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ABSTRACT

Visualizationof 3D tensor elds continueso beamajorchallenge
in termsof providing intuitive and unclutteredimagesthat allow

the usersto betterunderstandheir data. The primaryfocusof this

paperis on nding a formulationthat lendsitself to a stablenu-

merical algorithm for extracting stableand persistentopological
featuresrom 2ndorderrealsymmetric3D tensors While features
in 2D tensorscanbeidenti ed aseitherwedgeor trisectorpoints,
in 3D, the correspondingtablefeaturesare lines, not just points.
Thesetopologicalfeaturelinesprovide acompactepresentatioof

the 3D tensor eld andareessentialn helpingscientistsaandengi-

neersunderstandheir complex nature. Existing techniquesvork

by nding degeneratepoints and are not numerically stable,and
worse producebothfalsepositive andfalsenegative featurepoints.
This paperseeksto addresghis problemwith a robust algorithm
thatcanextractthesefeaturesn anumericallystable accurateand
completemanner
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1 INTRODUCTION

The main motivation and goal of this paperis to develop a sim-
ple yet powerful representationf 3D real symmetrictensor elds.
Topology-basedhethodproveto yield simpli ed yeteffectiverep-
resentationin mary visualization elds. Thetopologicalstructures
aresimplefor usergo understantgheunderlyingdata elds yetsen-
sitive enoughto captureimportantfeatures.In mostcasestrained
userscan even reconstructhe data elds by looking at the topo-
logical structures.Early work on usingtopology-basednethodto
visualizetensor elds by [5, 7] lays animportantbackgroundor
thisresearclproject.It de nesthetensortopologybasedndegen-
eratefeaturesanddiscussedts naturein 2D casedn greatdetails,
andprovidesusefulknowledgein 3D casesBut we nd this early
work insufcient in studying3D tensortopology Not only is the
dimensionof thefeaturesunknavn, but how to numericallyextract
the topologicalstructuress alsoobscure.In their previous work,
Hesselinkmentionedhatthe dimensionof the degeneratdeatures
canbe points, lines, surfacesor subvolumes. This claim itself is
essentiallytrue, but it doesnot point out the dimensionof features
in 3D topologyin general,i.e., in a typical non-dgeneratedata.
By analogyalthoughthecritical featuresn 3D vector elds canbe
lines,surfacesor evensubrolumes we know they aremostlypoints
in typical non-dgeneratelata. This knowledgeis the foundation
of the studyof topologicalstructurein vectorvisualization.All the
subsequerdtudyon separatriceandothertopologicalfeaturesare

basedon the extraction of the critical points On the otherhand,
notopologicalresultson 3D realsymmetrictensor elds beenpub-
lishedto dateindicatingthattopologicaltensorfeaturedorm lines

During our researcton 3D tensortopology we con rmed that
the topologicalstructuresn 3D real symmetrictensor elds form
featurelines. This canbeveri ed by anearlytheorempointedout
by Wigner and von Neumannthat the real symmetricdegenerate
matricesform a variety of codimensiorntwo [14]. This discovery
is importantin thatit tells usthatfuture studieson topology-based
methodfor 3D non-dgyenerateeal symmetrictensor elds should
bebasedn featurelines. We cancaptureimportantfeaturesstudy
the underlyingtensor elds andevenreconstructhe data elds by
looking atthesextractedtopologicalstructuralineswith theirsep-
aratrixsurfaces.

Traditionally, the degeneratdeaturesn 3D tensor elds arede-
ned astensorsvhosecubicdiscriminantis equalto zero. Finding
rootsof discriminantsin a stablemannermrovesto be a challeng-
ing taskbecausef their high-orderednesandsingularity In this
paper we nd analternatve formulationthatdecomposethe cu-
bic discriminantinto the sumof the squaresf seven cubic poly-
nomialsreferredto asdiscriminantconstaint functions Through
this decompositionthe tensoravhosediscriminantequalszeroare
equivalentto the tensorwhoseindividual tensorconstraintfunc-
tions all equalzeroat the sametime. This formulationeliminates
thehigh-orderednesandsingularityproblemsencountereih exist-
ing practice andthusmakesdevelopingstablenumericalalgorithm
to extractdegeneratdeaturelinespossible.

2 TENSOR ANALYSIS

Tensor elds, especiallysecond-ordettensor elds, are useful

in mary medical, mechanicaland physical applicationssuch as:

uid dynamics,meteorologymoleculardynamics,biology, astro-
physics, mechanicsmaterialscienceand earthscience. Effective

tensorvisualizationmethodscan enhanceresearchn a wide va-

riety of elds. However, developingan effective algorithmcanbe

dif cult becausefthelargeamounif informationcontainedn 3D

tensorelds: therearenineindependentomponentén eachtensor
andsix for asymmetridensor Usersin mary researchelds arees-
peciallyinterestedn realsymmetrictensors.n someapplications,
thedatathemselesareinherentlysymmetric.In othercasessym-

metric tensordatacanbe obtainedthroughvariousdecomposition
techniques.

