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Abstract. The Fisher information matrix plays a very important role
in both active learning and information geometry. In a special case of
active learning (nonlinear regressionwith Gaussian noise), the inverseof
the Fisher information matrix { the dispersion matrix of parameters {
induces a variety of criteria for optimal experiment design. In informa-
tion geometry, the Fisher information matrix de�nes the metric tensor
on model manifolds. In this paper, I explore the intrinsic relations of
these two �elds. The conditional distributions which belong to exponen-
tial families are known to be dually 
at. Moreover, the author proves
for a certain type of conditional models, the embedding curvature in
terms of true parameters also vanishes. The expected Riemannian dis-
tance betweencurrent parameters and the next update is proposedto be
the loss function for active learning. Examples of nonlinear and logistic
regressionsare given in order to elucidate this active learning scheme.

1 In tro duction

Activ e learning is a subcategory of machine learning. The learner seeksnew
examplesfrom a speci�c region of input spaceinstead of passively taking the
examplesgeneratedby an unknown oracle. It is crucial when the e�ort of ac-
quiring output information is much more demanding than collecting the input
data. When the objective is to learn the parametersof an unknown distribution,
a data point (x; y ) contains input variables x and output variables y. Activ ely
choosing x distorts the natural distribution of p(x; y ) but generatesno bias
on the conditional distribution p(y jx ). Therefore, parameters of p(y jx ) can be
estimated without bias.

Oneof the most well-known active learning schemesfor parameterestimation
is optimal experiment design([7]). Supposey � N (� � f (x); � 2). De�ne the Fisher
information matrix of n inputs (x1; � � � ; xn) as M =

P n
t =1 f (xt) � f (xt)T , and

Y =
P n

t =1 yt f (xt). Then the maximum likelihood estimator of � is the linear
estimator �̂ = M � 1Y, and the dispersion matrix of estimated parameters �̂
is V (�̂ ) = E f (�̂ � � )( �̂ � � )T g = M � 1. The dispersion matrix measuresthe
deviation of the estimated parametersfrom the true parameters.A variety of loss
functions basedon the dispersion matrix are proposed.An optimal experiment
design scheme selectsan input con�guration (x1; � � � ; xn) which minimizes the
loss function.
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The Fisher information matrix of a probabilit y density function p(x; � ) is

gij (� ) = Exf
@

@� i
logp(x; � )

@
@� j

logp(x; � )g: (1)

where� is the parameterof the probabilit y density function. This quantit y consti-
tutes the foundation of information geometry. A statistical model can be viewed
as a manifold S imbedded in the high dimensional Euclidean spacewith the
coordinate system � . The metric tensor on S in terms of coordinates � is the
Fisher information matrix (equation 1). The metric tensor de�nes the distance of
distributions on the manifold. A manifold in which the metric tensor is de�ned
is called a Riemannian manifold.

The presenceof Fisher information matrix in both contexts is no coincidence.
The inverse Fisher information matrix asymptotically tends to the dispersion
matrix according to Cramer-Rao theorem ([7]). This matrix characterizes the
deviation of the estimated parameters from the real one. Similarly, the met-
ric tensor characterizesthe \distance" between two distributions on the model
manifold. Therefore, it is strongly motivated to devisea loss function for active
learning from a geometric perspective.

Previous works on information geometry focuson applying the notion of pro-
jection on various problems (for instance, [6], [3], and [1]). On the other hand,
previous works on active learning are aimed at extending the scheme beyond
parameter estimation (for example, [12]) or adopting a Bayesian approach to
learning (for example, [11]). The contribution of this paper is to treat active
learning under the framework of information geometry. I de�ne the loss func-
tion as the expected Riemannian distance on the manifold betweenthe current
and the new estimated parameters. This loss function is closely related to the
Kullback-Leibler divergencefor exponential families.

The structure of this paper is organizedas follows. Section 2 intro ducesba-
sic notions of information geometry and sets the form of input-output models
in terms of information geometry. Section3 states a su�cien t condition for van-
ishing embedding curvature in terms of true parameterson the model manifold.
Section 4 intro ducesthe loss function and schemefor active learning. Section 5
illustrates the active learning by examplesof nonlinear and logistic regressions.
Section 6 summarizesthe works in this paper and points out future works.

