG>GAA

?G:XCHLA1 *C<G XCHLA EG<C?A:H=:GE :I=: @I=?O;?O 9IBA;@=>

>=BGH =AAK<9:;C?A AK@I =A KA;?O <K>:;9>G @I=??G>A V8YW CH

.!.$ @CC9GH=:;C? V8_W @=? @I=?OG :IG @=9=@;:B CD X;HG>GAA

?G:XCHLA1

2PG HGDGH :IG HG=EGH :C V[W DCH = E;A@KAA;C? C? \=?EX;E:I G`9=?A;C? K:;>;d;?O
.4&1
[,IG ?K<\GH CD =?:G??=A HGfK;HGE :C ;<9>G<G?: .4& CH .4, ;A 9HC9CHS

:;C?=> :C Θ
`
nr2(n)

´
1
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$dOKH G: =>1 V8_W 9HC9CAGE = I;GH=H@I;@=> @CC9GH=:;C? :G@IS

?;fKG \=AGE C? T;H:K=> .!.$ :C =@I;GTG >;?G=H @=9=@;:B1

,IGB AICXGE :I=: :IG C9:;<=> 9GHSAGAA;C? @=9=@;:B CD =? =ES

IC@ ?G:XCHL ;A \CK?EGE =A O(n log n)/ =?E = @C?A:=?: 9GHS
AGAA;C? @=9=@;:B CD Θ(1) ;A =@I;GT=\>G1 $KH XCHL ;A A;O?;DS
;@=?:>B E;DDGHG?: DHC< :I;A XCHL/ ;? :GH<A CD :IG <CEG> =?E

=AAK<9:;C?A KAGE :C EGH;TG :IG HGAK>:A1 $dOKH G:1 =>1 @C?A;EGH

:IG ;?DCH<=:;C?S:IGCHG:;@ <CEG>/ =?E =AAK<G :I=: :IG ?G:XCHL

G<9>CBA IG:GHCOG?CKA IC9SA;dGA/ =: :;<GA HGfK;H;?O = E;HG@:

@C<<K?;@=:;C? \G:XGG? X;EG>B AG9=H=:GE ?CEGA1 !? @C?:H=A:/

CKH XCHL ;A \=AGE C? :IG 9HC:C@C> <CEG> =?E =AAK<GA = ICS

<COG?CKA :H=?A<;AA;C? H=?OG1 ( @C<9=H;AC? CD CKH HGAK>: X;:I

I;GH=H@I;@=> .!.$ @CC9GH=:;C? AICXA :I=: XG @=? =@I;GTG :IG

A=<G @=9=@;:B X;:I r(n) = Θ
(
n− 1

3

)
1 !D :IG @C<<K?;@=:;C?

H=?OG r(n) ;?@HG=AGA \GBC?E Θ
(
n− 1

3

)
/ :IG? .4,& 9HCT;EGA

I;OIGH @=9=@;:;GA1

+CC9GH=:;C? @=? \G G`:G?EGE :C :IG A;<K>:=?GCKA :H=?A<;AS

A;C? =?E HG@G9:;C? =: :IG T=H;CKA ?CEGA ;? :IG ?G:XCHL/ XI;@I

@=? HGAK>: ;? A;O?;!@=?: @=9=@;:B ;<9HCTG<G?: V[W1 (A XG I=TG

A:=:GE/ F=H@;=S)K?=S(@GTGA G: =>1 V^W AICXGE :I=: KA;?O .4&

=: :IG HG@G;TGHA @=? ;?@HG=AG :IG CHEGH @=9=@;:B CD X;HG>GAA

?G:XCHLA AK\RG@: :C K?;@=A: :H=D!@1 PG \G>;GTG :I=: :IG ;<9=@:

CD .4, =?E .4& C? :IG :IHCKOI9K: CHEGH I=A ?C: \GG? A:KE;GE

AKD!@;G?:>B1 QCXGTGH/ XG <KA: I;OI>;OI: :I=: :IG @C?@G9:A CD

.4, =?E .4& I=TG \GG? =HCK?E DCH = >C?O :;<G/ =?E :IGHG

=HG T=H;CKA X=BA CD HG=>;d;?O :IG<1 !? :IG CH;O;?=> ;?:HCEK@:;C?

CD .4& V83W/ :IG @C?@G9: X=A HG=>;dGE \B K:;>;d;?O A9HG=E

A9G@:HK< :G@I?;fKGA/ XI;@I HGfK;HGA \=?EX;E:I G`9=?A;C? =?E

= EG:=;>GE E;A@KAA;C? @=? \G DCK?E ;? V[W1 QCXGTGH/ <CHG

HG@G?: =ET=?@GA ;? :IG 9IBA;@=> >=BGH =>>CXA :IG HG=>;d=:;C?

CD .4&e.4, \B K:;>;d;?O <K>:;9>G =?:G??=A =?E :IG KAG CD

\G=<DCH<;?O :G@I?;fKGA1 ,IG XCHL \B 4GH=L; =?E *GHTG::C

V8ZW I=A ;EG?:;!GE :IG K99GH \CK?E C? :IG 9GHDCH<=?@G CD

\G=<DCH<;?O1 ,IG A@C9G CD :I;A 9=9GH ;A ?C: =\CK: E;DDGHG?:

X=BA CD ;<9>G<G?:;?O .4&e.4,1 !? :I;A XCHL XG I=TG

=AAK<GE =? ;<9>G<G?:=:;C? CD .4&/ XI;@I ECGA ?C: HGfK;HG

=?B >CAA ;? H=:G1 ]CH =EE;:;C?=> \=@LOHCK?E/ XG HGDGH :IG HG=EGH

:C =? G`@G>>G?: AKHTGB 9=9GH V87W =?E ?K<\GH CD @C?:H;\K:;C?A

C? :I;A :C9;@ V83WgV2^W1

( OG?GH=>;d=:;C? CD :IG <=`S"CX <;?S@K: :IGCHG< :C <K>:;S

9>G @C<<CE;:;GA ;A ?C: DG=A;\>G ;? =H\;:H=HB OH=9IA1 QCXGTGH/

:IG AG<;?=> 9=9GH \B )G;OI:C? =?E &=C VZW AICXGE :I=: :IG

O=9 \G:XGG? :IG <=`S"CX =?E <;?S@K: ;A =: <CA: Θ(log n)1
!? = HG@G?: XCHL/ .=E=? G:1 =>1 V2YW I=TG K:;>;dGE )G;OI:C?

=?E &=CUA XCHL :C EGH;TG \CK?EA DCH :IG @=9=@;:B CD =ESIC@

?G:XCHLA1 ,IGB DC@KA C? :IG A9G@;=> @=AG XIGHG k = Θ(n2)
=?E :IG ?.-71" 9586"* %"8"9*./- a*4&c <CEG>1

$KH XCHL ;A ;?A9;HGE \B :IG =?=>BA;A CD )G;OI:C? =?E &=C1

F;TG? :I=: XG =HG =\>G :C EGEK@G = :;OI: <=`S"CX <;?S@K:

:IGCHG</ CKH \CK?EA =HG :;OI:GH :I=? :ICAG HG9CH:GE \B .=E=?

G: =>1 V2YW1 ]KH:IGH<CHG/ CKH XCHL ;A =99>;@=\>G :C = X;EGH

T=H;G:B CD 9HC:C@C> <CEG>A =?E :H=D!@ 9=::GH?A1

!!!1 4&")!.!'(&!"*

3@ A"*2/%6 !/,"1

,IG =HG= CD = @C?:;?KCKA HGO;C? R ;A EG?C:GE \B |R|1 ,IG
@=HE;?=>;:B CD = AG: S ;A EG?C:GE \B |S|/ =?E ‖x−y‖ HG9HGAG?:A

:IG E;A:=?@G \G:XGG? ?CEGA x =?E y1 PIG?GTGH @C?TG?;G?:/
XG K:;>;dG :IG ;?E;@=:CH DK?@:;C? 1{P}/ XI;@I ;A GfK=> :C C?G
;D P ;A :HKG =?E dGHC ;D P ;A D=>AG1 Pr(E) HG9HGAG?:A :IG
9HC\=\;>;:B CD GTG?: E1 PG A=B :I=: =? GTG?: E C@@KHA X;:I

I;OI 9HC\=\;>;:B aX1I191c =A n → ∞ ;D Pr(E) > (1 − (1/n))1
PG G<9>CB :IG A:=?E=HE CHEGH ?C:=:;C?A O, Ω, =?E Θ1
PG =AAK<G = H=?EC< X;HG>GAA ?G:XCHL X;:I n ?CEGA E;AS

:H;\K:GE K?;DCH<>B ;? = K?;:SAfK=HG1 !? CKH <CEG>/ =A n OCGA

:C ;?!?;:B/ :IG EG?A;:B CD :IG ?G:XCHL =>AC OCGA :C ;?!?;:B1

,IGHGDCHG/ CKH =?=>BA;A ;A =99>;@=\>G :C EG?AG ?G:XCHLA1 ]KHS

:IGH<CHG/ XG =AAK<G = !`GE :H=?A<;AA;C? H=?OG r(n) DCH =>>
:IG ?CEGA ;? :IG ?G:XCHL1 ,IKA/ :IG ?G:XCHL :C9C>COB @=?

\G @I=H=@:GH;dGE KA;?O = H=?EC< OGC<G:H;@ OH=9I/ XI;@I XG

EG?C:G \B Gr =?E EG!?G ?G`:1

B""-.*./- C@DE F5-,/# G"/#"*%.8 G%59: GrE PG =AACS

@;=:G = ,.%"8*", OH=9I Gr(Vr, Er) X;:I = X;HG>GAA ?G:XCHL
DCH<GE \B E;A:H;\K:;?O n ?CEGA K?;DCH<>B ;? = K?;: AfK=HG1 PG
HG9HGAG?: :IG ?CEGSAG: \B V = {1, · · · , n}1 )G: :IG >C@=:;C?A
CD :IGAG ?CEGA \G O;TG? \B {X1, · · · , Xn}/ :IG GEOGSAG: ;A :IG?
E = {(i, j) | ‖Xi − Xj‖ ≤ r(n)} 1
'C:G :I=:/ =A 9GH :IG =\CTG EG!?;:;C?/ XG 9GH<;: :XC GEOGA

DCH = 9=;H CD @C??G@:GE TGH:;@GA X;:I 9CAA;\>B E;DDGHG?: @=9=@;:B

;? G=@I E;HG@:;C?1 (@@CHE;?O>B/ :IG HGAK>:A ;? :I;A 9=9GH @=? \G

G`:G?EGE :C K?E;HG@:GE OH=9IA/ \K: XG !?E ;: <=:IG<=:;@=>>B

@C?TG?;G?: :C KAG E;HG@:GE OH=9IA1 ( E;HG@:GE GEOG =>>CXA KA

:C G`9>;@;:>B ;EG?:;DB :IG E;HG@:;C? CD :H=?A<;AA;C?1 QG?@G/ =?