2.1 DegenerateTensorsand Discriminants

Eachrealsymmetrictensorcanbe decomposehto threeorthogo-
nal eigervectors,eachof which hasan eigervalue associatedvith
it. They arelabeledasmajor, mediumandminor eigervectorsac-
cording to the relative magnitudesof their eigervalues. In non-
degeneratecasestheseeigervectorsdo not crosseachother The
degeneratdeaturesarethende ned asthosewheretheeigervectors
could crosseachother Hesselinket al. shav thatthe only degen-
eratefeaturesarethosehaving at leasttwo equaleigervalues[7].
Fortunately we do not needto conductthe eigendecompositiorio



nd the degeneratgoints. A tensorhastwo (or three)equaleigen-
valuesif andonly if its discriminantequalszero. The discriminant
D3 of atensorT with eigevalues 1, » and 3 isde nedas,
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This canbe reformulatedinto a form that doesnot requireeigen
decompositiorio explicitly determineeigervaluesasfollows:
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FromEquation2, we caneasily nd thatadiscriminantis (a) al-
wayshon-neative; (b) equalto zeroif andonly if atleasttwo of the
eigemvaluesareequal.And it is alwaysperfectfor computatiorand
numericalpurposesecauselthoughit is de ned on eigervalues,
we do not really needto carry out an expensve eigendecompo-
sition. Instead,we only needto computeEquation6 which is a
polynomialof ordersix to getthediscriminant.

Thejusti cation to de ne tensorawith two or moreequaleigen-
valuesasthe degeneratdeaturesis simple. In a vector eld, the
streamlindntegrationis ambiguousata pointwith zerovelocity. In
atensoreld, the hyperstreamlinéntegrationis alsoambiguousat
apointwith two equaleigervalues becausery linearcombination
of the two eigervectorsis anothereigervector Sincethe degen-
eratetensorsarethe only placeswherehyperstreamlinesancross
eachother they play animportantrole in 3D tensor eld topolog-
ical analysis,which dividesthe spaceinto smallersubspacesuch
thatlocal hyperstreamlinesxhibit similar patterns.In generalthe
degeneratéensorsanbeinterpretedn asimilarfashionasthecrit-
ical pointsin vector eld visualization.

2.2 Dimensional Analysis

A featuresetF is asubsebf spaceS with degreeof freedoms and
isde nedonadomainwith dimensiorD . A pointP belonggoF if
andonly if asetof constraint< aresatis edi.e.,C(P) = 0, where
thereare c independengquationsn C. And if whenC(P) = 0,
R degreesof freedomin P becomeindistinguishablewherewe
de ne thatthereareR degreesof redundang in theconstraintsC.
Thenin a non-dgeneratecase the dimensionof the featureF on
domainwith dimensiorD isH andis de ned as:

H=D C R @)
If we alreadyknow thatthe featuresetF formsa spacewith a

dimensionof G, thenthedimensionis:

H=D+G S 8)

That a type of featureis of dimensionH 0 meansit stays
mostly stablein a form of dimensionH for non-dgeneratedata
sets.Althoughthey canalsobein formsof otherdimensionssuch
asin casesof unstablefeatures,their existencecan be disturbed
by small errorsintroducedby computationabr eveninterpolation
methods.Thereforewe de ne afeatureto bestableonly if the ex-
istenceof thefeatureis notaffectedby thepresencef asmallnoise
—evenif theintroductionof noisealtersthelocationandproperties
of the feature. For example,if the intersectionpoint of two lines
onaplaneis de ned asafeature thentheintersectiorpoint of two
straightlinesis simply stable. For the casewherethe two straight
lines lie right on top of eachother the featureturnsinto a line.
However, this caseis not stablebecausealthoughall the pointson
theseoverlappindinesarefeaturepoints,asmalldisturbancén the
positionsor orientationsof thesetwo lineswill reducethe feature
line backto a singlefeaturepoint. We usethis type of dimensional
analysisto getour rst ideaof the dimensionof stablefeaturesin
degenerat@andnon-dgenerate3D tensors.

3 PREVIOUSWORK

Early tensorvisualizationtechnigueselied on the tensorellipsoid

which deformeda sphericalglyph accordingto the eigervaluesof

the tensors. Variationsof the basictensorellipsoid include draw-

ing eigevalue scaledaxesfor the eigervectors,Habers disk and
rod glyphs[6], ow probe[3], Laidlaw et al. glyphsusingbrush
strokes[12, 11]. More recently GordonKindimannproposechewn

glyphsthatusessuperquadri¢ensorglyphsto visualizetensorsas
a combinationof spherical planarandlineartensorq9]. With few

exceptions particularlyfor the caseof 3D tensor elds, glyphsare
usedin a sparingmannermecausef the clutterandocclusionthey

produce.Hence,they provide a discrete ratherthana continuous
view of thetensoreld. To addresshis problem tensorsplatswere
introducedby [1] to provide a global continuousview of thetensor
eld. Usinga barycentricmappingof linear, planar andspherical
tensorsdifferentpartsof thetensorvolumecanbe highlighted.

