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Abstract.  The Fisher information matrix plays a very important role
in both active learning and information geometry. In a special case of
active learning (nonlinear regressionwith Gaussian noise), the inverseof
the Fisher information matrix { the dispersion matrix of parameters {
induces a variety of criteria for optimal experiment design. In informa-
tion geometry, the Fisher information matrix de nes the metric tensor
on model manifolds. In this paper, | explore the intrinsic relations of
thesetwo elds. The conditional distributions which belongto exponen-
tial families are known to be dually at. Moreover, the author proves
for a certain type of conditional models, the embedding curvature in
terms of true parameters also vanishes. The expected Riemannian dis-
tance betweencurrent parameters and the next update is proposedto be
the loss function for active learning. Examples of nonlinear and logistic
regressionsare given in order to elucidate this active learning scheme.

1 Intro duction

Activ e learning is a subcategory of machine learning. The learner seeksnew
examplesfrom a speci c region of input spaceinstead of passiwely taking the
examplesgeneratedby an unknown oracle. It is crucial when the e ort of ac-
quiring output information is much more demanding than collecting the input
data. When the objectiveis to learn the parametersof an unknown distribution,
a data point (x;y) contains input variables x and output variablesy. Activ ely
choosing x distorts the natural distribution of p(x;y) but generatesno bias
on the conditional distribution p(yjx). Therefore, parameters of p(yjx) can be
estimated without bias.

One of the most well-known active learning schemesfor parameter estimation
is optimal experiment design([7]). Supposey N ( f(ig,); 2). De ne the Fisher
infornp_ation matrix of n inputs (x1; ;X,) asM = ?:1 f(x¢) f(x¢)", and
Y = [ yef(x¢). Then the maximum likelihood estimator of is the linear
estimator = M 1Y, and the dispersion matrix of estimated parameters "
isV(" = Ef(" )" )g= M 1 The dispersion matrix measuresthe
deviation of the estimated parametersfrom the true parameters.A variety of loss
functions basedon the dispersion matrix are proposed.An optimal experiment
designscheme selectsan input con guration (x;; ;Xyn) which minimizes the
lossfunction.
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The Fisher information matrix of a probability density function p(x; ) is

gj ()= Exf @@i logp(x; )@@,— logp(x; )g: 1)
where isthe parameterof the probabilit y density function. This quartit y consti-
tutes the foundation of information geometry. A statistical model can be viewed
as a manifold S imbedded in the high dimensional Euclidean spacewith the
coordinate system . The metric tensor on S in terms of coordinates is the
Fisher information matrix (equation 1). The metric tensor de nes the distance of
distributions on the manifold. A manifold in which the metric tensor is de ned
is called a Riemannian manifold.

The presenceof Fisher information matrix in both contexts is no coincidence.
The inverse Fisher information matrix asymptotically tends to the dispersion
matrix according to Cramer-Rao theorem ([7]). This matrix characterizesthe
deviation of the estimated parameters from the real one. Similarly, the met-
ric tensor characterizesthe \distance" betweentwo distributions on the model
manifold. Therefore, it is strongly motivated to devisea lossfunction for active
learning from a geometric perspective.

Previous works on information geometryfocuson applying the notion of pro-
jection on various problems (for instance, [6], [3], and [1]). On the other hand,
previous works on active learning are aimed at extending the scheme beyond
parameter estimation (for example, [12]) or adopting a Bayesian approac to
learning (for example, [11]). The cortribution of this paper is to treat active
learning under the framework of information geometry. | de ne the loss func-
tion asthe expected Riemannian distance on the manifold betweenthe current
and the new estimated parameters. This loss function is closely related to the
Kullback-Leibler divergencefor exponertial families.

The structure of this paper is organized as follows. Section 2 intro ducesba-
sic notions of information geometry and sets the form of input-output models
in terms of information geometry. Section 3 statesa su cien t condition for van-
ishing embedding curvature in terms of true parameterson the model manifold.
Section 4 intro ducesthe loss function and schemefor active learning. Section 5
illustrates the active learning by examplesof nonlinear and logistic regressions.
Section 6 summarizesthe works in this paper and points out future works.