2 Information geometry of input-output models

In this paper, I focuson a special type of active learning problem: estimating the
parametersof a conditional probabilit y density p(y jx; � ). � is the true parameter
to be learned. The learner is free to choose input x. The output is generated
accordingto the conditional density p(y jx; � ) (for convenienceI write p(y jx; � ) =
p(y ; x; � )). y ; x; � are all vectors.

The conditional density in an exponential family can be written in the fol-
lowing form:

p(y ; x; � ) = expf T (y) � F(x; � ) �  (x; � ) + k(y)g; (2)
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where T (y) is the su�cien t statistic of y , F(x; � ) = � is the natural parameter
and  (x; � ) is the partition function of p(y ; x; � ), k(y) is the Jacobi matrix
of transforming from y to the su�cien t statistic T (y). The natural parameter
is a function of both inputs x and true parameters � . We can view p(y ; x; � )
as a curved exponential family where its natural parameters � = F(x; � ) are
characterized by inputs x and true parameters � .

In order to study the properties on the model manifold some notions of
di�eren tial geometry need to be intro duced. The metric tensor gij (� ) has the
same form of equation 1 (substitute p(x; � ) with p(y ; � )). It de�nes the Rie-
mannian distance between p(y ; � ) and an in�nitesimally closedensity function
p(y ; � + d� ) on the manifold S:

ds2 = gij (� )d� i d� j ;

where the Einstein's summation of index convention is used in tensorial equa-
tions: summing over the indices which appear more than once in the formula.
The value of the metric tensor changeswhen di�eren t coordinate systemsare
used,but the squaredistance ds2 is invariant under coordinate transformations.

Another important quantit y in information geometry is connection.The con-
nection � i

j k is a three-index quantit y which de�nes the correspondencebetween
vectors in di�eren t tangent spacesof the manifold ([5]). Notice this is a coordi-
nate system-speci�c quantit y. The actual rate of changeof a vector �eld X on
the manifold is the change of X along somecoordinate curve, plus the change
of the coordinate curve itself:

DX i

d� j =
@X i (� )

@� j + � i
j k X k (� ):

This is called the covariant derivative of X . The geodesic on a manifold is a
curve whose rate of change of its tangent vectors along the curve is zero. It
corresponds to the notion of a straight line in a Euclidean space.Setting the
covariant derivative of _� (t) equal to zero, the equation of a geodesic curve � (t)
is

d2� i (t)
dt2 + � i

j k
_� j (t) _� k (t) = 0: (3)

Notice when � i
j k = 0 equation 3 reducesto an ordinary secondorder di�eren tial

equation, and the solution becomes

� (t) = � 0 + t(� 1 � � 0):

This correspondsto a straight line in an Euclidean space.Therefore, a manifold
is 
at when there exists some coordinate system which makes the connection
vanish.

The � -connection of an statistical manifold is de�ned by Amari ([5]):

� ( � )
ij k = Eyf @i @j `(y ; � )@k `(y ; � )g + 1� �

2 Eyf @i `(y ; � )@j `(y ; � )@k `(y ; � )g; (4)
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where `(:) = logp(:), @i = @
@� i

, and � ij k = � m
ij gmk , gmk is the inversematrix

of gmk . When � = 1, then � ( � )
ij k (� ) = 0 for an exponential family p(y ; � ), thus

� (t) = � 0 + t(� 1 � � 0) is a geodesicon the manifold. The manifold is called e-
at
in this case.Similarly, we can express� ( � )

ij k in terms of expectation parameters

� , where � i = Ef T(x) i g. � ( � )
ij k (� ) = 0 for mixture family distributions when

� = � 1. This is called m-
at ([5]).
The dual 
atness theorem wasprovedby Amari ([4]): a statistical manifold is

e-
at if and only if it is m-
at. Therefore, both exponential and mixture families
are dually 
at manifolds. This theorem is important becauseit allow us to treat
an exponential family manifold asa Euclidean space.However, it doesnot guar-
antee that the connection of the manifold vanishesfor every coordinate system.
The connection under a particular coordinate system is called the embedding
curvature of the manifold. The embedding curvature of somecoordinate system
may not vanish when the manifold is both e-
at and m-
at.