A hyperstreamlineis basically a streamlinede ned over an
eigervector eld [4]. Typically, the majoreigervector eld is used
for integratingthe hyperstreamlinewhile thetwo othereigervector

elds provide local informationalongthe length of the major hy-
perstreamlin@ndaremappedo its crosssection.Oneof theweak-
nessof hyperstreamliness ambiguityin placeswherethe tensors
areisotropicor even planar i.e. the eigervaluesare nearlyequal.
In theseareasa sudderchangen directionof the hyperstreamline
mayarise.To addresshis problem tensorlinesvereintroducedby
[18]. Ambiguitiesareresohed by taking the anisotroly of the lo-
cal tensorinto accountaswell asinformationaboutorientationof
nearbyfeatures. This allows the tensorlinesto proceedin arela-
tively smoothpath,evenin thefaceof isotropicregionsor noisein
thedataset.

Topology-basedensor visualization techniquesrepresentthe
tensor elds in a simple yet powerful way. The critical features
are extractedas a simpli ed versionof the underlyingdata eld.
Experiencediserscanunderstangind even reconstructhe tensor
databy looking attheir propertiesandpatterns Thecritical feature
is de ned asdegenerateensorsvheretheeigervaluesareidentical,
andaretheonly placeghatthetwo associatettyperstreamlinesan
intersectthemseles. In 2D tensor elds, thereis only oneway to
obtaina degeneratgoint: thetwo eigervaluesmustbeequal.Hes-
selink and Delmarcelleusedthis conceptin 2D anddiscussedhe
natureof the degeneratepoints(wedgesandtrisectors)in greatde-
tail. However, it is lesssuccessfuin 3D, in partbecausehereare
two typesof degeneratgointsin 3D: doubleandtriple degenerate
points,wheretwo of the threeeigervaluesareequal,andall three
eigervaluesare identical, respectiely. This early work doesnot
fully explore the propertiesof the doubledegeneratdeaturesand



insteadfocuseson the triple degenerateensorswhoseproperties
arecloserto their counterpartén 2D. In [7], they hint thatthetriple

degeneratgoints(for the doublepointloaddata)areconnectedy

a locus of doubledegeneratepoints. The paperfails to point out

that the dimensionof the stabledoubledegeneratdeaturesarein

factlinesin mostof the typical non-dgyenerategensor elds. And

hence,it did not talk about nding a stablenumericalmethodto

extractthesefeaturelinesin 3D.

Although triple degeneratefeaturesare useful, they are ex-
tremely rare and unstable. Using the dimensionalanalysistech-
nigue,we know the dimensionf triple degeneratdeaturesn 3D
isofdimensiorH = D+G S=3+1 6= 2 G= lisdue
to thefactthatthetriple degeneratéensorsaareonly anidentity ten-
sortimesa constantsothatthey have only onedegreeof freedom.
S = 6is becausarealsymmetrictensorhassix independentom-
ponentshenceit hassix degreesof freedoms. A dimensionality
thatis lessthanzeromeanghefeatureis unstable.In otherwords,
notonly is it extremelyrarein realdata,but its very existencewill
also be easily dissoled by small errorsintroducedby numerical
and interpolationmethods. This propertydramaticallylimits the
usefulnes®f triple degeneratéensorsin practicalcontets. Even
in time-varyingdata,which hasadimensiorof four, thedimensions
of thefeatureof H = 4+ 1 6= 1, isstill unstable Actually,
in our experimentsvith mary realtime-varying stressdatasetsywe
have notfoundary triple degeneratgoints. The only datasetthat
containgriple degeneratgointsis from a syntheticdatasetknovn
astheBoussinesgloublepointloadstresgensor

In complex 2D tensor elds, the extractedtopology may also
be very comple. [17] proposedalgorithmsto simplify 2D tensor
topologyaswell astrackthemin time-varying2D tensor elds [16].

Anisotropy in tensor elds areimportantfeaturesn some elds
suchasdiffusion tensorMRI. In 3D, tensorsare classi ed as be-
ing linear or anisotropicwherethereis a predominantigervalue
and two other smaller eigervalues, planar where there are two
roughly equaleigervaluesand one smallerone, and sphericalor
isotropicwheretherearethreeroughlyidenticaleigervalues.[10]
usesbarycentriccoordinatedo map thesepropertiesto color and
opacityin volumerenderingtensor elds. An alternatve approach,
calledHyperLIC,wasproposedy [20] to highlight anisotroy us-
ing textures. Linear tensorsare representedby highly correlated,
high contrastextures,while isotropictensorsendup asblurry tex-
tureswith no preferredorientation.

Using the physical analogyof bendingsteelbeamsunderload,
[2] useddeformationto visualizethe effects of tensor elds. Ide-
alizedobjectssuchaslines, surfacesandsubvolumesaredeformed
undertensortransformations.This was furtherimproved by [19]
to provide a globally consistentdeformationbasedon a collection
of local deformations Calculationsverecarriedusinga systemof
springs.