GEOG e @=? \G EG?C:GE =A (e+, e−)/ XIGHG e+ HG9HGAG?:A :IG

:H=?A<;::GH ?CEG =?E e− HG9HGAG?:A :IG HG@G;TGH ?CEG1

PG =AAK<G :I=: :IG ?G:XCHL C9GH=:GA KA;?O = A>C::GE @I=??G>

=?E/ ;? :IG =\AG?@G CD ;?:GHDGHG?@G/ :IG E=:= H=:G ;? G=@I

:;<G A>C: DCH GTGHB :H=?A<;::GHSHG@G;TGH 9=;H ;A = @C?A:=?: CD

T=>KG P \;:AeA>C:1 F;TG? :I=: P ECGA ?C: @I=?OG :IG CHEGH

@=9=@;:B/ XG ?CH<=>;dG ;:A T=>KG :C 81 ,IGHGDCHG/ XG A=B :I=:

:IG ;?:GHDGHG?@GSDHGG @=9=@;:B CD G=@I GEOG ;? Gr ;A GfK=> :C

81 .G=?XI;>G/ ;? 9HGAG?@G CD ;?:GHDGHG?@G :IG GEOG @=9=@;:B

EHC9A :C dGHC1

,IG @C??G@:;T;:B @H;:GH;= DCH Gr ;A r(n) ≥ rc(n) =
Θ(

√
log n/n) V2_W1 .CHG A9G@;!@=>>B/ XG =AAK<G rc(n) =√

(3 log n/n) 1
!? = EG?AG ?G:XCHL/ ;?:GHDGHG?@G ;A :IG 9H;<=HB @C?A:H=;?:

C? :IG @=9=@;:B CD :IG ?G:XCHL1 *;<;>=H :C :IG XCHL \B .=E=?

G: =>1 V2YW/ XG EGA@H;\G :IG ;?:GHDGHG?@G CD = ?G:XCHL \B :IG

DC>>CX;?O OG?GH;@ <CEG>1

B""-.*./- C@HE 4/#$.-5*/%.51 '-*"%;"%"-8" !/,"1E ,IG

;?:GHDGHG?@G <CEG> DCH :IG OH=9I^ G(V, E) ;A EG:GH<;?GE \B =
DK?@:;C? I : E → P (E)/ XIGHG P (E) ;A :IG 9CXGH AG: CD E/
;1G1/ :IG AG: CD =>> 9CAA;\>G AK\AG:A CD E1 ]CH GTGHB e ∈ E/ I(e)
HG9HGAG?:A =? .-*"%;"%"-8" ?"* AK@I :I=:/ = :H=?A<;AA;C? C? GEOG

e ;A AK@@GAADK> ;DD :IGHG =HG ?C @C?@KHHG?: :H=?A<;AA;C?A C? =?B
ê ∈ I(e)1 (? ;?:GHDGHG?@G <CEG> @=? \G HGA:H;@:GE :C = AK\S
OH=9I H(VH , EH) \B EG!?;?O = DK?@:;C? IH : EH → P (EH)
AK@I :I=: IH(e) = I(e)

⋂
EH 1

,IG T=H;CKA 9HC:C@C> <CEG>A :I=: I=TG \GG? 9HC9CAGE ;? :IG

9=A: @=? ?CX \G G`9HGAAGE =A A9G@;=> @=AGA C? Gr1

FK9:= =?E MK<=H V8W A:KE;GE = ?.-71" 9586"* %"8"9*./-

a*4&c 9%/*/8/1 #/,"1 K?EGH XI;@I = :H=?A<;AA;C? DHC< ?CEG

^'C:G :I=: Gr EG?C:GA H=?EC< OGC<G:H;@ OH=9I XI;>GG HG9HGAG?:A OG?GH=>
OH=9I1
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i :C HG@G;TGH j ;A AK@@GAADK> ;DD ‖Xi − Xj‖ ≤ r(n) =?E ;D
‖Xj −Xk‖ ≥ (1+η)r(n) DCH =?B C:IGH :H=?A<;::GH k1 QGHG η
;A = OK=HESdC?G :I=: ;A =AAK<GE :C \G @C?A:=?: DCH :IG G?:;HG

?G:XCHL1 .CHGCTGH/ =>> :IG ?CEGA C9GH=:G ;? I=>DSEK9>G` <CEG1

,IG DC>>CX;?O EG!?;:;C? G`9HGAAGA :I;A <CEG> ;? :GH<A CD :IG

?C:=:;C? XG I=TG ;?:HCEK@GE1
B""-.*./- C@CE ).-71"=I586"* F"8"9*./- J)IFK !/,"1E )G:

e = (e+, e−) ∈ E/ :IG? :IG ;?:GHDGHG?@G AG: DCH GEOG e ;A
EG!?GE =A

I*4&(e) = J(e) − e, a8c

XIGHG/ J(e) = {ê ∈ Er | ‖Xê+ − Xe−‖ ≤ (1 + η)r(n)}1
F=H@;=S)K?=S(@GTGA G: =>1 V^W OG?GH=>;dGE :IG =\CTG <CEG>

:C =@@CK?: DCH .4& @=9=\;>;:B =: :IG HG@G;TGHA1 (@@CHE;?O :C

:IG;H !IF 9%/*/8/1 #/,"1 = ?CEG i @=? A;<K>:=?GCKA>B HG@G;TG
=>> :IG 9=@LG:A :H=?A<;::GE \B ?CEGA X;:I;? = E;A:=?@G r(n) ;DD
:IGHG =HG ?C :H=?A<;::GHA =: = E;A:=?@G OHG=:GH :I=? r(n) \K: >GAA
:I=? (1 + η)r(n)1 ]KH:IGH<CHG/ ;D = ?CEG j :H=?A<;:A = 9=@LG:
:C ?CEG i/ :IG? ;: @=??C: A;<K>:=?GCKA>B :H=?A<;: = 9=@LG: :C
=?B C:IGH ?CEG ;? :IG ?G:XCHL1
B""-.*./- C@LE !+1*.=I586"* F"8"9*./- J!IFK !/,"1E

I.4&(e) = I*4&(e) − (A(e) − B(e)) ∀e ∈ E a2c

2:"%"& A(e) = {ê ∈ Er | ‖Xê+ − Xe−‖ ≤ r(n)} ,

B(e) =
{
ê ∈ Er | ê+ = e+

}
a[c

PG =>AC @C?A;EGH :IG @=AG ;? XI;@I ?CEGA I=TG .4&

=?E .4, @=9=\;>;:;GA/ ;1G1/ @=? EG@CEG <K>:;9>G @C?@KHHG?:

:H=?A<;AA;C?A =?E @=? :H=?A<;: @C?@KHHG?:>B <K>:;9>G 9=@LG:A

:C E;DDGHG?: ?CEGA1 PG @=9:KHG :IG .4& =?E .4, @=9=\;>;:;GA

X;:I = A;<9>G BG: HG9HGAG?:=:;TG/ #+1*.=9586"* *%5-?#.??./-

5-, %"8"9*./- a.4,&c 9HC:C@C> <CEG>/ XI;@I ;A EG!?GE

\G>CX1
B""-.*./- C@ME !+1*.=I586"* N%5-?#.??./- 5-, F"8"9*./-

J!INFK !/,"1E

I.4,&(e) = I.4&(e) − B(e) ∀e ∈ E a^c

!: ;A ;<9CH:=?: :C I;OI>;OI: AC<G CD :IG DG=:KHGA CD :IG

=\CTG <CEG>1 ,IG .4,& 9HC:C@C> <CEG> A:;>> HGA:H;@:A :IG

?CEGA :C C9GH=:G ;? = I=>DSEK9>G` <CEG1 .CHGCTGH/ :I;A <CEG>

;A ;EG?:;@=> :C :IG .4& 9HC:C@C> <CEG> ;? :GH<A CD :IG

?CEGA :I=: =HG 9GH<;::GE :C :H=?A<;: X;:I;? :IG T;@;?;:B CD

= HG@G;TGH i/ ;1G1/ \C:I <CEG>A 9HCI;\;: :H=?A<;AA;C? DHC< =

?CEG j AK@I :I=: r(n) < ‖Xi − Xj‖ ≤ (1 + η)r(n)1 ,IKA/
:IG E;DDGHG?@G \G:XGG? :IG .4& =?E .4,& 9HC:C@C> <CEG>A

A:G<A 9KHG>B DHC< :IG D=@: :I=:/ K?EGH :IG .4,& <CEG>/ =

?CEG j :H=?A<;::;?O = 9=@LG: :C ?CEG i @=? A;<K>:=?GCKA>B
:H=?A<;: 9=@LG:A :C C:IGH ?CEGA ;? :IG ?G:XCHL1
];OKHG 8 9HCT;EGA =? ;>>KA:H=:;TG G`=<9>G CD = OH=9I =?E

T=H;CKA ;?:GHDGHG?@G AG:A EG!?GE C? ;:1
PG =AAK<G :I=: :IG :H=D!@ ;? :IG ?G:XCHL ;A OG?GH=:GE \B

K?;@=A: @C<<K?;@=:;C? \G:XGG? k ACKH@GSEGA:;?=:;C? a*S-c

9=;HA1 ,IG ACKH@G =?E :IG EGA:;?=:;C? =HG @ICAG? =: H=?EC<

DHC< :IG n ?CEGA ;? =? ;?EG9G?EG?: =?E K?;DCH< D=AI;C?1 PG

=AAC@;=:G = H=:G TG@:CH λ = [λ1, · · · , λk] X;:I :IGAG k 9=;HA1
PG =AAK<G :IG E=:= H=:G DCH G=@I *S- 9=;H :C \G ?C?SdGHC

=?E :C \G X;:I;? = @C?A:=?: D=@:CH 0 ≤ ε ≤ 1 CD G=@I C:IGH/
;1G1/ mini(λi) ≥ maxi(ελi)1 QG?@G/ X;:ICK: >CAA CD OG?GH=>;:B
aX1>1O1c/ :IG H=:G TG@:CH @=? \G XH;::G? =A λ = [fDi, · · · , fDk]/
XIGHG f ∈ R+ =?E Di ∈ [ε, 1] DCH 1 ≤ i ≤ k1 PG
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];O1 81 ( ?G:XCHL CD DCKH ?CEGA ;A KAGE :C ;>>KA:H=:G :IG !?:GHDGHG?@G *G:A
K?EGH E;DDGHG?: <CEG> =AAK<9:;C?A1 ( E;HG@:GE GEOG ;A EH=X? \G:XGG? =
:H=?A<;::GH =?E = HG@G;TGH ;D =?E C?>B ;D = :H=?A<;AA;C? DHC< :IG ?CEG @=?
\G AK@@GAADK>>B EG@CEGE =: :IG HG@G;TGH1 ,XC GEOGA ;?:GHDGHG ;D :IGB @=??C:
@=HHB ;?EG9G?EG?: ;?DCH<=:;C? ;? :IG A=<G A>C:

HGDGH :C :IG 9=H=<G:GH f =A :IG 8/-8+%%"-* !/2 %5*" =?E :C

D = [D1, · · · , Dk] =A :IG ,"#5-, O"8*/%1
B""-.*./- C@PE 0"5?.$1" 01/2 F5*"E F;TG? k *S-

9=;HA {(s(1), d(1)), . . . , (s(k), d(k))}/ = H=:G TG@:CH λ =
[fDi, · · · , fDk] ;A DG=A;\>G ;D :IGHG G`;A:A = A9=:;=> =?E

:G<9CH=> A@IG<G DCH A@IGEK>;?O :H=?A<;AA;C?A AK@I :I=:/ \B

C9GH=:;?O :IG ?G:XCHL ;? = <K>:;SIC9 D=AI;C? =?E \KDDGH;?O =:

;?:GH<GE;=:G ?CEGA XIG? =X=;:;?O :H=?A<;AA;C?/ GTGHB ACKH@G

s(i) @=? AG?E λi \;:AeAG@ C? =TGH=OG :C ;:A @ICAG? EGA:;?=S

:;C? d(i)1 ( "CX H=:G f ;A DG=A;\>G DCH = EG<=?E TG@:CH

D = [D1, · · · , Dk] ;DD λ = [fDi, · · · , fDk] ;A = DG=A;\>G H=:G
TG@:CH1

B""-.*./- C@QE 45958.*> /; F5-,/# A"*2/%6?E ,IG @=9=@S

;:B 9GH @C<<CE;:B CD = ?G:XCHL ;A Θ(f(n)) ;D K?EGH = H=?EC<
9>=@G<G?: CD n ?CEGA/ = H=?EC< @IC;@G CD k *S- 9=;HA =?E

DCH =? =H\;:H=HB EG<=?E TG@:CH XG I=TGJ

lim
n→∞

4H(cf(n);A DG=A;\>G "CX H=:G) = 1 aYc

lim infn→∞4H(c′f(n);A ;?DG=A;\>G "CX H=:G) < 1 a_c

DCH AC<G c > 0 =?E c < c′ < +∞1
!? :IG DC>>CX;?O AG@:;C?A XG HG9G=:GE>B K:;>;dG :IG XG>>

L?CX? +IGH?CDD \CK?EA V23W1

R"##5 C@SE 4:"%-/;; T/+-,?E +C?A;EGH N ;1;1E H=?EC<

T=H;=\>GA Yi ∈ {0, 1} X;:I p = 4H(Yi = 1)1 )G: Y =
∑N

i=1 Yi1

,IG? DCH GTGHB c > 0 :IGHG G`;A: 0 < δ1 < 1 =?E δ2 > 0 AK@I
:I=:

4H (Y ≤ (1 − δ1)Np) < 2e−
δ2
1
3 Np a3c

4H (Y ≥ (1 + δ2)np) < 2e−
δ2
2
3 Np aZc

T@ G%59: N:"/%> F"?+1*?