The manifold of multiple data points is the product spaceof manifolds of
individual data points. For ordinary exponential families, let X = (x1; � � � ; xn)
be n samplesdrawn from the samedistribution, then the joint probabilit y p(X )
forms a manifold Sn = S � � � � � S which is imbedded in an n � m dimen-
sional Euclidean space.Here we are interested in the conditional densities of
input-output models.Let X = (x1; � � � ; xn) = (a1; � � � ; an) be n �xed inputs and
Y = (y1; � � � ; yn) be their responses.The joint density of the n samplesis

p(y1; � � � ; yn; x1; � � � ; x1; � � � ; xn; � ) =
Q n

t =1 p(ytjxt)p(xt)
=

Q n
t =1 p(ytjxt = at)p(xt = at) = expf

P n
t = 1 T (yt) � F(xt; � ) �  (x t; � ) + k(y t) + logp(x t = at)g:

Each �xed input x t = at inducesa manifold S(at) and the product of conditional
densities forms a submanifold M of the product manifold Sn (a) =

Q n
t =1 S(at).

Each S(at) is imbedded in an r -dimensional Euclidean spacebecauseit is pa-
rameterizedby � . However, M is alsoparameterizedby � , thus it livesin a much
more compact spacethan Sn (a).

3 Em bedding curv ature on the true parameter coordinate
systems

The dual 
atness theorem a�rms the 
atness of an exponential family manifold.
Since M is a submanifold of an exponential family manifold, it is also 
at.
However, the � -connection of an exponential family vanishes only under the
natural parameter coordinate systems;namely,

� = (� 1; � � � ; � n) = (F(x1; � ); � � � ; F(xn; � )) = F(X ; � ):

When we use the coordinate system of true parameters � = (� 1; � � � ; � r ), the
� -connection doesnot guarantee to vanish. This meansthe curve

� (t) = � 0 + (� 1 � � 0)t



An information geometric perspective on active learning 5

is no longer a geodesic.Knowing the geodesicsyields the advantagesof evaluat-
ing distancese�cien tly . Therefore, it is important to understand the condition
when the embedding curvature vanishes.

Theorem 1 Let p(y ; x; � ) be the conditional probabilit y density in equation 2.
� = F(x; � ) has the following form:

F (x; � ) = (� 1f1 (x); � � � ; � r fr (x)) : (5)

where r is the dimension of y's su�cien t statistic. Let

B i
a = � i

a
@(� i f i (x))

@� a
; (6)

be the Jacobian from � to � . Then both metric tensor and � -connection are
invariant under coordinate transformation:

gab(x; � ) = B i
a B j

bgij (� ); (7)

� ( � )
abc (x; � ) = B i

a B j
b B k

c � ( � )
ijk (� ): (8)

i; j; k are indices of natural parameter � components and a; b;c are indices of
true parameter � components.

Pro of
The �rst statement holds for any coordinate transformation (see[5]).
From the de�nition of � -connection,

� ( � )
abc (x; � ) = Eyf @a @b`@c `g +

1 � �
2

Eyf @a `@b`@c `g

Since @a` = B i
a@i `, the secondterm conforms with equation 8 after coordinate

transformation. Apply coordinate transformation to the �rst term.

@a@b` = @a(B j
b@j `)

= @a(� j
b

@(� j f j (x))
@� b

@j `)

= B j
b@a@j ` + � j

b@a ( @� j f j (x)
@� b

)@j `
= B j

b@a@j ` + @a (f b(x))@b`:

(9)

Since f b(x) is a constant for � , the secondterm of equation 9 vanishes.Thus
both terms of the � -connection follow the form of equation 8. The theorem
holds. Q.E.D.