Extendingthe idea of deformationto optics, [21] addedthree
alternatve ways of visualizingtensors: (a) First, light rayswere
tracedthroughatensorvolumeandbentaccordingo thelocalten-
sorpropertieghatthey encounterThe bentraysshav divergentor
convergentregionsin thetensor eld. (b) Secondthe exit points
of theraysarecollected,asin causticray tracing. Differentwave-
lengthsare simulatedand color separatioron the resulting caus-
tic imageprovidesa densevisualizationof divergenceandcorver
gencefrom a givenviewpoint. (c) Third, thetensoreld is treated
asalensthatdistortsanimage. Studyingthe distortionof a knovn
image,e.g. checlerboardpattern,revealscompressie andtensile
regionsin thetensor eld.

4 METHODS

In this section,we rst shaw thatthe featuresareindeedlinesin
non-dgeneratelataset. Thenwe discusghedetailsof our numeri-

calmethodgo extractthedegeneratdeaturesn 3D realsymmetric
tensorelds.

4.1 Dimensionality of TensorFeatures

Before we can extract the critical featuresfrom 3D tensor elds,
we needto know whatkind of featureswe arelooking for. Algo-
rithms to locate points, lines, surfacesand volumesemploy very
differentstratgjies. As mentionedearlier we found that for most
non-dgenerat8D tensorsthedimensionalityof thecritical feature
is oneandhencethey form featurelines. This canbe shavn using
dimensionaknalysisdescribecearliet or with the theoremby von
NeumanrandWignerwhichstateghattherealsymmetricdegener
atematricesform a variety of codimensiortwo [14]. Codimension
is de ned asthe differenceof the dimensionshetweena subspace
andthe spacenhereit is de ned. An interpretatiorof this theorem
is thatoneof thetwo codimensionss introducedby the constraint
thatatleasttwo eigervaluesmustbe equal. The othercodimension
is introducedimplicitly by the factthatwhentwo eigervaluesare
equal,the associate@igervectorsare undeterminedip to onede-
greeof freedom,sinceary orthogonallinear combinationsof the
eigervectorsyield anothervalid pair. For real symmetric3D ten-
sors,we have six dggreesof freedom.Hence,it alsofollows from
this theoremthat thesetensorsform a variety of dimensionfour.
An approacho parameteriz¢he 3D degeneratdensorsusingfour
parameterss introducedn [22].

For atensor eld with a spatialdimensionof D = 3, the con-
straintthattwo eigervaluesareequalis a constraintwith a dimen-
sionof C = 1. In the meantimethe eigervectorshave R = 1
degreeof redundang asshavn above. Thusthe dimensionof the
featuresssH =D C R=3 1 1= 1 Thatmeansfora
non-dgyeneratéensoreld, thedegeneratdeaturesarelines. Using
the theoremby von Neumannand Wigner, we seethat dimension
D = 3andcodimensions 2, sothefeaturesn thedataform asub-
spaceof dimension3 2 = 1, i.e. lines. While the mainfeatures
arelines, it is still possibleto have featureghatarepoints,surfaces
or subvolumes but thosetypesof featuresvould be consideredin-
stableanddo not persist. Thosetypesof unstablefeaturesarealso
lesscommonin most3D tensor elds. As such,we focusour ten-
sorfeatureextractionto extractfeaturelinesratherthansurfacesor
subvolumes.We still needto extractpointsastheseform the basis
for thefeaturelines. Becausef this designcriterion, featureshat
aresurfaces(e.g. in the singlepointload data)or subsolumesmay
not be detectedasreadily as featurelines. This limitation is not
insurmountablebut is ratherbasedon the effective useof limited
resourcedn nding featureghatarenotascommonnor stable.

4.2 Constraint Functions

To nd thecritical degeneratéensorswe needto locatethoseten-
sorswhosediscriminantsare zero. Although Equation6 provides
an elegant representatiorfor evaluatingthe discriminantwithout
having to performeigendecompositionit is not very suitablefor
nding roots. In Equation6, the discriminantof a real symmetric
tensoris a polynomialof ordersix. Sinceit is alwaysnon-n@ative,
the degeneratetensoralso happensgo be its minimum. A good
methodwidely usedto nd theroot of anequationis to detectthe
changeof signsandthento recursvely bisectthe domainof inter
est. But becausehe degeneratdeatureis itself a minimum, there
is no changeof signat all. Relying on the gradientsis alsodan-
gerous becausehe gradientsare notoriouslyunstableunlessthey
arevery closeto thefeature.Dueto this high-orderednesandsin-
gularity, directly nding the root of a cubic discriminantstablyis
very dif cult. Instead,we look for anotherrepresentatioof the
discriminant.