2 Information geometry of input-output models

In this paper, | focuson a special type of active learning problem: estimating the
parametersof a conditional probability density p(yjx; ). isthe true parameter
to be learned. The learner is free to chooseinput x. The output is generated
accordingto the conditional density p(yjx; ) (for corveniencel write p(yjx; ) =
p(y;x; )). y;x; areall vectors.

The conditional density in an exponertial family can be written in the fol-
lowing form:

ply;x; ) =expf T(y) F(x; ) (x5 )+ Kk(y)o, (2
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where T (y) is the su cien t statistic of y, F(x; ) = is the natural parameter
and (x; ) is the partition function of p(y;x; ), k(y) is the Jacobi matrix
of transforming from y to the su cien t statistic T (y). The natural parameter
is a function of both inputs x and true parameters . We can view p(y;X; )
as a curved exponertial family where its natural parameters = F(x; ) are
characterized by inputs x and true parameters .

In order to study the properties on the model manifold some notions of
di erential geometry needto be introduced. The metric tensor g; ( ) has the
same form of equation 1 (substitute p(x; ) with p(y; )). It de nes the Rie-
mannian distance betweenp(y; ) and an in nitesimally closedensity function
p(y; + d ) onthe manifold S:

ds?=g; ()d 'd I;

where the Einstein's summation of index convertion is usedin tensorial equa-
tions: summing over the indices which appear more than oncein the formula.
The value of the metric tensor changeswhen di erent coordinate systemsare
used,but the squaredistance ds? is invariant under coordinate transformations.

Another important quantit y in information geometryis connection. The con-
nection jik is a three-index quartit y which de nes the correspondencebetween
vectorsin dierent tangent spacesof the manifold ([5]). Notice this is a coordi-
nate system-sgeci ¢ quartity. The actual rate of changeof a vector eld X on
the manifold is the change of X along somecoordinate curve, plus the change
of the coordinate curve itself:

I I
DXt _&X'(), HXKCOY:
di @] J
This is called the covariant derivative of X . The geodesic on a manifold is a
curve whoserate of change of its tangent vectors along the curve is zero. It
corresponds to the notion of a straight line in a Euclidean space. Setting the
covariant derivative of _(t) equalto zero, the equation of a geadesiccurve (t)

IS
2 i o
T 2o =o ©)

Notice when jik = 0 equation 3 reducesto an ordinary secondorder di eren tial
equation, and the solution becomes

(= o+t(1 o)

This correspondsto a straight line in an Euclidean space.Therefore, a manifold
is at when there exists some coordinate system which makes the connection
vanish.

The -connection of an statistical manifold is de ned by Amari ([5]):

(= Ef@@ (y; )@ (y: g+ L-Eyf@(y: )@ (v: )@ (v: )g:  (4)



4 Chen-Hsiang Yeang

where “(:) = logp(}), @ = @—@i, and jk = {"Omk, Omk is the inverse matrix

of g™ . When = 1, then ij( k)( ) = 0 for an exponertial family p(y; ), thus

()= o+t( 1 o) isagedesiconthe manifold. The manifold is called e- at

in this case.Similarly, we can express ij( k) in terms of expectation parameters

, where ; = EfT(x);g0. ij( k)( ) = 0 for mixture family distributions when
= 1. This is called m- at ([5]).

The dual atness theoremwasprovedby Amari ([4]): a statistical manifold is
e- at if and only if it is m- at. Therefore, both exponertial and mixture families
are dually at manifolds. This theorem is important becauseit allow usto treat
an exponertial family manifold asa Euclidean space.Howeer, it doesnot guar-
antee that the connection of the manifold vanishesfor every coordinate system.
The connection under a particular coordinate system is called the embedding
curvature of the manifold. The embedding curvature of somecoordinate system
may not vanish when the manifold is both e- at and m- at.