Theorem 1 preservesthe � -connectionform of the manifold under coordinate
transformation � = F � 1(x; � ). This theorem holds under a speci�c type of input-
output model (equation 5). Under this model each component of the natural
parameter is decoupledinto the e�ect of input f i (x) and the e�ect of parameter
� i , and natural parameters � and true parameters � have the samedimension.
While the transformation is linear in true parameters, it does not need to be
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linear in inputs. Since the connection on natural parameters � ( � )
ij k (� ) = 0, the

connection on true parameters � ( � )
abc (x; � ) also vanishes. Therefore, the curve

� (t) = � 0 + t(� 1 � � 0) is a geodesicon the manifold. This property allows us to
evaluate the Riemannian distance on the manifold e�cien tly .

4 Activ e learning schemes on manifolds

With the notion of information geometry, active learning procedures can be
viewed from a geometric perspective. The goal is to �nd the true parameter
� � of the underlying process.The learner selects inputs of the samples.Here
the conventional myopic learning scheme is used ([13]). Under this scheme the
learner choosesan input that optimizes the immediate loss based on current
estimate of � . Proceduresof an active learning schemeare as follows:

1. Start with a collection of random samplesD 0. Repeat the following steps.
2. Find the maximum likelihood estimate �̂ (Dn ) basedon Dn .

The problem of maximum likelihood parameter estimation can be viewed
as the projection from the data points to the model manifold along the m-
geodesic ([6] and [3]). The manifold of � changeswith inputs (x1; � � � ; xn)
(denoted as M (� ; x1; � � � ; xn)).

3. For each candidate input for the next step xn+ 1, evaluate some expected
loss function Ex f Ey fL (�̂ (Dn ); �̂ (Dn ; (x; y )))gg.
This routine is usually the most time-consumingpart of active learning. Sup-
posea new input-output pair (xn+ 1; yn+ 1) is given, then one can compute
the ML estimate �̂ (Dn ; (x; y )). A lossfunction L (�̂ (Dn ); �̂ (Dn ; (xn+ 1; yn+ 1)))
is constructed to capture the deviation betweenthe new estimated parame-
ter and the original one.Sinceyn+ 1 is generatedfrom the unknown process,
the resultant �̂ (Dn ; (xn+ 1; yn+ 1)) is a random variable. The expected loss
function is evaluated under the current estimate of the distribution of yn+ 1

and x:

Exf Eyn + 1 fL (�̂ (Dn ); �̂ (Dn ; (xn+ 1; yn+ 1))) gg =R
q(x)p(yn+ 1; xn+ 1; �̂ (Dn ))L (�̂ (Dn ); �̂ (Dn ; (xn+ 1; yn+ 1))) dyn+ 1dx:

4. Find the input x̂n +1 which minimizes the expectedlossfunction Exf EyfL (�̂ (Dn ); �̂ (Dn ; (xn+ 1; y )))gg.
Ideally, the expected lossfunction of all inputs should be evaluated. Sinceit
may not have simple analytic forms, a sampling strategy is usually adopted.

5. Generate a sample by querying the output with input x̂ . Incorporate this
sample into Dn to form Dn +1 .

The crux of this schemeis the choice of the loss function. Various loss func-
tions related to the dispersion matrix V (�̂ ) (the inverseof Fisher information
matrix) are proposed([7]): for example, the determinant of V (D-optimal), the
trace of V , or the maximum of any  V  T amongnormalized vector  (min-max
optimal). While these loss functions might capture the dispersion of �̂ evalu-
ated by adding new possible samples, they do not explicitly bear geometrical
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interpretations on the manifold. One sensiblechoice of the loss function is the
Riemmanian (square)distancebetweenthe conditional density accordingto cur-
rent estimatep(y ; x; ^� (D n)) and the newestimateby incorporating (xn+ 1; yn+ 1)
(p(y ; x; �̂ (D n; (xn+ 1; yn+ 1)))) on the manifold M (x1; � � � ; xn+ 1) of conditional
distributions. The Riemannian distance betweentwo points p0 and p1 on a Rie-
mannian manifold is the squarelength of the geodesicC(t) connecting them:

D(� 0; � 1) = (
Z 1

0

r

gij (C(t))
dCi (t)

dt
dCj (t)

dt
dt)2; (10)

where C(t) is parameterized such that C(0) = p0 and C(1) = p1. This is in
generala non-trivial task. On a dually 
at manifold of statistical models, how-
ever, the Kullback-Leibler divergenceis usually treated as a (quasi) distance
metric. Amari ([5]) has proved the KL divergencebetween two in�nitesimally
closedistributions is half of their Riemannian distance:

DK L (p(x; � )kp(x; � + d� )) =
1
2

gij (� )d� i d� j :

Moreover, it is alsoknown that the KL divergenceis the Riemanniandistanceun-
der Levii-Civita connection([4]). The computation of this distanceusesdi�eren t
geodesicpaths when traversingin oppositedirections. From a point P to another
point R it �rstly projects P to a point Q along an m-geodesic then connectsQ
and R via an e-geodesic.Conversely from R to P it �rstly �nds the projection
Q0 of R along the m-geodesic then connectsQ0 and P by an e-geodesic. This
property makes the KL divergenceasymmetric. Here we are interested in the
distancebetweentwo distributions on the model manifold of curved exponential
families. Therefore the Riemannian distance under the connection in terms of
true parameters � is more appropriate. In most conditions when evaluating the
Riemannian distance on the manifold is cumbersome, the KL divergenceis a
reasonablesubstitute for the distance betweendistributions.

The Riemannian distance between the current estimator and the new esti-
mator is a random variable becausethe next output value has not sampledyet.
Therefore the true lossfunction is the expectedRiemannian distanceover poten-
tial output values.There are two possibleways of evaluating the expected loss.
A local expectation �xes previous data D n = f (x1; y1); � � � ; (xn; yn)g and varies
the next output yn+ 1 accordingto �̂ (Dn ) and xn+ 1 when performing parameter
estimation at the next step:

Eỹn + 1 � p(y;xn + 1 ; �̂ (Dn )) f D (p(y ; x; �̂ (D n))kp(y ; x; �̂ (D n; (xn+ 1; ~yn+ 1)) ))g: (11)

A global expectation variesall the output valuesup to stepn+ 1 whenperforming
parameter estimation at the next step:

Eỹ1 ;��� ;ỹn + 1 � p(y;x1 ;��� ;xn + 1 ; �̂ (Dn )) f D (p(y ; x; �̂ (D n))kp(y ; x; �̂ ((x1; ~y1); � � � ; (xn+ 1; ~yn+ 1)))) g:
(12)

In both scenarios,the output valuesare assumedto be generatedfrom the dis-
tribution with parameters �̂ (Dn ).
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While the local expectation is much easier to compute, it has an inherent
problem. The myopic nature of the learning procedure makes it minimizes (in
expectation) the distance between estimated parameter and previous parame-
ters. Sinceall previous input-output pairs are �xed, the only possibility to make
the estimated parameter at the next step di�er from the current estimate is the

uctuation of yn +1 . However, as the number of data points grow, a single data
point becomesimmaterial. Empirically I found the local expectation scenario
ends up sampling the sameinput over and over after a few steps. On the con-
trary , this problem is less serious in global expectation since we \pretend" to
estimate the parameter at the next step using the regeneratedsamples.

The expected distance in equation 12 is a function of input x. This is unde-
sirable becausewe can enlarge or reduce the distance between two conditional
densities by varying the input values even if their parameters are �xed. This
discrepancyis due to the fact that D(p(y ; x; � 1)kp(y ; x; � 2)) is the Riemannian
distance on the manifold M (x) which depends on the input values. To resolve
this problem the true lossfunction is the expected lossin equation 12 over input
values.

L (� 1; � 2) = Ex� q(x) f D (p(y ; x; � 1)kp(y ; x; � 2))g;

where q(x) is the empirical distribution of input x. The sampling procedure in
an active learning schemedistorts the input distribution, thus q(x) can only be
obtained either from the observations independent of the active sampling or be
arbitrarily determined (for instance, by setting it uniformly distributed).

To sum up the active learning scheme can be expressedas the following
optimization equation:

x̂n+ 1 = arg min
xn + 1

Ex� q(x) f EỸ� p(Y;X; �̂ (Dn )) f D (p(y ; x; �̂ (D n))kp(y ; x; �̂ ( ~D n+ 1))) gg;

(13)
whereX = (x1; � � � ; xn+ 1), ~Y = (~y1; � � � ; ~yn+ 1), and ~Dn +1 = f (x1; ~y1); � � � ; (xn+ 1; ~yn+ 1)g.