,IG :=AL CD ;EG?:;DB;?O = DG=A;\>G "CX H=:G @=? \G 9CAGE =A =

<K>:;S@C<<CE;:B "CX 9HC\>G</ A9G@;!@=>>B :IG LS@C<<CE;:B

"CX 9HC\>G<1

B""-.*./- C@UE 6=4/##/,.*> 01/2 I%/$1"#E

+C?A;EGH = E;HG@:GE OH=9I G(V, E) X;:I = @=9=@;:B DK?@:;C?
c : E → [0, 1]1 )G: {(s(1), d(1)), . . . , (s(k), d(k))) \G k *S-
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9=;HA/ X;:I = EG<=?E TG@:CH D ∈ [ε, 1]k1 )G: f ∈ R+ \G =

@C?@KHHG?: "CX H=:G1 ];?E "CX DK?@:;C?A fi : E → R+ DCH

1 ≤ i ≤ k/ XI;@I A=:;ADB :IG DC>>CX;?O "CX @C?A:H=;?:AJ

45958.*> 4/-?*%5.-* : ∀e ∈ E
∑

1≤i≤k

fi(e) ≤ c(e) a7c

01/2 4/-?"%O5*./- : ∀v )= s(i), d(i)
∑

e:e+=v

fi(e) =
∑

e:e−=v

fi(e)

a86c

B"#5-, )5*.?;58*./- : 1 ≤ i ≤ k∑

e:e+=s(i)

fi(e) =
∑

e:e−=d(i)

fi(e) = fDi a88c

]>CX DK?@:;C?A :I=: A=:;ADB :IG =\CTG @C?A:H=;?:A =HG @=>>GE

DG=A;\>G1 $:IGH ;?9K:A :C :IG 9HC\>G< \G;?O !`GE/ = "CX H=:G

f ;A A=;E :C \G DG=A;\>G ;DD :IG =\CTG 9HC\>G< I=A = AC>K:;C?1

]KH:IGH<CHG/ >G: f∗ \G :IG .+]/ AK@I :I=: :IG =\CTG 9HC\>G<
I=A = DG=A;\>G AC>K:;C?1 ( X;HG>GAA ?G:XCHL @=? \G HG9HGAG?:GE

\B =? GfK;T=>G?: OH=9I X;:I @=9=@;:B DK?@:;C?A EG:GH<;?GE

\B :IG ;?:GHDGHG?@G1 ,IKA/ :IG .+] ;? =? GfK;T=>G?: OH=9I

@=? \G 9GH@G;TGE =A :IG <=`;<K< "CX :I=: @=? \G HCK:GE

;? = ?G:XCHL1 (EE;:;C?=>>B/ ;D X1I191 f∗ ;A :IG .+] DCH =?B
OH=9I DCH<GE \B = H=?EC< E;A:H;\K:;C? CD ?CEGA/ ACKH@GA =?E

EGA:;?=:;C?A/ :IG? :IG @=9=@;:B CD :IG X;HG>GAA ?G:XCHL ;A =>AC

f∗1 +C?A;EGH :IG DC>>CX;?O =EE;:;C?=> EG!?;:;C?A1

B""-.*./- C@DVE W"%*"< 4+*E F;TG? = ?CEG AG: V / = @K:
;A :IG AG9=H=:;C? CD :IG TGH:G` AG: V ;?:C :XC E;ARC;?: =?E

G`I=KA:;TG AG:A (S, SC)1 PG AI=>> CD:G? HGDGHG?@G = @K: RKA: \B
:IG AG: S1
B""-.*./- C@DDE )95%?.*> 4+*E F;TG? = OH=9I G(V, E)/ =

@=9=@;:B DK?@:;C? c : E → [0, 1] =?E = @K: (S, SC)1 ,IG
A9=HA;:B CD = @K: ;A EG!?GE =A

ΥG,S =
∑

e∈E 1[e+∈S,e−∈SC ]c(e)∑
i:s(i)∈S,d(i)∈SC Di

a82c

B""-.*./- C@DHE !.-.#+# )95%?.*> 4+*E F;TG? = OH=9I

G(V, E)/ = @=9=@;:B DK?@:;C? c : E → [0, 1] =?E = @K: (S, SC)1
,IG <;?;<K< A9=HA;:B @K: ;A EG!?GE =A

ΥG = min
S⊂V

∑
e∈E 1[e+∈S,e−∈SC ]c(e)∑

i:s(i)∈S,d(i)∈SC Di
a8[c

!: ;A XG>>SL?CX? :I=: :IG <;?;<K< @K:S@=9=@;:B 9HCT;EGA =?

K99GH \CK?E C? :IG <=`;<K< "CX H=:G1

R"##5 C@DCE ]CH =?B kS@C<<CE;:B "CX f∗ ≤ ΥG

!01 $4,!.() +(4(+!,j

!? :I;A AG@:;C? XG AICX :I=: .+] 9HCT;EGA = :;OI: =9S

9HC`;<=:;C? CD :IG <;?;<K< A9=HA;:B @K: a.*+c DCH H=?EC<

OGC<G:H;@ OH=9IA X;:I = H=?EC< :H=D!@ 9=::GH?1 !? OG?GH=>

:IG .+] ;A ?C: GfK=> :C :IG .*+/ XG ;?@>KEG = XG>> L?CX?

@CK?:GH G`=<9>G ;? ];O1 2 1 .CHGCTGH/ ;: @=? \G AICX? :I=:

:IGHG G`;A: OH=9IA XIGHG :IG O=9 \G:XGG? :IG .+] =?E .*+

;?@HG=AGA X;:I :IG ?G:XCHL A;dG VZW1 QG?@G/ :IG =99HC`;<=:G

<=`S"CX <;?S@K: :IGCHG< GA:=\>;AIGE ;? :I;A AG@:;C? 9>=BA

= @HK@;=> HC>G ;? 9HCT;E;?O = :;OI: @I=H=@:GH;d=:;C? CD :IG

;?:GHDGHG?@GSDHGG =A XG>> =A ;?:GHDGHG?@GS@C?A:H=;?GE @=9=@;:B

CD X;HG>GAA =ESIC@ ?G:XCHLA1

4 +!5"%46!7"4

+!8"%46!5"4

+!7"%46!8"4

444444446!9"4 +!9"4

];O1 21 ,IG $L=<KHCS*GB<CKH G`=<9>G V2ZW DCH XI;@I :IG <=`S"CX ;A 3/4
=?E :IG <;? A9=HA;:B @K: ;A 81

,I;A HG>=:;C?AI;9 ;<9>;GA = :;OI: @I=H=@:GH;d=:;C? CD :IG

;?:GHDGHG?@GSDHGG @=9=@;:B CD X;HG>GAA =ESIC@ ?G:XCHLA X;:I

= IC<COG?CKA :H=?A<;AA;C? H=?OG1 $KH =99HC=@I @=? \G

AK<<=H;dGE =A DC>>CXAJ ]CH = 9=H:;@K>=H EG<=?E TG@:CH/ XG

9HCT;EG =? K99GH \CK?E \B AICX;?O :I=: :IGHG G`;A:A = <K>:;S

@C<<CE;:B @K: ;? Gr CD CHEGH O(g(n)) =?E = >CXGH \CK?E \B
@C?A:HK@:;?O = "CX CD CHEGH Ω(g(n)) ;? = AK\SOH=9IHr ⊆ Gr1

,IGAG HGAK>:A =>C?O X;:I :IG DC>>CX;?O >G<<=A 9HCTG :I=: :IG

@=9=@;:B CD Gr I=A = :;OI: \CK?E Θ(g(n))1

)G<<= ^18 9HCT;EGA AC<G 9HC9GH:;GA DCH OG?GH=> OH=9IA :I=:

;?@>KEG H=?EC< OGC<G:H;@ OH=9IA1

R"##5 L@DE ( OH=9IG(V, E) =?E = AK\SOH=9IH(VH , EH)
AK@I :I=: V = VH A=:;ADB :IG DC>>CX;?O :XC 9HC9GH:;GAJ a=c !D

f ;A = DG=A;\>G "CXSH=:G ;? H :IG? f ;A DG=A;\>G ;? Gk =?E a\c
:IG @=9=@;:B CD = @K: (S, SC) ;? G ;A =>X=BA OHG=:GH :I=? CH

GfK=> :C :IG @=9=@;:B CD :IG @K: ;? H 1

I%//;E ,C 9HCTG 4=H: a=c CD :IG >G<<=/ >G: fH,i DCH 1 ≤
i ≤ k \G :IG "CX DK?@:;C?A =AAC@;=:GE X;:I :IG DG=A;\>G "CX

CD H=:G f ;? H 1 'C:G :I=: :IGAG "CX DK?@:;C?A A=:;ADB :IG

@C?A:H=;?:A ;? -G!?;:;C? [171 PG @C?A:HK@: = "CX ;? G CD

H=:G f X;:I :IG DC>>CX;?O "CX DK?@:;C?AJ ]CH 1 ≤ i ≤ k >G:
fG,i : E → R+ AK@I :I=:

fG,i(e) = fH,i(e) ;D e ∈ EH ,

= 0 ;D e ∈ E − EH a8^c

'CX/ ;D XG AICX :I=: :IG DK?@:;C?A fH,i A=:;ADB :IG "CX

@C?A:H=;?:A/ :IG? :IG "CX H=:G f ;A DG=A;\>G ;? G1 -G!?;:;C?
[17 A:=:GA :I=: c(e) ≥ 0 DCH =>> :IG GEOGA1 (A = HGAK>:/ ∀e ∈
E − EH :IG @=9=@;:B @C?A:H=;?:A =HG A=:;A!GE :H;T;=>>B/ O;TG?