The manifold of multiple data points is the product spaceof manifolds of
individual data points. For ordinary exponertial families, let X = (X1; ;Xn)
be n samplesdrawn from the samedistribution, then the joint probability p(X)
forms a manifold S, = S S which is imbeddedin an n  m dimen-
sional Euclidean space.Here we are interested in the conditional densities of
input-output models.Let X = (x1; ;Xn) = (a1; ;an) ben xed inputs and
Y = (y1; ;Yn) betheir responses.The joint density of the n samplesis
PYy: YniX1;  iX1i i Xn; )

n

Qn .
. =1 P(Y ¢]X¢) P(X+¢)
= 7z P(YeiXe = ag)p(Xe = at)

expf L T(ye) F(Xe; ) (Xe; )+ k(ye) + logp(xe = ag)g:

Each xed input x¢ = a; inducesa manifold S(a;) and the product of(sonditional
densitiesforms a submanifold M of the product manifold S,(a) = ?:1 S(ay).
Each S(a;) is imbeddedin an r-dimensional Euclidean spacebecauseit is pa-
rameterizedby . Howewver, M is alsoparameterizedby , thusit livesin a much
more compact spacethan S, (a).

3 Embedding curvature on the true parameter coordinate
systems

The dual atness theoremarms the atness of an exponertial family manifold.
Since M is a submanifold of an exponertial family manifold, it is also at.
However, the -connection of an exponertial family vanishesonly under the
natural parameter coordinate systems;namely,

=(1; 3 a)=FXy ), FXa; ) =F(X; )

When we use the coordinate system of true parameters = ( 1; ; ), the
-connection doesnot guarantee to vanish. This meansthe curve

= o+ (1 ot
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is no longer a geadesic. Knowing the geadesicsyields the advantagesof evaluat-
ing distancese cien tly. Therefore, it is important to understand the condition
when the embedding curvature vanishes.

Theorem 1 Let p(y;x; ) bethe conditional probability density in equation 2.
= F(x; ) hasthe following form:

FOx; )= (1fax); 5 rfe(X): (5)
wherer is the dimension of y's su cien t statistic. Let
i =i @ifi(x))
BL= LS ©

be the Jacobian from to . Then both metric tensor and -connection are
invariant under coordinate transformation:

Gan(X; ) = BiBLgi () 7)

abc(x )_ B BJBk Ijk ( ) (8)
i; J; k are indices of natural parameter componerts and a;b;c are indices of
true parameter componerts.

Pro of
The rst statemert holds for any coordinate transformation (see[5]).
From the de nition of -connection,

L) = Ef@@@gr T

Ef@@a@yg

Since@" = B;@‘, the secondterm conformswith equation 8 after coordinate
transformation. Apply coordinate transformation to the rst term.

Q@@ = @(B) @)

( j @ @ jfj(x) J(X)) @ )
B'@@ : 'l @@l @
Bl@@ + @(fo(X) @

Since fy(x) is a constart for , the secondterm of equation 9 vanishes.Thus
both terms of the -connection follow the form of equation 8. The theorem
holds. Q.E.D.

Theorem 1 presenesthe -connectionform of the manifold under coordinate
transformation = F %(x; ). This theorem holds under a speci ¢ type of input-
output model (equation 5). Under this model each componert of the natural
parameter is decoupledinto the e ect of input f;(x) and the e ect of parameter

i, and natural parameters and true parameters have the samedimension.
While the transformation is linear in true parameters,it doesnot needto be

9)
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linear in inputs. Sincethe connection on natural parameters ij( k)( ) = 0, the

connection on true parameters ébc) (x; ) also vanishes. Therefore, the curve
(t)= o+t(1 o) isageaesicon the manifold. This property allows us to

evaluate the Riemannian distance on the manifold e cien tly.