In our investigation so far, we found that while [8] pointedout
thatnot all non-ngative polynomialscanbe brokendown into the



sumof square®f polynomials the cubicdiscriminantcanbe writ-
tenasthesumof thesquare®f sevenpolynomials.We alsolearned
that not only canthe discriminantof a second-ordetensorof ary
dimensiorbeexpresseasthesumof square$13], but our solution
to the 3D caseof sevenequationss optimal [15]. Thereforethe
de nition of degeneratéensorsanalsobeexpresseasthetensors
wherethesevendiscriminantconstaint functionsareall zeroatthe
sametime. We usetheseseven cubic equationgo extractthe fea-
turelinesfrom 3D tensor elds. Thesevendiscriminantconstraints
are:

fx(T) = Too(Th TH)+ Too(Tér TH)+ Tu(T2  TH) +
Tu(Th  Ta)+ T2(To  Th)+ T2(Te  Th)
fya(T) = Tw@(TL Th) (Té+ Té) + 2(TuToo + T22Too
T11T22)) + To1To2(2Too T2z Ti1)
fya(T) = Toa(@(TH Ta) (Té+ Th) + 2(T22Tu + TooTn
T22Too)) + T12To1 2Tz Too  T22)
fya(T) = Tou(2(Te TH) (T + T&H) + 2(TooTaz + TuaTaz
TooT11)) + To2T12(2T22 Ti1 Too)
fz2(T) = Te(Té Té)+ ToTe(Tu  Tz2)
fz2(T) = To2(T&  Th)+ Ti2Tor(Tzz Too)
fz3(T) = Toe(Te  T&H)+ ToeTi2(Too  Taa)
D3(T) = fx(T)?+ fya(T)? + fya(T)% + fya(T)%+
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A tensoris degeneratéf andonly if all of its sevendiscriminant
constraintfunctionsarezero. Thisis the conditionthatwe employ
to extractthecritical featuresn 3D tensor elds. Its rst advantage
is thatthe constraintfunctionsare only cubic polynomials,instead
of a polynomialof orderof six which tendto oscillatemore. This
propertyleadsto a more stableand accuratenumericalalgorithm.
In addition, the requirementhat all seven constraintfunctionsbe
zeroat the sametime depend®n the tensorvalueonly andnot on
thegradientcalculatedrom adjacentensorsHence thealgorithm
yieldsamoreaccurateesultthanthealgorithmsthatrely on nding
critical pointswherethe gradientsof the discriminantsare zeros.
Its secondadwantageis that the constraintfunctionscan be both
positive or negative, asopposedo alwaysbeingnon-ngative. This
propertyallows usto performa fastandinexpensve checkfor the
existenceof features.And nally, the reformulationalsodoesnot
requireeigendecomposition.

Althoughdegeneratdeaturesequirethatall sevendiscriminant
constrainfunctionsbe zeroat the sametime, pseudo-featwswith
lessthanseven constraintsatisfyingthis criterionarealsoveryin-
teresting(SeeFigurel). In our experimentssomeof thesepseudo-
featurepoints have threeto ve constraintsas zeros. Our study
into themrevealssomeotherinterestingpropertiesof tensor elds.
More researchinto thesepseudo-features alsonecessaryo study
their signi cance.

4.3 Root Finding

In orderto extractsmoothandcontinuoudeaturelinesin 3D tensor
elds, we look at eachof the 6 facesof every hexahedralkell. For
eachface,we extractthe intersectionpoint(s) of the featurelines.
Thesepoints are thenconnectedo generatea continuousfeature
line.

Weknow thatthedegenerat@D tensoroona 2D slicearemostly
points. The only exceptionis if the featureline lies exactly onthe
face.But evenfor thatcase thatfeatureline will intersectanadja-
centnon-coplanafaceon the edge,or possiblycornervertex. To

(a) Two degeneratgoints (b) Threedegeneratgoints

Figure 1: White dots are degenerate points indicating places where
all seven constraint functions are zero. Each colored curve corre-
sponds to a constraint function being equal to zero. Places where
multiple curves intersect are where multiple constraint functions are
satis ed simultaneously. The background is pseudo-colored by the
discriminant functions. The data is a 2D slice of a randomly gener-
ated 3D tensor eld.

nd thesefeature(intersection)pointsthat satis esall seven con-
straintssimultaneouslywe employ a modi ed versionof Newton-
Raphsoralgorithmto solve sucha overspeci ed systemof equa-
tions.

Assumethetensor eld is T (X ). For thefeaturepointsX , we
hareCF (X )= CFi(X )= 0,fori = 1;:::;7,whereCF (X) is
anassemblyof the seven constrainfunctionsinto onevectorfunc-
tion. Using the modi ed Newton-Rhapsommethodand an initial
guesf X, we have thefollowing updatingformula,

1 T | 1 1 T
@F @&F @F !
Xn+1 - Xn @( @( @( CF
X=Xn
(10)
| |
@r _@&F @
& @ & )

! !
Note that we calculatethe &= from the chain rule using &~
and% ratherthanfrom theinterpolatedvaluesof CF onthegrid

]
using nite differencemethoddor higherprecision.% is calcu-

latedfrom theformulaof thetensorconstraintsand % is fromthe
interpolatedtensorvalues. We usedboth the bilinear and bicubic
naturalsplineinterpolations.