5 Examples

In this section I usetwo examplesto illustrate the new active learning scheme.

5.1 Nonlinear regression

The �rst exampleis nonlinear regressionwith Gaussiannoise.Assumethe scalar
output variable y is a nonlinear function of a vector input variable x plus a
Gaussiannoisee:

y =
rX

i =1

� i f i (x) + e;

where e � N (0; � 2) and � is known. f i s comprisebasis functions usedto model
y, for instance, polynomials. Here the index notation is a little abused such
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that tensor indices (superscript and subscript), example indices (subscript) and
iteration steps(subscript) are mixed.

The distribution of y is Gaussianparametrized by � and x:

p(y; x; � ) =
1

p
2� � 2

expf
� 1
2� 2 (y � � � f (x))2g:

To save spaceI write the su�cien t statistics and the parametersin vector forms.
The su�cien t statistic, natural parameter, and partition function of y are

T(y) = (y; y2)

� = (
� � f (x)

� 2 ;
� 1
2� 2 ):

 (� ) =
� 1
4

� 2
1 � � 1

2 �
1
2

log(� � 2) +
1
2

log � :

The Fisher information matrix in terms of � is

gij (� ) =

 � 1
2� 2

� 1

2� 2
2

� 1

2� 2
2

1� � 2
1

2� 3
2

!

:

By applying theorem 1, the Fisher information matrix in terms of � is

gij (x; � ) =
1
� 2 fi (x)fj (x);

which is a pure e�ect of x. Hencethe metric tensor is a constant when the inputs
are �xed. The di�eren tial Riemannian distance is

ds2 = gij d� i d� j =
1
� 2 f i (x)f j (x)d� i d� j :

Plugging it into equation 10, the (square) curve length along the geodesic� (t) =
� 0 + t(� 1 � � 0) becomes

D 2(� 0; � 1) =
1
� 2 f i (x)f j (x)( � i

1 � � i
0)( � j

1 � � j
0) =

1
� 2 f T(x)( � 1 � � 0)( � 1 � � 0)Tf (x);

where the secondequation is written in the matrix form. It can be easily veri�ed
that this is the KL divergenceof conditional Gaussiandistributions.

Let

M n =
nX

t =1

f (xt)f T (xt); Yn =
nX

t =1

yt f (xt)

be obtained from input-output pairs D n up to step n. The maximum likelihood
estimator is

�̂ n = �̂ (Dn ) = M � 1
n Yn :
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Assume ~Dn +1 = f (x1; ~y1); � � � ; (xn+ 1; ~yn +1 )g are the virtual data resampledfrom
the distribution with parameter �̂ n . Then the maximum likelihood estimator at
the next step �̂ n +1 = �̂ ( ~Dn +1 ) satis�es the following conditions ([7]):

E f �̂ n +1 g = �̂ n :
V f �̂ n +1 g = � 2M � 1

n +1 :

The expected Riemannian distance between �̂ n and �̂ n +1 thus becomes

E ~y1 ;��� ; ~yn +1 f D (p(y; x; �̂ n )kp(y; x; �̂ n +1 ))g = 1
2� 2 Ef f T (x)( �̂ n +1 � �̂ n )( �̂ n +1 � �̂ n )T f (x)g

= 1
2� 2 f T (x)V (�̂ n +1 )f (x)

= 1
2 f T (x)M � 1

n +1 f (x):

The learning criteria becomes

x̂n+ 1 = arg min
xn + 1

Z
q(x)f T (x)(M n + f (xn+ 1)f T (xn+ 1)) � 1f (x)dx: (14)

Figure 1 shows the experiment results on the regressionof the function y =
� 0 + � 1sin ( �

6 x) + � 2sin ( �
4 x2) + � 3sin ( �

3 x3) + e, where � =[15 -13 -3 1]T and
� = 4. The average square error of the estimated parameters at each itera-
tion over 500 experiments is plotted. The initial dataset D 0 contains 5 random
samples,and the learning curve of the 5 initial samplesis not plotted. The re-
sults clearly indicate active learning schemesoutperform passive learning when
a small number of samplesare allowed to draw from the unknown distribution.
As the sizeof the data grows, their di�erence tends to decrease.I also compare
the di�erence in terms of the loss function in active learning. The Riemannian
distance loss function (the solid curve) performs slightly better than the trace
of the dispersion matrix (the dash-dot curve), although the di�erence is not as
signi�can t as the di�erence betweenactive and passive learning schemes.