:I=: fG,i(e) = 0 DCH AK@I GEOGA1 ]KH:IGH<CHG/ ∀e ∈ EH XG

I=TG ∑

1≤i≤k

fH,i(e) =
∑

1≤i≤k

fG,i(e) ≤ c(e) a8Yc

,IGHGDCHG/ fG,i A=:;ADB :IG @=9=@;:B @C?A:H=;?:1 !? =EE;:;C?/

?C:G :I=: :IG DC>>CX;?O GfK=:;C?A IC>E ∀v ∈ V J
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X

e∈E:e−=v

fG,i(e) =
X

e∈EH :e−=v

fG,i(e) +
X

e∈E−EH :e−=v

fG,i(e)

=
X

e∈EH :e−=v

fH,i(e) + 0 a8_c

=?E

X

e∈E:e+=v

fG,i(e) =
X

e∈EH :e+=v

fG,i(e) +
X

e∈E−EH :e+=v

fG,i(e)

=
X

e∈EH :e+=v

fH,i(e) + 0 a83c

"fA1 a8_c =?E a83c ;<9>B :I=: :IG ?G: ;?S"CX =?E :IG ?G:

CK:S"CX/ K?EGH fG,i =?E fH,i/ ;A ;EG?:;@=> DCH =>> ?CEGA =?E

@C<<CE;:;GA1 ,IGHGDCHG/ fG,i A=:;A!GA :IG "CX @C?AGHT=:;C?

=?E EG<=?E @C?A:H=;?:A1

,C AICX 4=H: a\c/ C\AGHTG :I=:

ΥG,S =
∑

e∈EH
1[e+∈S,e−∈SC ]c(e)∑

i:s(i)∈S,d(i)∈SC Di

+
∑

e∈E−EH
1[e+∈S,e−∈SC ]c(e)∑

i:s(i)∈S,d(i)∈SC Di

= ΥH,S + = ?C?SdGHC :GH< ≥ ΥH,S. a8Zc

PG I=TG ΥG,S ≥ ΥH,S \G@=KAG c(e) ≥ 0 DCH =>> GEOGA1

3@ X99"% T/+-,

PG K:;>;dG :IG DC>>CX;?O 9HC9GH:;GA CD Gr1

R"##5 L@HE !D r(n) ≥ rc(n) :IG? X1I191 OH=9I Gr ;A AK@I

:I=:J a=c ,IG <;?;<K< TGH:G` EGOHGG ∇ = Ω
(
nr2(n)

)
/ =?E

a\c :IG <=`;<K< TGH:G` EGOHGG ∆ = O
(
nr2(n)

)
1

I%//;E PG !HA: AICX :I=: ∇ = Ω
(
nr2(n)

)
1 ( ?CEG

v ;? Gr ;A @C??G@:GE :C =>> :IG ?CEGA ;? = E;AL CD H=E;KA

r(n) @G?:GHGE =: v 1 ,IG =HG= CD :I;A E;AL ;A πr2(n)1 F;TG?
= K?;DCH<>B H=?EC< E;A:H;\K:;C? CD ?CEGA/ :IG 9HC\=\;>;:B CD

=?C:IGH ?CEG u >B;?O X;:I;? :I;A E;AL ;A πr2(n)1 +C?A;EGH =
H=?EC< T=H;=\>G Yv,u ∈ {0, 1} XI;@I ;A GfK=> :C C?G ;DD ?CEG
u ;A @C??G@:GE :C ?CEG v1 ,IG EGOHGG CD ?CEG v @=? \G XH;::G?
=A deg(v) =

∑
u∈V −{v} Yv,u1 ,IGHGDCHG/ :IG +IGH?CDD 5CK?E

a3c ;<9>;GA :I=: :IGHG G`;A:A = 0 ≤ δ ≤ 1 AK@I :I=:

4H
(
deg(v) ≤ (1 − δ)nπr2(n)

)
< 2e−

δ2
3 nπr2(n). a87c

]HC< :IG K?;C? \CK?E/ XG C\:=;?

4H
(
∇ ≤ (1 − δ)nπr2(n)

)
< n4H

(
deg(v) ≤ (1 − δ)nπr2(n)

)
.

a26c

F;TG? :I=: r(n) ≥ rc(n) XG I=TG r(n) ≥
√

3log(n)
n 1 ,IGHGS

DCHG/ "fA1 a87c =?E a26c ;<9>B :I=:

4H
(
∇ ≤ (1 − δ)πnr2(n)

)
< 2ne−

nδ2
3 × 3πlog(n)

n

= 1/nδ2π−1− log(2)
log(n) . a28c

QG?@G/ )G<<= [1Z :G>> KA :I=: DCH = >=HOG G?CKOI n/ DCH =?B√
2
π ≤ δ ≤ 1/ XG I=TG

4H
(
∇ ≥ (1 − δ)πnr2(n)

)
> 1 − (1/n). a22c

4

&!*"4

!/ !
"/

#/

:!'&!*"5"4
0/1/-2/(+4

7(54

];O1 [1 ,IG ?G:XCHL =HG= ;A E;T;EGE ;?:C :XC HGO;C?AJ AI=EGE =?E K?AI=EGE1
,I;A E;T;A;C? EG!?GA :IG TGH:G` @K:

`
S, SC

´
1 (?B ?CEG :I=: AK@@GAADK>>B

:H=?A<;:A =@HCAA :IG @K: I=A :C D=>> X;:I;? = E;A:=?@G r(n) CD :IG @K: \CK?E=HB/
=?E/ IG?@G/ ;: AICK>E \G>C?O :C HGO;C? A1 QGHG r(n) ;A :IG :H=?A<;AA;C?
H=?OG1 ]KH:IGH<CHG/ = :H=?A<;::GH DHC< S @=??C: I=TG <CHG :I=? Θ(nr(n)2)
HG@G;TGHA ;? SC

PG KAG A;<;>=H =HOK<G?:A :C AICX :I=: ∆ = O
(
nr2(n)

)

X1I1911 ,I;A D=@: DC>>CXA DHC< "f1 aZc/ XI;@I ;<9>;GA :I=:

∀δ ≥ 0

4H
(
deg(v) ≥ (1 + δ)nπr2(n)

)
< 2e−

δ2
3 πnr2(n). a2[c

,IG K?;C? \CK?E =?E :IG D=@: :I=: r(n) ≥
√

3log(n)
n ;<9>;GA

:I=:

4H
(
∆ ≥ (1 + δ)πnr2(n)

)
< n2e−

δ2
3 nπr2(n). a2^c

,IGHGDCHG/ DCH = >=HOG G?CKOI n =?E ∀δ ≥
√

2
π XG I=TG

4H
(
∆ ≤ (1 + δ)πnr2(n)

)
> 1 − (1/n). a2Yc

+C?A;EGH :IG @K: S XI;@I/ =A EGA@H;\GE \B ];O1 [/ E;T;EGA

:IG ?G:XCHL =HG= ;?:C :XC GfK=> 9=H:A CD =HG= 1
2 G=@I1

R"##5 L@CE !D :IG ?G:XCHL @C?A;A:A CD k = Ω(n) *S- 9=;HA
:IG?/ X1I191/ = HGO;C? R CD @C?A:=?: =HG= |R| = 1

2 @C?:=;?A

Θ(k) ACKH@GA X;:I EGA:;?=:;C?A CK:A;EG HGO;C? R1

I%//;E )G: Yi ∈ 0, 1 \G = H=?EC< T=H;=\>G :I=: ;A GfK=>

:C C?G ;DD :IG ith *S- 9=;H ;A AK@I :I=: s(i) \G>C?OA :C HGO;C?
R =?E d(i) ECGA ?C:1 %?EGH = K?;DCH<>B H=?EC< 9>=@G<G?: CD
?CEGA

4H (Yi = 1) = |R|(1 − |R|) =
1
4
. a2_c

,IG :C:=> ?K<\GH CD *S- 9=;HA A=:;ADB;?O :IG HGfK;HGE

@C?E;:;C? @=? \G HG9HGAG?:GE \B Y =
∑k

1 Yi1 !D k = Ω(n)/
:IG? DCH = >=HOG G?CKOI n/ :IG +IGH?CDD 5CK?EA ;<9>;GA :I=:
:IGHG G`;A:A = c > 0 AK@I :I=: DCH =>> 0 ≤ δ1 ≤ 1 =?E δ2 > 0
XG I=TG

4H (Y ≥ (1 − δ1)|R|(1 − |R|)k) > 1 − 2e−
δ2
1
3 k|R|(1−|R|)

≥ 1 − 2e−cn ≥ 1 − 1
n

, a23c
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4H (Y ≤ (1 + δ2)|R|(1 − |R|)k) > 1 − 2e−
δ2
2
3 k|R|(1−|R|)

≥ 1 − 2e−cn ≥ 1 − 1
n

. a2Zc

]KH:IGH<CHG/ @C?A;EGH :IG AK\AG: A ;? S EG!?GE \B = A:H;9

CD E;<G?A;C? 1 × r(n)1 ,IG :C:=> ?K<\GH CD TGH:;@GA ;? ( ;A

Θ(nr(n)) \G@=KAG CD :IG K?;DCH< E;A:H;\K:;C? CD ?CEGA ;? :IG
?G:XCHL1 .CHG A9G@;!@=>>B/ X;:I =HOK<G?:A A;<;>=H :C :ICAG

KAGE DCH :IG 9HCCDA CD :IG =\CTG >G<<=A XG @=? AICX :I=:/

X1I191/ XG I=TG ∀0 ≤ δ ≤ 1/

(1 − δ)nr(n) ≤ |A| ≤ (1 + δ)nr(n). a27c

N:"/%"# L@LE !D r(n) ≥ rc(n) =?E k = Ω(n)/ :IG? X1I191
:IG A9=HA;:B CD :IG @K: S ;A ΥGr,S = O(n2r3(n)/k)

I%//;E (@@CHE;?O :C :IG EG!?;:;C? CD Gr/ :XC ?CEGA =HG

@C??G@:GE ;DD :IGB =HG AG9=H=:GE \B = E;A:=?@G A<=>>GH :I=?

r(n)1 +C?AGfKG?:>B/ ;D =? GEOG @K:A =@HCAA S :IG? ;: I=A :C

\G ;?@;EG?: K9C? = ?CEG =: = E;A:=?@G A<=>>GH :I=? r(n) DHC<
:IG \CK?E=HB AG9=H=:;?O S =?E SC / ;1G1/ :IG IG=E CD :IG GEOG

AICK>E >;G ;? :IG AK\AG: A CD E;<G?A;C? 1×r(n)1 ]KH:IGH<CHG/
DCH G=@I ?CEG ;? A :IG <=`;<K< ?K<\GH CD GEOGA @K::;?O

=@HCAA :IG @K: ;A \CK?EGE \B ∆1 QG?@G/
∑

e∈E

1[e+∈S,e−∈SC ] ≤ |A|∆. a[6c

!? :IG =\AG?@G CD ;?:GHDGHG?@G/ c(e) = 1 DCH =>> :IG GEOGA1
QG?@G/

ΥGr,S =
∑

e∈Er
1[e+∈S,e−∈SC ]∑

i:s(i)∈S,d(i)∈SC Di
≤ |A|∆∑

i:s(i)∈S,d(i)∈SC Di

a[8c

(@@CHE;?O :C )G<<= ^1[/ :IGHG G`;A:A = @C?A:=?: c1 > 0 AK@I
:I=: :IG :C:=> ?K<\GH *S- 9=;HA =@HCAA :IG @K: ;A =: >G=A: c1k1
]KH:IGH<CHG/ \B -G!?;:;C? [17 :IG EG<=?E DCH G=@I 9=;H ;A =:

>G=A: ε1 ,IGHGDCHG/

ΥGr,S ≤ |A|∆
c1εk

. a[2c

)G<<= ^12 ;<9>;GA :I=: :IGHG G`;A:A = @C?A:=?: c2 > 0 AK@I
:I=: ∆ < c2nr2(n)/ XI;>G "f1 a27c ;<9>;GA :I=: :IGHG G`;A:A =
@C?A:=?: c3 > 0 AK@I :I=: |A| < c3nr(n)1 (@@CHE;?O>B/

ΥGr,S ≤ c2nr2(n) × c3nr(n)
c1εk

=
c2c3

c1ε

n2r(n)3

k
a[[c

(?B @K: ;? Gr I=A = A9=HA;:B OHG=:GH :I=? :IG <;?;<K<

A9=HA;:B @K: ΥG1 +C?AGfKG?:>B/ ,IGCHG< ^1Y ;<9>;GA :IG

DC>>CX;?O +CHC>>=HB1

4/%/115%> L@ME !D r(n) ≥ rc(n) =?E k = Ω(n)/ :IG? X1I19
ΥGr ;A K99GH \CK?EGE \B O(n2r(n)3

k )1

T@ R/2"% T/+-,

,C EGA@H;\G = @=9=@;:BS=@I;GT;?O "CX ;? = <CHG OG?GH;@ AG:S

:;?O/ XG KAG =? ;<9CH:=?: HGAK>: DHC< 9=H=>>G> =?E E;A:H;\K:GE

@C<9K:;?O1 +C?A;EGH = <GAI CD l2 9HC@GAA;?O K?;:A X;:I l
9HC@GAACHA ;? G=@I HCX =?E @C>K<?1 )G: G=@I 9HC@GAACH \G

= ACKH@G =?E EGA:;?=:;C? CD G`=@:>B h 9=@LG:A1 ,IG 9HC\>G< CD

! "

#*$+,#

$

%

&

$ ' &

*%( '+
-.