Using the centerof eachcell asthe initial guessfor an inter-
sectionpoint, we nd thatthis methodcornvemesto the actualin-
tersectiorpointwithin ve iterationsin mostnon-degenerateases
with a precisionup to 10 °, andit almostnever missesa feature
point if it exists. Additional points are obtainedby subdviding
thecell face.This modi ed Newton-Rhapsomethodon constraint
functionsis superiorin speedaccurag andprecisioncomparedo
othermethodglevelopeddirectly basecbn the cubicdiscriminants.
For example,we alsoimplementeda comparisoralgorithmbased
on cubic discriminantthat searchedor its minimum using conju-
gategradientmethods.Not only is it about50 timesslower, using
ary precisionlessthan10 ° will yield afalsenegative rateof over
50%.

4.4 ConnectingFeature Points

Somecellsmay have morethanonepair of intersectiorpointsand
hencemorethanonefeatureline. We usea multi-passapproacho
connecthesentersectiorpoints. We only examinecandidatecells



that containintersectionpoints on at leastone of their six faces.
In the rst pass,all candidatecells containingexactly two inter
sectionpointsare processedy: (a) simply connectingthosetwo
points,(b) recordingthe orientationof theline segmentastangents
attheendpoints,and(c) markingthe cell asprocessedin the sub-
sequenpassestheir unprocessedeighboringcandidatecells are
processedy connectinga line sggmentbetweeneachpair of in-
tersectionpointsin sucha way asto minimize the angledeviation
betweerthe tangentecordedat the endpoint andtheline towards
otherintersectionpointswithin the cell. Eachneighboringcandi-
datecell is marked asprocessedandthe procedurecontinuesuntil
thereareno morecandidatecells.

In our currentimplementationwe usethis iteratve methodto
generatehe tangentlines on featurepointsand ultimately resohe
the line connectionshetweenmultiple points. In the future, we
planto calculatethe tangentof the degenerateensorline ata spe-
ci ¢ featurepoint analyticallyinsteadof from the post-processing
method.

4.5 Categorization of Degeneratelines

There are two caseswhere hyperstreamlinegrosseachotherin

doubledegeneratéensorsThe rst casgtypePfor planar)is when
the major and mediumeigervaluesare identical, and the second
case(type L for linear) is whenthe mediumand minor eigerval-

uesareidentical. We de ne a quantityK , thatmeasureshe eigen

difference of atensorT with eigevalues 1 2 3!

K=2, ( 1+ 3) (12)

The eigendifferenceK measuresvhetherthe tensorat a point is

closerto typeP ortypeL. It is easyto shav thatK returnsapositive

valuefor atype P degenerataensor andreturnsa negative value
for atype L degenerateensor WhenK equalszero, the three
eigervaluesare the same,andthe tensoris triple degenerate.We

color codethefeaturelineswith their associate@igendifferences:
warm colorsfor type P andcool colorsfor type L. The closerthe

coloris to puregreen,the closerthe tensoris to triple degenerag

(SeeFigures?2 - 4). Sincetriple degeneratepoints are the only

locationswhereatype P andtypeL featureline cancross,coupled
with the color mappingfor K , the combinedpresentatioprovides
astrongvisualcluefor nding triple degeneratgointseventhough
thesearenotexplicitly calculated.

4.6 Higher Order Degeneracy

Previousresearchersave pointedoutthattensorfeaturesnmayhave
higherorderdegenerag thanjustpoints,andmayincludelines,sur
facesandsubvolumes.It canbeproventhatnotonly is thediscrim-
inantzeroatthe degeneratéensorshut alsothe rst ordergradient
of the discriminantis alsoequalto zero. We hypothesizehat the
higherorderdegenerag happennly wherethe secondor higher
orderof discriminantgradientsarezeros.Onecan nd this kind of
phenomenomnly undervery specialconditions. For example,we
canshaw thatfor the single point load data,therearetwo typesof
degeneratdeatures:oneis a featureline directly belov the point
loaddirection;theotheris a surfacespreadingsymmetricallydovn
from the pointload. The higherordersurfacedegenerag happens
in this particulardatasebecausef a delicateequilibrium achies-
ableonly in a purely syntheticdata. This equilibriumcanbe easily
disturbedby noiseor otherforces,andthe featurewill fall backto
themorestableform of lines. Thisis con rmed in thedoublepoint
load data. In this data,althoughthe discriminantson the degener
atesurfacearestill very small,asindicatedby theweaktransparent
surfacein Figure4, the stabletensorfeaturesarelines.

In the same gure, we notice that nearthe ape of thesetwo
weaksurfacesthefeaturelines seemto breakapart. We think that
in thevicinity of thosetwo points,the appropriateensorfeatureis
asmallfeaturesurface.Sinceour currentalgorithmis notdesigned
for nding suchfeaturesjt appearsasan artifact. Thisis anarea
thatwe planon addressin@swell — eventhoughsuchfeaturesare
generallyunstable.

Another generallyunstablehigher orderfeatureis featuresub-
volumes.We think thatin sometype of tensordatasets suchasdif-
fusiontensordatasets,it maybemorelikely to nd suchfeatures.
Thelocationsof suchfeaturescanbe foundin purelyisotropicre-
gions,andwhile they maynotbe of too muchinterestwe alsoplan
to investicatethis aspectjust for completeness.