5.2 Logistic regression

Logistic regressionis a standard distribution of modeling the in
uence of con-
tinuous inputs on discrete outputs. For simplicit y here I only discussthe case
of binary variables. Supposey is a binary random variable which is a�ected by
continuous input variablesx. The conditional probabilit y massfunction of y can
be expressedas

p(y; x; � ) = expf f T(x) � � � (y = 1) � log(1 + efT (x) � � )g:

By treating � = f T(x) � � as the natural parameter of the exponential family, the
metric tensor in terms of the true parameters � can be obtained by coordinate
transformation:

gab(� ; x ) =
@�
@� a

@�
@� b g11 (� ) = f a(x)f b(x)

@2 (� )
@� 2 = f a(x)f b(x)

e� (x;� )

(1 + e� (x;� ) )2
:
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Fig. 1. Activ e and passive learnings on nonlinear regression

Notice e� ( x ;� )

(1+ e� ( x ;� ) )2 is a symmetric function of � . The Riemannian distance be-
tweentwo parameters � 0 and � 1 can be computed from equation 10:

D 2(� 0; � 1) = (
R1

0

p
gij (� (t); x)( � 1 � � 0) i (� 1 � � 0) j dt)2

= (
R1

0

q
e� ( � ( t ) ; x )

(1+ e� ( � ( t ) ; x ) )2 [f T(x)(� 1 � � 0)( � 1 � � 0)T f (x)]dt)2

= (
R1

0

q
e� ( � ( t ) ; x )

(1+ e� ( � ( t ) ; x ) )2 dt)2[f T(x)(� 1 � � 0)( � 1 � � 0)T f (x)]

= ( 2
a [arctan(e

a + b
2 ) � arctan(e

b
2 )])2[f T(x)(� 1 � � 0)( � 1 � � 0)T f (x)];

where a =
P r

i =1 f (x)i(� i
1 � � i

0) and b =
P r

i =1 f (x)i� i
0. The key for simpli�cation

is becausethe metric tensor is a symmetric function of � (t), hence t does not
appear in individual components. If y takes more than two values, then the
squaredistance has a complicated form.

Although the distance function is considerablysimpli�ed, the active learning
of logistic regressionis still cumbersome.Unlike nonlinear regressionwith Gaus-
sian noise, there is no analytic solution for maximum likelihood estimators in
logistic regression.It is usually obtained by numerical or approximation methods
such as gradient descent, Newton's method or variational methods ([9]). There-
fore, the expectation of the square distance between current estimate and the
next estimate over possibleoutputs can only be computed by approximation or
sampling.Due to the lack of time the numerical experiment for logistic regression
is left for future works.

6 Conclusion

In this paper I proposean active learning schemefrom the perspective of infor-
mation geometry. The deviation between two distributions is measuredby the
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Riemannian distanceon the model manifold. The model manifold of exponential
families is dually 
at. Moreover, for the distributions whoselog densitiesare lin-
ear in terms of parameters,the embedding curvature of their manifolds in terms
of the true coordinate systemsalso vanishes.The active learning lossfunction is
the expectedRiemannian distanceover the input and the output data (equation
13). This schemeis illustrated by two examples:nonlinear regressionand logistic
regression.

There areabundant future works to bepursued.The active learning schemeis
computationally intensive. More e�cien t algorithms for evaluating expected loss
function need to be developed. Secondly, the Bayesianapproach for parameter
estimation is not yet incorporated into the framework. Moreover, for the model
manifolds which are not dually 
at, the KL divergenceis no longer proportional
to the Riemannian distance. How to evaluate the Riemannian distance e�cien t
on a curved manifold needsto be studied.
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