/01'23453-

];O1 ^1 ,IG ?G:XCHL =HG= ;A EG@C<9CAGE ;?:C l2 >CO;@=> AK\SHGO;C?A @=>>GE
AfK=HGS>G:A1 "=@I AfK=HGS>G: I=A = A;EGS>G?O:I CD r(n)/31 ,IG AfK=HGS>G:A @=?
\G ;?EG`GE \B =? ;?:GOGH 9=;H (i, j) AK@I :I=: :IG (i, j)th AfK=HGS>G: \G>C?OA
:C :IG ith HCX DHC< \C::C< =?E :IG jth @C>K<? DHC< >GD:1

HCK:;?O :IG hl2 9=@LG:A :C :IG;H EGA:;?=:;C?A ;A L?CX? =A h×h
9GH<K:=:;C? HCK:;?O =?E @=? \G @I=H=@:GH;dGE \B :IG DC>>CX;?O

HGAK>: V27W1

R"##5 L@PE !D ;? = A;?O>G A>C:/ G=@I 9HC@GAACH @=? :H=?A<;:

C?G 9=@LG: G=@I :C ;:A ;<<GE;=:G ICH;dC?:=> =?E TGH:;@=>

?G;OI\CHA/ :IG? =? h× h 9GH<K:=:;C? HCK:;?O ;? = l × l <GAI
@=? \G 9GHDCH<GE EG:GH<;?;A:;@=>>B ;? hl/2 + o(hl) A:G9A1
PG K:;>;dG :IG DC>>CX;?O @CHC>>=HB :I=: @=? \G HG=E;>B

EGEK@GE DHC< :IG =\CTG )G<<=1

4/%/115%> L@QE !D = 9HC@GAACH ;A @=9=\>G CD :H=?A<;::;?O =:

>G=A: ψ 9=@LG:A :C G=@I CD ;:A ?G;OI\CHA ;? G=@I A>C:/ :IG? =?

h × h 9GH<K:=:;C? HCK:;?O ;? = l × l <GAI @=? \G 9GHDCH<GE
EG:GH<;?;A:;@=>>B ;? hl

2ψ A:G9A1

'CX @C?A;EGH = AK\SOH=9IHr ⊆ Gr C\:=;?GE \B G<9>CB;?O

>C@=:;C? \=AGE @C?A:H=;?:A C? :IG GEOGSAG:1 !? CHEGH :C EGA@H;\G

:IGAG @C?A:H=;?:A/ XG !HA: EG!?G = >C@=:;C?SEG9G?EG?: I=AI

DK?@:;C?1

B""-.*./- L@SE '-,"< 0+-8*./- ζE -;T;EG :IG ?G:XCHL =HG=
;?:C l2 AfK=HGS>G:A V2_W CD A;EGS>G?O:I a = r(n)/3 / =A AICX?
;? ];OKHG ^1 )G: ζ \G = DK?@:;C? :I=: =AAC@;=:GA =? ;?EG` (i, j)
X;:I = AfK=HGS>G: ;? :IG ith @C>K<? =?E jth HCX1 ]KH:IGH<CHG/

:IG ;?EG` =AA;O?GE :C G=@I AfK=HGS>G: ;A =AAC@;=:GE X;:I G=@I

TGH:G` ;? :IG AfK=HGS>G:1

PG C\:=;? Hr \B HG<CT;?O =>> GEOGA/ G`@G9: :ICAG @C??G@:S

;?O :XC ?CEGA ;? TGH:;@=>>B CH ICH;dC?:=>>B =ER=@G?: AfK=HGS>G:A1

PG EC ?C: ?G@GAA=H;>B I=TG :C @C?A;EGH Hr ;? CHEGH :C C\:=;?

= >CXGH \CK?E C? :IG ;?:GHDGHG?@GSDHGG @=9=@;:B1 QCXGTGH/ :IG

9GHDCH<=?@G \CK?EA DCH Hr 9>=B =? ;<9CH:=?: HC>G XIG? XG

=?=>BdG ;?:GHDGHG?@GS@C?A:H=;?GE ?G:XCHLA ;? *G@:;C? 01

B""-.*./- L@UE G"/7%59:.8511> F"?*%.8*", )+$=G%59: Hr E

,IG OH=9IHr(Vr, Er,H) ;A = AK\SOH=9I CDGr X;:I =? ;EG?:;@=>

?CEGSAG: =?E =? GEOGSAG: EG!?GE =AJ

Er,H = {e ∈ E | ζ(e−) = (a, b) ⇒ ζ(e+) = (a ± 1, b ± 1)}
a[^c

+C?A;EGH AC<G CD :IG 9HC9GH:;GA CD :IG AfK=HGS>G:A =?E Hr1
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R"##5 L@DVE V2_W !D r(n) ≥ rc(n) :IG? X1I191 :IG :C:=>
?K<\GH CD ?CEGA ;? =?B AfK=HGS>G: =HG Θ(nr2(n))1

I%//;E ,IG =HG= CD = AfK=HGS>G: ;A GfK=> :C Θ(r2(n))1
QG?@G/ :IG 9HCCD ;A ;EG?:;@=> :C :I=: CD )G<<= ^121

R"##5 L@DDE !D r(n) ≥ rc(n) =?E k = Ω(n)/ :IG? X1I191
:IG :C:=> ?K<\GH CD ACKH@GAY ;? =?B AfK=HGS>G: ;A Θ(kr2(n))
=?E :IG :C:=> EGA:;?=:;C?A ;? =?B AfK=HGS>G: =HG Θ(kr2(n))1

I%//;E ]CH 1 ≤ i ≤ k >G: Yi,m ∈ 0, 1 \G = H=?EC< T=H;=\>G
:I=: ;A GfK=> :C C?G ;DD ACKH@G s(i) \G>C?OA :C :IG mth AfK=HGS

>G:1 )G: Ym =
∑k

1 Yi,m HG9HGAG?: :IG :C:=> ?K<\GH CD ACKH@GA

;? :IG AfK=HGS>G:1 5G@=KAG r(n) ≥ rc(n)/ "f1 a3c ;<9>;GA

4H
(
Ym ≤ (1 − δ)kr2(n))

)
< e−(ck log n)/n a[Yc

,IG :C:=> ?K<\GH CD AfK=HGS>G:A ;? = K?;: AfK=HG ;A GfK=> :C

(3/r(n))×(3/r(n)) ≤ c1n/ logn1 ,IGHGDCHG/ :IG K?;C? \CK?E
;<9>;GA :I=:

4H
(
#.-@ -/@ /; -/,"? .- 5 ?Y+5%"=1"* < Θ(kr2(n)

)

≤ (*/*51 -/@ /; ?Y+5%"=1"*?) × e−(ck log n)/n

≤ (c1n/ logn) × e−(ck log n)/n

= c1/(n(ck/n)−1 log n) a[_c

,IKA/ k ≥ Θ(n) OK=H=?:GGA :IG HGfK;HGE @C?TGHOG?@G =?E
IG?@G XG @=? A=B :I=: G=@I AfK=HGS>G: I=A =: >G=A: Θ(kr2(n))
ACKH@GA1 ,IG K99GH \CK?E C? :IG ?K<\GH CD ACKH@GA =?E

:IG \CK?EA C? :IG ?K<\GH CD EGA:;?=:;C?A @=? \G @=>@K>=:GE

A;<;>=H>B1

R"##5 L@DHE PIG? k *S- 9=;HA =HG @ICAG? K?;DCH<>B H=?S
EC<>B/ :IG? :IG <=`;<K< ?K<\GH CD ACKH@GA 9>KA EGA:;?=:;C?A

9>=@GE C? =?B ?CEG =HG =: <CA:
*( 2k

n )+3log(n)

log(log(n)) 1

I%//;E ,IG >G<<= DC>>CXA DHC< = XG>> GA:=\>;AIGE HGAK>:

C? H=?EC<;dGE >C=E \=>=?@;?O1 +C?A;EGH =? G`9GH;<G?: XIGHG

n \=>>A =HG \G;?O H=?EC<>B E;A:H;\K:GE =<C?O n \;?A1 !: ;A

XG>> L?CX? :I=: X1I191 ?C?G CD :IG \;?A @C?:=;? <CHG :I=?
3log(n)

log(log(n)) \=>>A1 !D XG HG9G=: :IG A=<G G`9GH;<G?: X;:I .
(

2k
n

)
/

\=:@IGA CD n \=>>A/ :IG? ?C \;? XCK>E @C?:=;? <CHG :I=?
*( 2k

n )+3log(n)

log(log(n)) \=>>A1 ,IGHG ;A = E;HG@: =?=>COB \G:XGG? :IG

\=>>AS\;?A 9HC\>G< =?E :IG H=?EC< 9>=@G<G?: CD ACKH@GA =?E

EGA:;?=:;C?A1 ,IG ACKH@GA =?E EGA:;?=:;C?A @=? \G @C?A;EGHGE

:C \G :IG \=>>A/ XI;>G :IG ?CEGA @=? \G @C?A;EGHGE :C \G :IG

\;?A1

N:"/%"# L@DCE !D k = Ω(n)/ r(n) ≥ rc(n) =?E r(n) =
O

(
log(log(n))

log(n)