4 Activ e learning schemes on manifolds

With the notion of information geometry, active learning procedurescan be
viewed from a geometric perspective. The goal is to nd the true parameter

of the underlying process.The learner selectsinputs of the samples.Here
the convertional myopic learning schemeis used ([13]). Under this schemethe
learner choosesan input that optimizes the immediate loss based on current
estimate of . Proceduresof an active learning schemeare as follows:

1. Start with a collection of random samplesD . Repeat the following steps.

2. Find the maximum likelihood estimate A(Dn) basedon D,,.
The problem of maximum likelihood parameter estimation can be viewed
as the projection from the data points to the model manifold along the m-
geddesic ([6] and [3]). The manifold of changeswith inputs (X1; ;Xn)
(denotedasM ( ;X1; ;Xn))-

3. For eacth candidate input for the next step x,+1, evaluate some expected
lossfunction ExfE,fL ("(Dn); "(Dn; (X;Y)))gg-
This routine is usually the most time-consumingpart of active learning. Sup-
posea new input-output pair (Xn+1;Yn+1) is given, then one can compute
the ML estimate “(Dn; (X;y)). A lossfunction L("(Dn); “(Dn; (Xns 1;Yns 1))
is constructed to capture the deviation betweenthe new estimated parame-
ter and the original one. Sincey ,,+ 1 is generatedfrom the unknown process,
the resultant A(Dn i (Xn+1;Yn+1)) IS @ random variable. The expected loss
function is evaluated under the current estimate of the distribution of y 41
and x:

Bl Eyo. . fL (“(Dn);:(Dn  (Xn+13Yne 1)) 09 =
AX)P(Yn+ 1:Xn+ 15 (Dn))L(T(Dn); (Dn; (Xn+ 15 Yn+ 1)) Ay n+ 10X:

4. Find the input ®n+1 which minimizesthe expectedlossfunction E«f E, fL ("(Dn); "(Dn; (Xns 1;Y))) 90
Ideally, the expected lossfunction of all inputs should be evaluated. Sinceit
may not have simple analytic forms, a sampling strategy is usually adopted.

5. Generate a sample by querying the output with input R. Incorporate this
sampleinto D, to form Dp.41 .

The crux of this schemeis the choice of the lossfunction. Various lossfunc-
tions related to the dispersion matrix V(") (the inverseof Fisher information
matrix) are proposed([7]): for example,the determinant of V (D-optimal), the
trace of V, or the maximum of any V T amongnormalized vector (min-max
optimal). While these loss functions might capture the dispersion of " evalu-
ated by adding new possible samples,they do not explicitly bear geometrical
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interpretations on the manifold. One sensiblechoice of the loss function is the
Riemmanian (square) distance betweenthe conditional density accordingto cur-
rent estimatep(y; x; (IS n)) and the new estimate by incorporating (X p+ 1;Yn+1)
(p(Y:X; (D n; (Xn+ 1 Yns+ 1)) ON the manifold M (x1; ;Xn+1) of conditional
distributions. The Riemannian distance betweentwo points pg and p; on a Rie-
mannian manifold is the squarelength of the geadesic C(t) connecting them:

z,r
D(o; 1) =( . gj (C(1)

dCi(t) dCi (t)

2.
a0 (10)

where C(t) is parameterized such that C(0) = po and C(1) = p;. This is in
generala non-trivial task. On a dually at manifold of statistical models, how-
ever, the Kullback-Leibler divergenceis usually treated as a (quasi) distance
metric. Amari ([5]) has proved the KL divergencebetween two in nitesimally

closedistributions is half of their Riemannian distance:

D (pOX; Jkp(G +d)) = 50y ()d 'd I

Moreover, it is alsoknown that the KL divergenceis the Riemanniandistanceun-
der Levii-Civita connection ([4]). The computation of this distance usesdi erent
gedesicpaths whentraversingin opposite directions. From a point P to another
point R it rstly projects P to a point Q along an m-geadesicthen connectsQ
and R via an e-gedalesic. Converselyfrom R to P it rstly nds the projection
QO of R along the m-geadesic then connects Q° and P by an e-gedalesic. This
property makesthe KL divergenceasymmetric. Here we are interested in the
distance betweentwo distributions on the model manifold of curved exponertial
families. Therefore the Riemannian distance under the connectionin terms of
true parameters is more appropriate. In most conditions when evaluating the
Riemannian distance on the manifold is cumbersome,the KL divergenceis a
reasonablesubstitute for the distance betweendistributions.