5 |IMPLEMENTATION | SSUES

In this section,we discusgwo implementatiorissuesaffecting the
speedandaccuray of theresults.

5.1 Pre- ltering

Methodsbasedon constaint functionsare superiorover thosedi-

rectly basedon discriminantsbecauseheir signscould either be
positive or negative aroundthe features. This propertyallows us
to detectsign changesdn the vicinity of the tensorfeatureswith-

out referringto the unpredictablegradientsof tensors. This prop-
erty also allows us to quickly eliminate thosecells without sign

changedrom further consideratiorwhen nding tensorfeatures
within them,therebyspeedingup thewholefeatureextractionpro-

cess.Thepre- Itering procedurgroceeddy successiely evaluat-
ing the seven constrainfunctionsfor eachcell. If acell shavs that
thereis no signchangedrom ary singleoneof thesevenconstraint
functions,andtheir valuesare signi cantly away from zero,then
subsequentvaluationsareskippedsincethe cell canbe eliminated
asacandidatecell.

5.2 Inter polation Methods

Usuallythefeaturedinesarestablein non-dgeneratalataset. But
in rarecasessuchaswhenthefeaturesarehigherordere.g.surface
or subvolumefeaturesthe featurelines becomeunstablein thata
smallamountof noisecould dramaticallychangethe features.In
our experiments this occursin oneareaof a syntheticdata— the
bifurcatingbranchbelow the loadsin the doublepoint load stress
tensor More detailsaboutthis datasetwill be discussedn Sec-
tion 6.

In this area,not only arethe discriminantsandtheir rst order
gradientszero, but the secondordergradientsare alsovery small.
This higherorderdegenerag makesdegenerateensorfeaturesex-
tremely sensitie even to the small noiseintroducedby interpola-
tion. Figure3 shavstheeffectsof varyingtheinterpolationmethod.
In bothimages,we rst computethe tensorvalueson a 32° grid
andapply our numericalmethodto extract the degeneratdensors
with a speci ed interpolationmethod. To con rm the correctness
of theresultswe alsoresampledhetensorvaluesfrom theoriginal
grid to a higherresolutiongrid of 128® usingthe sameinterpola-
tion methodandvolumerenderedt. Thecolorsaremappedo the
discriminant,wherelesstransparenblue colorsarecloserto zero,
and moretransparented colors have highervalues. The features
shouldbelocatedin the blueregions. Sincethe implementatiorof
theresamplingandthe volumerenderings straightforvard, it also
senesasa visualveri er for our numericalalgorithm. Figure3(a)
useslinear interpolation,andthe degeneratdeaturedines appear
brokenanddisoilganized.In contrasttheresultfrom tricubic natu-
ral splineinterpolationis shavn in Figure3(b). We canseeit x ed



(a) Firstset

(b) Secondset

Figure 2: Randomly generated 3D tensors. Warmer line colors are closer to type P degenerate points where major and medium hyperstreamlines
intersect, while cooler line colors are closer to type L degenerate points where medium and minor hyperstreamlines intersect. The rest of the
volume is pseudo-colored by the discriminant using cool colors for low discriminant values (closer to feature lines) and warm transparent colors

for distant values.

the problemalmostperfectly Actually, we alsotried otherhigher
orderinterpolationmethodssuchas: tricubic, triquartic, triquintic
andHermiteinterpolation.They all have improvedresultsover the
trilinear interpolation but do not addresshe problemassatisacto-
rily asthetricubic naturalsplineinterpolation.

(@) (b)

Figure 3: Closeup of the bifurcating feature lines below the point
loads in the double point load data set. Feature lines are colored by
the eigen difference while the volume is colored by the discriminant
using cool colors for low discriminant values (closer to feature lines)
and warm transparent colors for distant values. (a) Trilinear interpo-
lation, (b) Tricubic natural spline interpolation.

6 RESULTS

We experimentedwith four datasetsto test out our degenerate
tensorextraction algorithm. The rst is a 2D rectangularmpatch
with symmetric3D tensorsat the four cornersthat have beenset
randomly (seeFigure 1). The tensorvalueswithin the patchare
obtainedthroughlinear interpolation. This syntheticdatacorre-
spondsto tensorson a faceof a 3D cell. The secondis a 3D

cell with symmetric 3D tensorson its eight cornerswhich are

also set randomly (see Figure 2). It is sampledinto a higher
resolution for smootherfeatureslines. The third is the stress
tensordatain a semi-in nite volume with two point loads (see

Figure 4). The fourth is the deformationtensorsin the com-
puted ow pasta cylinder with hemisphericalcap (see Figure
5). For Figures2 to 4, the colors of the volumesare mappedto
the tensordiscriminant(Equation6) with moretransparentooler
colors mappedto lower valuesand more opaquewarmer colors
mappedto higher values. Degeneratetensorscan be found in
the cool blue regions. Digital imagescan be accesseanline at:
www.cse.ucsc.edu/research/avis/tensortopo.html.