)
/ :IG? X1I191 :IG <=`;<K< "CX H=:G f∗

H ;? Hr

;A =: >G=A: Θ
(
n2r3(n)/k

)
1

I%//;E ,IG 9HCCD DC>>CXA DHC< <=99;?O T=H;CKA @C<9CS

?G?:A CD :IG 9HC\>G< EG!?GE =\CTG :C :IG h × h 9GH<K:=:;C?
HCK:;?O 9HC\>G<1 )G: KA <=9 G=@I AfK=HGS>G: :C = 9HC@GAACH1

+C?AGfKG?:>B/ DCH :IG @ICAG? A;dG CD AfK=HGS>G:A/ :IG ?G:XCHL

GfK=:GA :C = <GAI CD l2 9HC@GAACHA X;:I l = 3/r(n)1 (AAK<G
:I=: G=@I ACKH@G ;?:G?EA :C :H=?A<;: Di =A :IG ;

th G>G<G?: CD

:IG EG<=?E TG@:CH1 5G@=KAG Di ≤ 1/ )G<<= ^188 ;<9>;GA :I=:
:IG :C:=> ?K<\GH CD \;:A :C \G :H=?A<;::GE :C =?E DHC< G=@I

AfK=HGS>G: =HG =: <CA: h ≤ ckr2(n)1 ];?=>>B/ ?C:G :I=: =?B :XC
?CEGA ;? =ER=@G?: AfK=HGS>G:A =HG X;:I;? = E;A:=?@G r(n)1 ];O1
Y 9HCT;EGA = OGC<G:H;@ 9HCCD DCH :I;A D=@:k =? =>:GH?=:;TG 9HCCD

Y'C:G :I=: = A;?O>G ?CEG @=? \G AG>G@:GE =A ACKH@G DCH <=?B EGA:;?=:;C?A
=?E G=@I C?G ;A @CK?:GE AG9=H=:G>B ;? :I;A )G<<=1

%67

#*$+

#*$+

#

];O1 Y1 ( OGC<G:H;@ 9HCCD :C AICX :I=: =?B :XC 9C;?:A ;? =ER=@G?: AfK=HGS>G:A
=HG X;:I;? = E;A:=?@G Ha?c CD G=@I C:IGH1 ,IG 9HCCD DC>>CXA DHC< :IG D=@: :I=:
:IG @ICHE CD = @;H@>G >;GA X;:I;? ;:1

@=? \G G=A;>B C\:=;?GE \B G<9>CB;?O :IG 4B:I=OCH=A :IGCHG<1

!? G=@I A>C:/ XG @=? AG?E C?G 9=@LG: =>C?O G=@I GEOG \G:XGG?

:XC =ER=@G?: AfK=HGS>G:A1 ,IGHGDCHG/ )G<<= ^186 ;<9>;GA :I=:

ψ = (#.-@ -/@ /; ",7"? $"*2""- 5,Z58"-* ?Y+5%"=1"*?)
≥ (#.-@ -/@ /; -/,"? 9"% ?Y+5%"=1"*)2 ≥ c1n

2r4(n)

,IGHGDCHG/ :IG :C:=> ?K<\GH CD A>C:A γ HGfK;HGE :C @C<9>G:G
:IG EGA;HGE HCK:;?O ;A

γ ≤ (c2hl/ψ)
≤ c2 × (ckr2(n)) × (3/r(n)) × (1/c1n

2r4(n))
= (3c2ck/c1n

2r3(n)) a[3c

PG @=? HG9G=: :IG =\CTG HCK:;?O 9GH;CE;@=>>B :C OK=H=?:GG

= "CX H=:G CD f = (1/γ) ≥ Θ(n2r3(n)/k)1 5B EG!?;:;C?/
:IG <=`S"CX H=:G ;A OHG=:GH :I=? =?B C:IGH DG=A;\>G "CX H=:G/

=?E :IG :IGCHG< DC>>CXA1 PG I=TG CTGHS>CCLGE =? ;<9CH:=?:

AK\:>G:B ;? :IG =\CTG =HOK<G?:1 PG I=TG =AAK<GE :I=: E;A:;?@:

?CEGA ;? = AfK=HGS>G: @=? \G :HG=:GE =A A;?O>G 9HC@GAACH1 ,I;A

=AAK<9:;C? ;A T=>;E ;D =?E C?>B ;D :IG "CX :IHCKOI = 9=H:;@K>=H

?CEG ECGA ?C: \G@C<G = \C::>G?G@L1 ,IG <=`;<K< H=:G =:

XI;@I = ?CEG @=? AG?E CH HG@G;TG ;?DCH<=:;C? ;A \CK?EGE \B

Θ(nr(n)2)1 )G<<= ^182 AICXA :I=: :IG <=`;<K< ?K<\GH

CD ACKH@G =?E EGA:;?=:;C?A C? = A;?O>G ?CEG =HG \CK?EGE

\B
*( 2k

n )+3log(n)

log(log(n)) 1 QG?@G/ :IG =\CTG =HOK<G?: ;A AKD!@;G?: :C

C\:=;? = >CXGH \CK?E ;D
cnr(n)2

"( 2k
n )#3log(n)

log(log(n))

= Ω
(

n2r(n)3

k

)
1 ,I;A

@C?E;:;C? ;A A=:;A!GE C?>B XIG? r(n) = O
(

log(log(n))
log(n)

)
1

!? :IG HG<=;?EGH CD :IG 9=9GH/ K?>GAA A:=:GE C:IGHX;AG/ ;: ;A

=AAK<GE :I=: r(n) = O
(

log(log(n))
log(n)

)
1 (OOHGO=:;?O :IG =\CTG

HGAK>:A/ XG I=TG :IG DC>>CX;?O @C?@>KA;C?1

N:"/%"# L@DLE !D r(n) = Ω
√

log n/n =?E k = Ω(n)/ :IG?
:IG <=`S "CX f∗

G ;? Gr ;A CHEGH C9:;<=> =?E @=? \G KAGE :C

9HCTG = :;OI: =99HC`;<=:;C? CD :IG <;?SA9=HA;:B @K: Υ∗
Gr

;?

Gr1 .CHGCTGH/ :IG f∗
G =?E Υ∗

Gr
A@=>G =A Θ

(
n2r3(n)/k

)
1

I%//;E )G<<= ^18 ;<9>;GA :I=: f∗
G ≥ f∗

H 1 QG?@G/ :IG

HGAK>: DC>>CXA DHC< :IG >CXGH \CK?E 9HCT;EGE \B ,IGCHG<

^18[ =?E :IG K99GH \CK?E 9HCT;EGE \B +CHC>>=HB ^1Y
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*@=>;?O >=XA DCH k = Θ(n) I=TG \GG? O;TG? A9G@;=> =::G?:;C?
;? :IG >;:GH=:KHG1 (@@CHE;?O>B/ ;: ;A XCH:I A:=:;?O G`9>;@;:>B :IG

=\CTG HGAK>:A DCH :I;A A@G?=H;C1

4/%/115%> L@DME +C?A;EGH =? =ESIC@ ?G:XCHL EGA@H;\GE \B

= H=?EC< 9>=@G<G?: CD n ?CEGA ;? = K?;: AfK=HG/ X;:I Θ(n)
*S- 9=;HA =?E = IC<COG?CKA :H=?A<;AA;C? H=?OG CD r(n) =
Ω(

√
log n/n)1 ,IG ;?:GHDGHG?@GSDHGG @=9=@;:B CD :IG ?G:XCHL

A@=>GA =A Θ
(
nr3(n)

)
1

01 !',"&]"&"'+"S)!.!,"- +(4(+!,j

3@ G"-"%51 F"?+1*? /- '-*"%;"%"-8" !/,"1?

!?:GHDGHG?@G @=? AGTGHG>B >;<;: :IG ?G:XCHL @=9=@;:B1 !? :I;A

AG@:;C?/ XG C\:=;? A@=>;?O >=XA DCH :IG *4&/ .4& =?E .4,&

;?:GHDGHG?@G <CEG>A1 PG 9H;<=H;>B DC@KA C? EGEK@;?O >CXGH

\CK?EA1 .CHGCTGH/ :C D=@;>;:=:G = AK@@;?@: =?=>BA;A/ XG EGTG>C9

AC<G =EE;:;C?=> :GH<;?C>COB =?E GA:=\>;AI AC<G ;<9CH:=?:

HGAK>:A1

&G@=>> DHC< *G@:;C? !!! :I=:/ DCH :XC E;DDGHG?: @C<<K?;@=S

:;C? A@IG<GA A =?E B aG1O1/ *4& =?E .4&c EG!?GE ;? :IG

A=<G OH=9I/ :IG;H @CHHGA9C?E;?O ;?:GHDGHG?@G DK?@:;C?A IA =?E

IB =HG E;DDGHG?:1

B""-.*./- M@DE B+51='-*"%;"%"-8"=)"*E +C?A;EGH =? GEOG

AG: E =?E =? ;?:GHDGHG?@G AG: I(e) DCH =? GEOG e ∈ E/ =A
EG!?GE ;? -G!?;:;C? [121 ,IG EK=> ;?:GHDGHG?@GSAG: DCH e ;A
EG!?GE \B F (e) = {ê ∈ E | e ∈ I(ê)}/ XI;@I ;A :IG AG: CD
GEOGA :I=: G`9GH;G?@G = @C>>;A;C? C? =@@CK?: CD = :H=?A<;AA;C?

C? GEOG e1
B""-.*./- M@HE B+51 4/-!.8* G%59:E F;TG? = OH=9I

G(V, E) =?E =? ;?:GHDGHG?@G DK?@:;C? I / XG EG!?G :IG ,+51
8/-!.8* 7%59: =A GD(E, ED) / XIGHG ED = {(e, ê) | ê ∈
I(e))}1
B""-.*./- M@CE N/*51 B"7%"" .- B+51 4/-!.8* G%59:E ,IG

:C:=> EGOHGG CD G=@I ?CEG ;? = EK=> @C?";@: OH=9I ;A GfK=> :C

|M(e)| XIGHG M(e) = I(e)
⋃

F (e)1
*;<;>=H :C :IG XCHL ;? V2YW/ XG I=TG :IG DC>>CX;?O )G<<=1

R"##5 M@LE +C?A;EGH = OH=9I G(V, E) =?E ;?:GHDGHG?@G I 1
)G: κ = maxe∈E |M(e)| 1 !D f ;A = DG=A;\>G "CX H=:G ;? :IG

=\AG?@G CD ;?:GHDGHG?@G/ :IG? "CX H=:G fI = f/(1 + κ) ;A
DG=A;\>G ;? 9HGAG?@G CD ;?:GHDGHG?@G I 1

I%//;E !? :IG =\AG?@G CD ;?:GHDGHG?@G :IG @=9=@;:B CD G=@I

GEOG ;A =AAK<GE :C \G C?G1 QCXGTGH/ \G@=KAG CD ;?:GHDGHG?@G/

=>> GEOGA @=??C: \G =@:;T=:GE A;<K>:=?GCKA>B1 )G: σ \G :IG

<;?;<K< DHGfKG?@B X;:I XI;@I G=@I GEOG ;A =@:;T=:GE X;:ICK:

@=KA;?O =?B ;?:GHDGHG?@G @C?";@:A1 ,IG?/ DCH G=@I GEOG XG

I=TG c(e) ≥ 1/σ1
$\AGHTG :I=: κ ;A :IG <=`;<K< TGH:G` EGOHGG CD :IG EK=>

@C?";@: OH=9I GD 1 !: ;A XG>> L?CX? :I=:/ ;D κ ;A :IG <=`;<K<
TGH:G` EGOHGG/ :IG? κ + 1 @C>CHA =HG AKD!@;G?: :C 9HCT;EG =
9HC9GH TGH:G` @C>CH;?O V[6W1 ,IKA/ XG @=? 9=H:;:;C? :IG GEOGS

AG: E ;?:C 1 + κ AK\AG:A AK@I :I=: ?C :XC GEOGA ;? :IG A=<G
AK\AG: ;?:GHDGHG1 +C?AGfKG?:>B/ XG @=? 9GH;CE;@=>>B =@:;T=:G

:IGAG AK\AG:A :C HG=>;dG c(e) ≥ 1/(1+κ) DCH G=@I GEOG1 ,IKA/
= DG=A;\>G "CX H=:G fI = f/(1+κ) @=? \G C\:=;?GE \B A@=>;?O
:IG "CX DK?@:;C?A =AAC@;=:GE X;:I f \B = D=@:CH CD 1/(1+κ)1