The Riemannian distance betweenthe current estimator and the new esti-
mator is a random variable becausethe next output value has not sampledyet.
Thereforethe true lossfunction is the expected Riemannian distance over poten-
tial output values. There are two possibleways of evaluating the expected loss.
A local expectation xes previousdata D, = f(X1;Y1); ;(Xn;Yn)gand varies
the next output y,+1 accordingto A(Dn) and x,+ 1 when performing parameter
estimation at the next step:

Egovy plyixes 2Dy DRV (D n))KR(Y; X; (D i (Xne 13 ¥0e 1)) G (1)

A global expectation variesall the output valuesup to stepn+ 1 when performing
parameter estimation at the next step:

Egui nes byt o 1 (0n D (PO X (D) KRYS X (Xaiy); ;(xnzl;)ym)))) g
12

In both scenarios,the output valuesare assumedto be generatedfrom the dis-

tribution with parameters A(Dn).
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While the local expectation is much easierto compute, it has an inherent
problem. The myopic nature of the learning procedure makesit minimizes (in
expectation) the distance between estimated parameter and previous parame-
ters. Sinceall previous input-output pairs are xed, the only possibility to make
the estimated parameter at the next step di er from the current estimate is the
uctuation of y,+1 . However, asthe number of data points grow, a single data
point becomesimmaterial. Empirically | found the local expectation scenario
endsup sampling the sameinput over and over after a few steps. On the con-
trary, this problem is lessseriousin global expectation since we \pretend" to
estimate the parameter at the next step using the regeneratedsamples.

The expected distance in equation 12 is a function of input x. This is unde-
sirable becausewe can enlarge or reduce the distance betweentwo conditional
densities by varying the input values even if their parameters are xed. This
discrepancyis due to the fact that D(p(y;x; 1)kp(y;X; 2)) is the Riemannian
distance on the manifold M (x) which dependson the input values. To resolve
this problem the true lossfunction is the expectedlossin equation 12 over input
values.

L( 15 2) = Ex quof D(P(Y;X; 1)kp(y;X; 2))g;

where q(x) is the empirical distribution of input x. The sampling procedurein
an active learning schemedistorts the input distribution, thus g(x) canonly be
obtained either from the obsenations independert of the active sampling or be
arbitrarily determined (for instance, by setting it uniformly distributed).

To sum up the active learning scheme can be expressedas the following
optimization equation:

Rp+1 = argmiq Ex q(x)fE? p(Y;x;”(Dn))fD(p(y;X;A(Dn))kp(y;X;A(Dn+ 1)) 9g;
(13)
whereX = (X1;  ;Xn+1), ¥ = (¥1;  ¥n+1),andDnsr = F(X15%1); 5 (Xn+1;¥n+1)0

5 Examples

In this section| usetwo examplesto illustrate the new active learning scheme.

5.1 Nonlinear regression

The rst exampleis nonlinear regressionwith Gaussiannoise.Assumethe scalar
output variable y is a nonlinear function of a vector input variable x plus a
Gaussiannoisee;

y= ifi(x) + e;
i=1

wheree N (0; ?) and is known. f;s comprisebasisfunctions usedto model
y, for instance, polynomials. Here the index notation is a little abused such
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that tensor indices (superscript and subscript), exampleindices (subscript) and
iteration steps(subscript) are mixed.
The distribution of y is Gaussianparametrized by and x:

PYixi )= Py exil 55y 100)%g

To save spacel write the su cien t statistics and the parametersin vector forms.
The su cien t statistic, natural parameter, and partition function of y are

T(y) = (v;¥?)

f 1
=( Z(X);ﬁ

):

1
—log :

1 1
():sz1 §|09( 2)+2

The Fisher information matrix in terms of is

!
Lo
2, 27
2

ll

gj ()=

N}

|
:

2

2 2

By applying theorem 1, the Fisher information matrix in terms of is

G (X )= S H X (x):

which is a pure e ect of x. Hencethe metric tensoris a constart whenthe inputs
are xed. The dierential Riemannian distanceis

ds? = gjd'd’ = izfi(x)fj(x)d 'd 1

Plugging it into equation 10, the (square) curve length along the geadesic (t) =
o+ t(1 o) becomes

Do 1)= SHMHE(L (L D= 2ATR(1 o1 o)THX);

wherethe secondequation is written in the matrix form. It can be easily veri ed
that this is the KL divergenceof conditional Gaussiandistributions.
Let

X . X
Mn= fX)f "(Xe);Ya = wief (X¢)
t=1 t=1

be obtained from input-output pairs D, up to step n. The maximum lik elihood
estimator is

"= (Dn) = M, Y
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AssumeDy. = f(X1;%); ; (Xua+ 1; Yn+1 )0 arethe virtual data resampledfrom
the distribution with parameter . Then the maximum likelihood estimator at
the next step “h+1 = "(Dn+1) satis es the following conditions ([7]):

AN

Ef/\n+lg: n-
A
Vf n+19= 2Mn+11:

The expected Riemannian distance between '\n and An +1 thus becomes

AERTO)(Mer W) (h W)TE0g
sz T (X)V(An+1 )f (X)

5T OM, A T ():

Eyi: oyaa FD(PY: X5 W)KP(Y: X; "he1)) g

The learning criteria becomes
z

Rne1 = argmin - q()f TO(Mn + f (Xne 1)f T (Xne1)) M)A (14)

Figure 1 shows the experiment results on the regressionof the function y =
O+ lsin(gx) + 2sin(zx?) + 3sin(3x3) + e, where =[15 -13 -3 1]" and
= 4. The average square error of the estimated parameters at ead itera-
tion over 500 experiments is plotted. The initial dataset D contains 5 random
samples,and the learning curve of the 5 initial samplesis not plotted. The re-
sults clearly indicate active learning schemesoutperform passiwe learning when
a small number of samplesare allowed to draw from the unknown distribution.
As the size of the data grows, their di erence tends to decreasel alsocompare
the di erence in terms of the lossfunction in active learning. The Riemannian
distance loss function (the solid curve) performs slightly better than the trace
of the dispersion matrix (the dash-dot curve), although the di erence is not as
signi cant asthe di erence betweenactive and passiwe learning schemes.

5.2 Logistic regression

Logistic regressionis a standard distribution of modeling the in uence of con-
tinuous inputs on discrete outputs. For simplicity here | only discussthe case
of binary variables. Supposey is a binary random variable which is a ected by
continuousinput variablesx. The conditional probability massfunction of y can
be expressedas

piyix: )= explf™(x)  (y=1) log(l+ e 9 )g

By treating = fT(x) asthe natural parameter of the exponertial family, the
metric tensor in terms of the true parameters can be obtained by coordinate
transformation:

(%)
@@a %gll( ) = fa(X)f b(X) @@(2 ) = fa(x)fb(x)(l_'_eeT))z:

Gab( ;%) =



An information geometric perspective on active learning 11

35

— - passive
' \ — Riemannian distance
\ —— trace D

30

251

square error

10-

0 2 4 6 8 10 12 14 16 18 20
iteration step

Fig. 1. Activ e and passiwe learnings on nonlinear regression

Notice % is a symmetric function of . The Riemannian distance be-
tweentwo parameters ¢ and ; can be computed from equation 10:
20 . o [P : : P2
D( 0, 1) = (F? qG (X1 o' 0)df
= (o wsrmrfT) (1 o)1 0)TF(X)]d)?
= (o @mormoEd2fTeO(1 o)1 o) f(x)]
= (Zlarctan(e’") arctan(e}))2[T()( 1 o)1 o) (X

wherea = P L fi( L b)) andb= P i_, f(X)i b. The key for simpli cation
is becausethe metric tensor is a symmetric function of (t), hencet does not
appear in individual componerts. If y takes more than two values, then the
squaredistance has a complicated form.