Figure2 shavs degenerateensorsn a 3D cell form featurelines
(renderedastubes).Notethatthefeaturelinesarenothyperstream-
lines, ratherthey arewherethe majorandmedium,or the medium
andminor, or all threehyperstreamlineintersecteachother The
color of the tubesare mappedto the eigendifference,wherethe
type P linesaremappedo warmercolorsandthetypelL linesare
mappedo coolercolors.Only thefaintgreenis visiblein thevicin-
ity of thetubeshecaus¢éhetubesarein theblueregions. We seethat
comple featurelinescanform evenfrom asimplelinearly interpo-
latedrandomtensoreld. In (a),thetypeP andL linesswirl around
eachother while in (b), the two typesof linesform a complicated
structure.

Figure4 shows the doublepointload stresgensors. The yellow
arraws indicatethe two point loads,andthe two magentaspheres
arethetriple degeneratepoints. We canseethe line of doublede-
generayg connectinghesawo stress-fre@ointsasalludedtoin [7].
Othervery interestingfeaturelinesarealsoextracted.The rst is a
vertical loop thatlies directly underthe doubledegeneratdeature
line connectinghetwo triple degenerateoints. This featureis not
presenin thesinglepointloaddata.This loop featureis alsostable
in the sensdhatit persistsevenasthe magnitudeof thetwo point
loadsarevaried. Theseconds how thebluefeaturdine below each
of thepointloadbifurcateandthenreconnectThesetwo structures
andtheverticalloop areconnectedogethetby atypeP featureline
runningbetweerthetwo pointloads.Looking from thetop view in
(b), we seeanotherinterestingfeaturewhich is the circularfeature
line thatconnectghetwo pointloadsandthetwo triple degenerate
points. We needto furtherinvestigate the physical signi cance of
thesefeatureghathave not beenseenin previousvisualizationsof
the data. It is worth noting that the stresstensoris dominatedby
only onesingleloadin thevicinity of theloadpoint, soit is locally
similar to the single point load stresstensorwherethe degenerate



(a) Obliqueview

(b) Topview

Figure 4: Double point load data. Yellow arrows indicate point load, while the 2 magenta spheres show the location of the triple degenerate
points. Feature lines are colored by the eigen difference while the volume is colored by the discriminant.

tensorform a surfacesymmetricallyspreadingaway from theload
point. Sinceour algorithmis designedor extractingfeaturedines,
it producesrtifactswhenthefeatureform asurfaceor subsolume.

Figure 5 shavs degeneratdines in the deformationtensorsof
the computedo w pasta cylinder with a hemisphericatap. Only
a portion of the datacloseto the capis shovn becausenostof the
interestingfeaturesarefoundthere. First, we seea curvedline on
the capshavn by theblackarrow. It matchessomeof the patterns
of the velocity topology from the samedataset. Thereare more
featuresatthe upperhalf of the databecausehe o w thereis more
turbulent. Figure5(a)is from a obliqueview. Most of thefeatures
arecloseto thegeometryof the objectexcepta complicatedoranch
structurevhichextendsaway from thegeometry It containsasmall
cyanhornshapéndicatedby the pink arrow, two greenring shapes,
anda bifurcatingstructure.Figure5(b) is from atop view. Again,
we seethat most of the interestingfeaturesare very closeto the
geometryof the object. We also seea strongtype L (blue) bulb
shapestructurethatextendsto theendof thecylinder. Nearthecap,
it intertwineswith a strongtype P (red) heartshapestructure.This
phenomenoiis interestingn thatalthoughthesetwo structuresare
very close,they do not crosseachother becausehereis no green
colorattheirvisualcrosspoints. It alsomeanghetensorsarequite
turbulentin thisareabecauséargevariationsarehappeningn very
closeproximity. Thereare mary otherinterestingfeaturesshavn
in thesetwo images. In the nearfuture, we will investicate the
signi cance of thesefeaturesand nish a formal analysison the
role of the degenerateensorinesin 3D tensor eld.

7 CONCLUSION

We pointedout that the degenerateensorsform linesin 3D real
symmetrictensoreld. Thisknowledgelaysafoundationfor future
researchon topologybasedmethodgo visualize 3D tensor elds.
Furthermoreywe presentedn algorithmto extract degenerateen-
sorlines. Thisalgorithmusesanew formulathatdecomposesubic
discriminantinto a sumof squaref seven polynomials. Feature
pointsare rst extractedoneachfaceof acandidaténexahedratell,
andthe pointsconnectedn aniterative fashionto generatdeature
lines. We appliedthis algorithmon several datasetsincludingran-
domly generatedensor elds which allowedusto stresgestoural-
gorithm,severalanalyticaldatasete.g. singleanddoublepointload

datasetsto validateour results,andseveral computationatlataset
e.g. ow pastcylinder with hemisphericatap,to testits practical
use.Theresultspointto new knowledge for the caseof the double
pointloaddataset,aswell asadditionalareaof investigationsuch
asstudyingthe correlationbetweertheinterestingpatternswve saw
in therealdatasetsandtheunderlyingphysics. Thesenaw insights
will beusefulin seedinghyperstreamlinegppologysimpli cation,
andtrackingtopologyin time-varyingdata.
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