,IG <=`;<K< TGH:G` EGOHGG ECGA ?C: 9HCT;EG = :;OI: \CK?E

C? :IG <;?;<K< ?K<\GH CD @C>CHA HGfK;HGE :C 9HCT;EG = 9HC9GH

TGH:G` @C>CH;?O1 (@@CHE;?O>B/ :C =?=>BdG = X;EGH T=H;G:B CD

9HC:C@C> <CEG>A/ XG ;?:HCEK@G :IG @C?@G9: CD .-*"%;"%"-8"

81/-"?1

B""-.*./- M@ME '-*"%;"%"-8" 41/-"E ,XC GEOGA e1, e2 =HG

A=;E :C \G ;?:GHDGHG?@GS@>C?GA K?EGH DK?@:;C? I ;D :IGB A=:;ADB
:IG @C?E;:;C?A :I=: M(e1) = M(e2)1
R"##5 M@PE 41/-" I.77>=$586.-7 R"##5E +C?A;EGH =

OH=9I G(V, E) =>C?O X;:I ;?:GHDGHG?@G DK?@:;C?A IA =?E IB 1

,IG? IA =?E IB =HG AK@I :I=:J

8c κ = maxe∈E |MA(e)|/
2c ∀e ∈ E/ :IGHG G`;A:A = AG: MA,B̄(e) ⊆ MA(e) AK@I :I=:
GTGHB GEOG \G>C?O;?O MA,B̄(e) ;A =? ;?:GHDGHG?@GS@>C?G

CD e K?EGH IB 1 ]KH:IGH/ >G: µ = mine∈E |MAB̄(e)|1
!D f ;A = DG=A;\>G "CX H=:G ;? G X;:ICK: =?B ;?:GHDGHG?@G/

fIA = f/(1 + κ) ;A = DG=A;\>G "CX H=:G ;? G K?EGH :IG IA

;?:GHDGHG?@G DK?@:;C? =?E κ =A ;:A @CHHGA9C?E;?O 9=H=<G:GH/

:IG? fIB = f(1 + µ)/(1 + κ) ;A DG=A;\>G ;? 9HGAG?@G CD
;?:GHDGHG?@G EG!?GE \B IB 1

I%//;E +C?A;EGH :IG ;?:GHDGHG?@G EG!?GE \B IA1 ]HC<

)G<<= Y1^ XG L?CX :I=: :IGHG G`;A:A = @C?";@: DHGG 9GH;CE;@

A@IGEK>G XI;@I @=? =@:;T=:G G=@I GEOG =: >G=A: C?@G GTGHB

(1 + κ) A>C:A1 )G: KA HG9HGAG?: :I;A A@IGEK>G \B =? ;?E;@=:CH
DK?@:;C? α(e, τ)/ XI;@I GfK=>A C?G ;DD GEOG e ;A =@:;TG ;? A>C:
τ 1 'C:G :I=: :IG @=9=@;:B CD G=@I GEOG K?EGH A@IGEK>G α ;A

O;TG? \B

cα(e) = lim
T→∞

1
T

Στ=1:T α(e, τ) = 1/(1 + κ). a[Zc

'CX >G: KA KAG :I;A A@IGEK>G ;? :IG 9HGAG?@G CD ;?:GHDGHG?@G

IB 1 $\AGHTG :I=: α =>>C@=:GA = E;A:;?@: A>C: DCH G=@I GEOG

;? MA,B̄(e)
⋂
{e} DCH GTGHB e1 +C?AGfKG?:>B/ GTGHB GEOG I=A

|MA,B̄(e)| ;?:GHDGHG?@G @>C?GA A@IGEK>GE ;? A>C:A E;A:;?@: DHC<
G=@I C:IGH =?E :IG GEOG ;:AG>D1 !? =EE;:;C?/ ?C:G :I=: ;D =? GEOG

;A =@:;T=:GE ;? = :;<G A>C: <G=?: DCH C?G CD ;:A ;?:GHDGHG?@G

@>C?GA/ :IG? ;: ECGA ?C: >G=E :C =?B @C?";@:1 ,IGHGDCHG/ XG @=?

EG!?G = ?GX @C?";@:SDHGG A@IGEK>G β AK@I :I=: β(e, τ) = 1
;DD :IGHG G`;:A =? e1 ∈ MA,B̄(e)

⋂
{e} AK@I :I=: α(e1, τ) = 11

F;TG? :I=: µ = mine∈E |MAB̄(e)|/ :IG @=9=@;:B CD G=@I GEOG
K?EGH A@IGEK>G β DCH ;?:GHDGHG?@G IB / ;A O;TG? \B

cβ(e) = lim
T→∞

1
T

Σe1∈MA,B̂
Στ=1:T α(e1, τ)

= (1 + µ) × (1/(1 + κ)) a[7c

(@@CHE;?O>B/ = DG=A;\>G "CX CD fIB = f(1 + µ)/(1 + κ) @=?
\G C\:=;?GE \B A@=>;?O =>> :IG "CX DK?@:;C?A =AAC@;=:GE X;:I

:IG ;?DGHG?@GSDHGG "CX \B = D=@:CH CD (1 + µ)/(1 + κ)1
!? :IG AK\AGfKG?: E;A@KAA;C?/ XG !?E ;: @C?TG?;G?: :C

EGEK@G = \CK?E DCH = 9=H:;@K>=H ;?:GHDGHG?@G <CEG> =?E :IG?

AICX :I=: ;: =99>;GA :C = X;EGH AG: CD <CEG>A1 !? CHEGH :C

D=@;>;:=:G AK@I =HOK<G?:A/ XG EG!?G :IG DC>>CX;?O 9=H:;=> CHEGH1

B""-.*./- M@QE I5%*.51 [%,"% /; '-*"%;"%"-8" !/,"1?E (?

;?:GHDGHG?@G DK?@:;C? IA ;A A=;E :C \G <CHG HGA:H;@:;TG :I=? IB /

HG9HGAG?:GE =A IA 0 IB / ;DD GTGHB GEOG A=:;A!GA :IG @C?E;:;C?

:I=: IB(e) ⊆ IA(e) 1
R"##5 M@SE +C?A;EGH = OH=9I G(V, E) =>C?O X;:I ;?:GHDGHS

G?@G IA =?E IB 1 !D IA 0 IB / :IG? = DG=A;\>G "CX H=:G K?EGH

IA HG<=;?A DG=A;\>G K?EGH IB 1

I%//;E ( @C?";@: DHGG A@IGEK>G K?EGH IA HG<=;?A @C?";@:

DHGG K?EGH IB 1 QG?@G XG @=? A=B :I=: cA(e) ≤ cB(e)/ XIGHG
cA(e) =?E cB(e) HG9HGAG?: :IG GEOG @=9=@;:;GA K?EGH G=@I
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;?:GHDGHG?@G <CEG>1 ,IGHGDCHG/ ;D = 9=H:;@K>=H "CX A=:;A!GA

:IG @=9=@;:B @C?A:H=;?:A K?EGH IA/ ;: ?G@GAA=H;>B A=:;A!GA :ICAG

A=<G @C?A:H=;?:A K?EGH IB 1

T@ R/2"% T/+-,?

-;HG@: =?=>BA;A CD :IG ;?:GHDGHG?@G <CEG>A @=? \G :GE;CKA1

QG?@G/ DCH <=:IG<=:;@=> @C?TG?;G?@G/ XG @C?A;EGH :IG DC>S

>CX;?O HGA:H;@:;TG <CEG>A1 )G<<= Y1Z =>>CXA KA :C K:;>;dG :IG

9GHDCH<=?@G >;<;:A K?EGH :IGAG HGA:H;@:;TG <CEG>A :C ;?E;HG@:>B

\;?E :IG @=9=@;:B K?EGH :IG ;?:GHDGHG?@G <CEG>A DCH *4&/ .4&

=?E .4,&1

PG EG!?G = HGA:H;@:;TG ;?:GHDGHG?@G <CEG> :I=: ;?:HCEK@GA

<CHG HGA:H;@:;C?A a;1G1/ @C>>;A;C?Ac C? :IG ;?:GHDGHG?@G AG: DCH

G=@I GEOG :I=? :ICAG A:H;@:>B E;@:=:GE \B :IG CH;O;?=> ;?:GHDGHS

G?@G <CEG>1 PG X;>> AICX :I=:/ K?EGH :I;A HGA:H;@:;TG <CEG>/

:IG CHEGH CD :IG >CXGH \CK?E @=9=@;:B =@I;GTGA :IG K99GH

\CK?E K?EGH :IG CH;O;?=> a?C?SHGA:H;@:;TGc ;?:GHDGHG?@G <CEG>1

B""-.*./- M@UE F"?*%.8*", )IF JF)IFK !/,"1E

I&*4&(e) = W (e) − {e} ∀e ∈ Er,H

2:"%" W (e) =
⋃

ê:ζ(ê−)=ζ(e−)

MSPR(ê) a^6c

B""-.*./- M@DVE F"?*%.8*", !IF JF!IFK !/,"1E

I&.4&(e) = W (e) − U(e) ∀e ∈ Er,H

2:"%" U(e) =
{
ê ∈ Er,H | ê− = e−

}
a^8c

B""-.*./- M@DDE F"?*%.8*", !INF JF!INFK !/,"1E

I&.4,&(e) = W (e) − V (e) ∀e ∈ Er,H

2:"%" V (e) =
⋃

ê:ζ(ê−)=ζ(e−)

U(ê) a^2c

+C?A;EGH :IG DC>>CX;?O 9HC9GH:;GA CD :IG HGA:H;@:GE <CEG>A1

R"##5 M@DHE ]CH :IG OH=9I Hr/ XG I=TG = 9=H:;=> CHEGH

EG!?GE \B a;c I*4& 0 I.4& 0 I.4,&/ a;;c I&*4& 0 I&.4& 0
I&.4,&/ a;;;c I*4& 0 I&*4& a;Tc I&.4& 0 I.4& aTc I&.4,& 0
I.4,&

I%//;E a*LG:@Ic ,IG 9HCCD DCH :IG 9=H:;=> CHEGHA a;c :C a;;;c

DC>>CXA E;HG@:>B DHC< :IG EG!?;:;C?A1 4=H:;=> CHEGH a;Tc DC>>CXA

DHC< :IG D=@: :I=: J(e) ⊆ W (e) =?E U(e) ⊆ A(e) − B(e)1
*;<;>=H>B/ :IG D=@: :I=: A(e) ⊆ V (e) ;<9>;GA 9=H:;=> CHEGH aTc1

R"##5 M@DCE !D r(n) ≥ rc(n)/ :IG? =>> GEOGA e ∈ Er,H

I=TG |M(e)| = Θ
(
n2r4(n)