Although the distance function is considerablysimpli ed, the active learning
of logistic regressionis still cumbersome.Unlik e nonlinear regressionwith Gaus-
sian noise, there is no analytic solution for maximum likelihood estimators in
logistic regression.t is usually obtained by numerical or approximation methods
such asgradient descem, Newton's method or variational methods ([9]). There-
fore, the expectation of the square distance between current estimate and the
next estimate over possibleoutputs can only be computed by approximation or
sampling. Due to the lack of time the numerical experiment for logistic regression
is left for future works.

6 Conclusion

In this paper | proposean active learning schemefrom the perspective of infor-
mation geometry The deviation betweentwo distributions is measuredby the
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Riemannian distance on the model manifold. The model manifold of exponertial
families is dually at. Moreover, for the distributions whoselog densitiesare lin-
earin terms of parameters,the embedding curvature of their manifolds in terms
of the true coordinate systemsalsovanishes.The active learning lossfunction is
the expected Riemannian distance over the input and the output data (equation
13). This schemeis illustrated by two examples:nonlinear regressionand logistic
regression.

There areabundant future worksto be pursued. The active learning schemeis
computationally intensive. More e cien t algorithms for evaluating expectedloss
function needto be deweloped. Secondly the Bayesianapproac for parameter
estimation is not yet incorporated into the framework. Moreover, for the model
manifolds which are not dually at, the KL divergenceis no longer proportional
to the Riemannian distance. How to evaluate the Riemannian distance e cien t
on a curved manifold needsto be studied.

Acknowledgemen t

The author would like to thank professor Tommi Jaakkola for the discussion
about information geometry and Jason Rennie for reviewing and commerting
on the paper.

References

1. Amari, S.I. (2001). Information geometry of hierarchy of probability distributions,
IEEE transactions on information theory, 47:50, 1701-1711.

2. Amari, S.I. (1996). Information geometry of neural networks { a new Bayesian
duality theory, International conference on neural information processing

3. Amari, S.I. (1995). Information geometry of the EM and em algorithms for neural
networks. Neural networks, 9, 1379-1408.

4. Amari, S.I. (1985). Dier ential geometrical methads in statistics, Springer Lecture
Notes in Statistics, 28, Springer.

5. Amari, S.I. (1982). Dier ential geometry of curved exmnential families { curvatures
and information loss Annals of statistics, 10:2, 357-385.

6. Csiszar, I. and Tusnady, G. (1984). Information geometry and alternating minimiza-
tion procedures Statistics & Decisions, SupplementIssue, 1, 205-237.

7. Fedorov, V.V. (1972). Theory of optimal experiments. New York: Academic Press.

8. MacKay, D.J.C. (1992). Information-b ased objective functions for active data sele-
tion. Neural computation, 4, 589-603.

9. Minka, T.P. (2001). Algorithms for maximum-likelihood logistic regression CMU
Statistics Technical Report 758.

10. Sokolniko, 1.S. (1964). Tensor analysis. New York:John Wiley & Sons.

11. Sung, K.K. and Niyogi, P. (1995). Active learning for function approximation.
Advances in neural information processing systems 7, 593-600.

12. Tong, S. and Koller, D. (2001). Active learning for structure in Bayesian networks.
International joint conference on arti cial intel ligence.

13. Tong, S. and Koller, D. (2000). Active learning for parameter estimation in
Bayesian networks. Advancesin neural information processingsystems 13, 647-653.