)
K?EGH ;?:GHDGHG?@G EGA@H;\GE \B

G;:IGH CD :IG <CEG>AJ I*4&, I.4&, I.4,&, I&*4&, I&.4&, I&.4,&1
I%//;E ]HC< )G<<= Y182 XG @=? @C?@>KEG :I=: &*4& ;A

:IG <CA: HGA:H;@:;TG <CEG>/ XI;>G .4,& ;A :IG >G=A: HGA:H;@:;TG

<CEG>1 ]KH:IGH ?C:G :I=: F&*4&(e) ⊆ W (e) =?E I.4,&(e) ⊆
M.4,&(e)1 QG?@G/ ;: AKD!@GA :C 9HCTG :IG DC>>CX;?OJ

γmax = maxe∈Er,H |W (e)| = O(n2r4(n)) a^[c

γmin = mine∈Er,H |I.4,&(e)| = Ω(n2r4(n)) a^^c

&G@=>> :I=: = ?CEG ;? Hr ;A @C??G@:GE :C =>> =?E C?>B :ICAG

?CEGA :I=: =HG 9>=@GE ;? =ER=@G?: AfK=HGS>G:A1 QG?@G )G<<=

^186 :G>>A KA :I=: :IG EGOHGG CD G=@I TGH:G` v ∈ Hr ;A \CK?EGE

=A

4c1nr2(n) ≤ deg(v) ≤ 4c2nr2(n) a^Yc

'CX >G:A 9HCTG :IG >CXGH \CK?E \B @C?A;EGH;?O :IG .4,&

<CEG>1 (@@CHE;?O :C -G!?;:;C? [1Y/ :IG :H=?A<;AA;C? C? GEOG

e G`9GH;G?@GA ;?:GHDGHG?@G DHC< =?B :H=?A<;AA;C? \B = ?CEG

v AK@I :I=: r(n) < ‖Xe− − Xv‖ ≤ (1 + η)r(n)1 ,IGHGDCHG/
:IGHG G`;A:A =? =??K>=H H;?O =HCK?E e− CD X;E:I ηr(n) AK@I
:I=: =?B :H=?A<;AA;C? DHC< = ?CEG ;? :I;A H;?O ;?:GHDGHGA X;:I

e1 ,IG =HG= CD :I;A =??K>=H H;?O ;A O;TG? \B

5%"5 /; 5--+15% %.-7 = η(2 + η)πr2(n) a^_c

PG I=TG =>HG=EB AGG? a )G<<= ^12c :I=: =? =HG= CD Θ(r2(n))
@C?:=;?A =: >G=A: Θ(nr2(n)) ?CEGA1 QG?@G/ :IGHG G`;A:A = c3

AK@I :I=:

γmin ≥ c3nr2(n) × 4c1nr2(n) a^3c

"f1 a^3c 9HCTGA :IG HGfK;HGE >CXGH \CK?E1 ,IG 9HCCD DCH :IG

K99GH \CK?E ;A C\:=;?GE X;:I = A;<;>=H =HOK<G?:1 ];HA:/ >G: KA

;?A9G@: :IG :H=?A<;AA;C? =>C?O GEOG e K?EGH :IG *4& <CEG>1
(?B :H=?A<;AA;C? DHC< = ?CEG ;? = E;AL CD H=E;KA (1+ η)r(n)
=HCK?E e−/ ;?:GHDGHGA X;:I e1 .CHGCTGH/ = :H=?A<;AA;C? DHC<
e+ ;?:GHDGHGA X;:I =?B HG@G9:;C? ;? = E;AL CD H=E;KA (1+η)r(n)
=HCK?E e+1 F;TG? :I=: ‖Xe+ − Xe−‖ ≤ r(n)/ :IGHG G`;A:A =
E;AL CD H=E;KA (2+η)r(n) =HCK?E e− @C?:=;?;?O =>> :IG ?CEGA
:I=: <=B I=TG :H=?A<;AA;C? @C?";@:A X;:I e1 ]KH:IGH ?C:G :I=:
= AfK=HGS>G: @=? \G @C<9>G:G>B ;?A@H;\GE ;? = @;H@K<S@;H@>G CD

H=E;KA (1/3
√

2)r(n)1 QG?@G/ :IGHG G`;A:A = @;H@>G CD <=`;<K<
H=E;KA R = (2 + η + (1/3

√
2))r(n) @C?:=;?;?O =>> :IG ?CEGA

:I=: <=B I=TG :H=?A<;AA;C? @C?";@:A X;:I e K?EGH :IG <CEG>
&*4&1 ,IG =HG= CD R ;A Θ(r2(n)) =?E IG?@G :IGHG G`;A:A =
@C?A:=?: c4 AK@I :I=:

γmax = maxe∈Er,H |W (e)|
≤ J#5<@ -/@ /; -/,"? .- FK× J#5<@ -/," ,"7%""K

≤ c4n(2 + η + (
√

2/6))2r(n)2 × 4c2nr2(n)
= O(n2r4(n)) a^Zc

R"##5 M@DLE +C?A;EGH :IG OH=9I Hr X;:I r(n) ≥ rc(n)
=?E k = Ω(n)1 !? AK@I = OH=9I/ G=@I GEOG e I=A =: >G=A:
Θ

(
nr2(n)

)
@>C?GA K?EGH ;?:GHDGHG?@G I&.4& =?E Θ

(
n2r4(n)

)

@>C?GA K?EGH ;?:GHDGHG?@G I&.4,&/ AK@I :I=: :IGAG @>C?GA

;?:GHDGHG X;:I G=@I C:IGH =?E e/ K?EGH :IG ;?:GHDGHG?@G I&*4&1
I%//;E (@@CHE;?O :C -G!?;:;C?A Y186 =?E Y188/ U(e) =?E

V (e) HG9HGAG?: :IG EGA;HGE AG: CD @>C?GA DCH I&.4& =?E I&.4,&
HGA9G@:;TG>B1 )G<<= ^186 ;<9>;GA :I=: :IGHG G`;A: c1 =?E c2

AK@I :I=:

µRMPR = mine∈Er,H |U(e)|
≥ #.-@ O"%*"< ,"7%""

= c1nr2(n) a^7c

µRMPTR = mine∈Er,H |V (e)|
≥ [mine∈Er,H |U(e)|] × #.-@ -/,"? 9"% ?Y+5%"=1"*

≥ c1nr2(n) × c2nr2(n) aY6c

N:"/%"# M@DME ]CH r(n) ≥ rc(n) =?E k = Ω(n)/ :IG @=9=@S
;:B CD H=?EC< OGC<G:H;@ ?G:XCHL ;A =: >G=A:J a=c Θ(1/r(n)k)
K?EGH :IG *4& <CEG>/ a\c Θ(nr(n)/k) K?EGH :IG .4& <CEG>/
=?E a@c Θ(n2r3(n)/k) K?EGH :IG .4,& <CEG>1
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I%//;E &G@=>> :I=: :IG @=9=@;:B CD :IG H=?EC< ?G:XCHL ;A

OHG=:GH :I=? :IG DG=A;\>G "CX H=:G ;? Hr1 ,IGCHG< ^18[ AICXA

:I=: = H=:G CD f = c1n2r3(n)/k ;A DG=A;\>G ;? Hr1 (EE;:;C?=>>B/

)G<<= Y18[ AICXA :I=: :IG A;dG CD :IG >=HOGA: ;?:GHDGHG?@G AG:

K?EGH &*4& ;A =: <CA: κ = c2n2r4(n)1 QG?@G/ )G<<= Y1^
;<9>;GA :I=: = H=:G CD

fRSPR = f × (1/(1 + κ)) ≥ (c3/r(n)k) aY8c

;A DG=A;\>G K?EGH :IG &*4& <CEG>1 !D XG :=LG ;?:C @C?A;EGH=S

:;C? :IG ;?:GHDGHG?@G @>C?GA/ :IG? )G<<= Y1_ DKH:IGH ;<9>;GA

:I=: :IG H=:G

fRMPR = f × (1/(1 + κ)) × (1 + µRMPR)
≥ (c3/r(n)k) × (c4nr2(n))
= (c3c4nr(n)/k) aY2c

;A DG=A;\>G K?EGH :IG &.4& <CEG>1 *;<;>=H>B/ :IG H=:G

fRMPTR = f × (1/(1 + κ)) × (1 + µRMPTR)
≥ (c3/r(n)k) × (c5n

2r4(n))
= (c3c5n

2r3(n)/k) aY[c

;A DG=A;\>G K?EGH :IG &.4,& <CEG>1 ];?=>>B/ ?C:G :I=: =

DG=A;\>G H=:G K?EGH = HGA:H;@:GE <CEG> ;A ?G@GAA=H;>B DG=A;\>G

K?EGH :IG CH;O;?=> <CEG>1 QG?@G/ :IG HGAK>: 9HCTG? ;? )G<<=

Y18[ @C<9>G:GA :IG 9HCCD1

!: @=? \G G=A;>B AICX? :I=: :IG K99GH \CK?E DCH *4& =?E .4&

;A :IG A=<G =A :IG >CXGH \CK?E \K: :IG EG:=;>A =HG C<;::GE IGHG

=?E @=? \G DCK?E ;? V[8W1

,IG ;?:GHDGHG?@GSDHGG @=9=@;:B 9HCT;EGA =? K99GH \CK?E C?

:IG @=9=@;:B K?EGH =?B <CEG>/ =?E ,IGCHG< Y18Y =>HG=EB

AICXA :I=: :IG .4,& <CEG> =@I;GTGA :I;A @=9=@;:B1 QCXGTGH/

XG ?GGE :C 9HCT;EG =EE;:;C?=> =HOK<G?:A :C C\:=;? = :;OI:

\CK?E C? :IG @=9=@;:B K?EGH *4& =?E .4&1 $KH =HOK<G?:A

=HG A;<;>=H :C :ICAG KAGE ;? V_W =?E V^W/ =?E XG \H;G"B ALG:@I

:IG 9HCCD CD :IG DC>>CX;?O HGAK>: DCH :IG A=LG CD @C<9>G:G?GAA1

N:"/%"# M@DPE ]CH r(n) ≥ rc(n) =?E k = Ω(n)/ :IG @=9=@S
;:B CD H=?EC< OGC<G:H;@ ?G:XCHL ;A =: <CA:J a=c Θ(1/r(n)k)
K?EGH :IG *4& <CEG>/ a\c Θ(nr(n)/k) K?EGH :IG .4& <CEG>/
=?E a@c Θ(n2r3(n)/k) K?EGH :IG .4,& <CEG>1

I%//;E a*LG:@Ic +C?A;EGH :IG +K: S ;? ];OKHG [1 ,IG

@=9=@;:B CD :I;A @K: =?E IG?@G :IG ?G:XCHL ;A >GAA :I=?

J-/@ /; *%5-?#.**"%? .- 3K× J#5<@ *%5-#.??./- 9"% -/,"K

(1/2)k
aY^c

,IG :C:=> ?K<\GH CD :H=?A<;::GHA ;? A ;A A<=>>GH :I=? :IG

:C:=> ?K<\GH CD ?CEGA ;? A1 PG I=TG =>HG=EB AICX? :I=:
:IG :C:=> ?K<\GH CD ?CEGA ;A Θ(nr(n))1 %?EGH :IG .4,&
<CEG>/ G=@I ?CEG @=? :H=?A<;: = <=`;<K< CD Θ(nr2(n))
9=@LG:A/ =?E K?EGH :IG .4& <CEG> G=@I 9=@LG: :H=?A<;:A RKA:

= A;?O>G 9=@LG:1 ,I;A 9HCT;EGA :IG \CK?EA DCH .4& =?E .4,&1

,C C\:=;? :IG \CK?E DCH *4&/ XG ?C:G :I=: G=@I :H=?A<;::GH

A;>G?@GA =>> :IG ?CEGA X;:I;? =? =HG= CD Θ(r2(n))1 QG?@G/ C?>B
Θ(1/r(n)) ?CEGA =HG @=9=\>G CD :H=?A<;::;?O A;<K>:=?GCKA>B
=@HCAA = @K:1 "=@I CD :IGAG ?CEGA :H=?A<;:A = A;?O>G 9=@LG:/
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