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ABSTRACT

Visualizationof 3D tensor�elds continuesto bea majorchallenge
in termsof providing intuitive and unclutteredimagesthat allow
theusersto betterunderstandtheir data.Theprimaryfocusof this
paperis on �nding a formulation that lendsitself to a stablenu-
merical algorithm for extracting stableand persistenttopological
featuresfrom 2ndorderrealsymmetric3D tensors.While features
in 2D tensorscanbe identi�ed aseitherwedgeor trisectorpoints,
in 3D, the correspondingstablefeaturesarelines, not just points.
Thesetopologicalfeaturelinesprovideacompactrepresentationof
the3D tensor�eld andareessentialin helpingscientistsandengi-
neersunderstandtheir complex nature. Existing techniqueswork
by �nding degeneratepoints and are not numericallystable,and
worse,producebothfalsepositiveandfalsenegativefeaturepoints.
This paperseeksto addressthis problemwith a robust algorithm
thatcanextractthesefeaturesin anumericallystable,accurate,and
completemanner.
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1 I NTRODUCTI ON

The main motivation and goal of this paperis to develop a sim-
ple yet powerful representationof 3D realsymmetrictensor�elds.
Topology-basedmethodsproveto yield simpli�ed yeteffectiverep-
resentationin many visualization�elds. Thetopologicalstructures
aresimplefor usersto understandtheunderlyingdata�elds yetsen-
sitive enoughto captureimportantfeatures.In mostcases,trained
userscaneven reconstructthe data�elds by looking at the topo-
logical structures.Early work on usingtopology-basedmethodto
visualizetensor�elds by [5, 7] lays an importantbackgroundfor
thisresearchproject.It de�nesthetensortopologybasedondegen-
eratefeaturesanddiscussesits naturein 2D casesin greatdetails,
andprovidesusefulknowledgein 3D cases.But we �nd this early
work insuf�cient in studying3D tensortopology. Not only is the
dimensionof thefeaturesunknown, but how to numericallyextract
the topologicalstructuresis alsoobscure.In their previous work,
Hesselinkmentionedthat thedimensionof thedegeneratefeatures
canbe points, lines, surfacesor subvolumes. This claim itself is
essentiallytrue,but it doesnot point out thedimensionof features
in 3D topology in general,i.e., in a typical non-degeneratedata.
By analogy, althoughthecritical featuresin 3D vector�elds canbe
lines,surfacesor evensubvolumes,weknow they aremostlypoints
in typical non-degeneratedata. This knowledgeis the foundation
of thestudyof topologicalstructurein vectorvisualization.All the
subsequentstudyon separatricesandothertopologicalfeaturesare

basedon the extractionof the critical points. On the otherhand,
no topologicalresultson3D realsymmetrictensor�elds beenpub-
lishedto dateindicatingthattopologicaltensorfeaturesform lines.

During our researchon 3D tensortopology, we con�rmed that
the topologicalstructuresin 3D real symmetrictensor�elds form
featurelines. This canbeveri�ed by anearly theorempointedout
by Wigner andvon Neumannthat the real symmetricdegenerate
matricesform a variety of codimensiontwo [14]. This discovery
is importantin that it tells usthat futurestudieson topology-based
methodfor 3D non-degeneraterealsymmetrictensor�elds should
bebasedon featurelines. Wecancaptureimportantfeatures,study
theunderlyingtensor�elds andevenreconstructthedata�elds by
lookingattheseextractedtopologicalstructurallineswith theirsep-
aratrixsurfaces.

Traditionally, thedegeneratefeaturesin 3D tensor�elds arede-
�ned astensorswhosecubicdiscriminantis equalto zero.Finding
rootsof discriminantsin a stablemannerprovesto be a challeng-
ing taskbecauseof their high-orderednessandsingularity. In this
paper, we �nd an alternative formulationthat decomposesthe cu-
bic discriminantinto the sumof the squaresof seven cubic poly-
nomialsreferredto asdiscriminantconstraint functions. Through
this decomposition,thetensorswhosediscriminantequalszeroare
equivalent to the tensorwhoseindividual tensorconstraintfunc-
tions all equalzeroat the sametime. This formulationeliminates
thehigh-orderednessandsingularityproblemsencounteredin exist-
ing practice,andthusmakesdevelopingstablenumericalalgorithm
to extractdegeneratefeaturelinespossible.

2 TENSOR ANALYSI S

Tensor �elds, especially second-ordertensor �elds, are useful
in many medical,mechanicaland physical applicationssuchas:
�uid dynamics,meteorology, moleculardynamics,biology, astro-
physics,mechanics,materialscienceandearthscience.Effective
tensorvisualizationmethodscan enhanceresearchin a wide va-
riety of �elds. However, developinganeffective algorithmcanbe
dif�cult becauseof thelargeamountof informationcontainedin 3D
tensor�elds: therearenineindependentcomponentsin eachtensor
andsix for asymmetrictensor. Usersin many research�elds arees-
peciallyinterestedin realsymmetrictensors.In someapplications,
thedatathemselvesareinherentlysymmetric.In othercases,sym-
metric tensordatacanbeobtainedthroughvariousdecomposition
techniques.

2.1 DegenerateTensorsand Discriminants

Eachrealsymmetrictensorcanbedecomposedinto threeorthogo-
nal eigenvectors,eachof which hasaneigenvalueassociatedwith
it. They arelabeledasmajor, mediumandminor eigenvectorsac-
cording to the relative magnitudesof their eigenvalues. In non-
degeneratecases,theseeigenvectorsdo not crosseachother. The
degeneratefeaturesarethende�nedasthosewheretheeigenvectors
couldcrosseachother. Hesselinket al. show that theonly degen-
eratefeaturesarethosehaving at leasttwo equaleigenvalues[7].
Fortunately, we do not needto conducttheeigendecompositionto



�nd thedegeneratepoints.A tensorhastwo (or three)equaleigen-
valuesif andonly if its discriminantequalszero.Thediscriminant
D 3 of a tensorT with eigenvalues� 1 , � 2 and� 3 is de�ned as,
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This canbe reformulatedinto a form that doesnot requireeigen
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D 3(T ) = Q2P 2 � 4RP 3 � 4Q3 + 18PQR � 27R2 (6)

FromEquation2, wecaneasily�nd thatadiscriminantis (a)al-
waysnon-negative; (b) equalto zeroif andonly if at leasttwo of the
eigenvaluesareequal.And it is alwaysperfectfor computationand
numericalpurposesbecausealthoughit is de�ned on eigenvalues,
we do not really needto carry out an expensive eigendecompo-
sition. Instead,we only needto computeEquation6 which is a
polynomialof ordersix to getthediscriminant.

Thejusti�cation to de�ne tensorswith two or moreequaleigen-
valuesas the degeneratefeaturesis simple. In a vector �eld, the
streamlineintegrationis ambiguousatapointwith zerovelocity. In
a tensor�eld, thehyperstreamlineintegrationis alsoambiguousat
apointwith two equaleigenvalues,becauseany linearcombination
of the two eigenvectorsis anothereigenvector. Sincethe degen-
eratetensorsaretheonly placeswherehyperstreamlinescancross
eachother, they play an importantrole in 3D tensor�eld topolog-
ical analysis,which dividesthespaceinto smallersubspacessuch
that local hyperstreamlinesexhibit similar patterns.In general,the
degeneratetensorscanbeinterpretedin asimilarfashionasthecrit-
ical pointsin vector�eld visualization.

2.2 DimensionalAnalysis

A featuresetF is asubsetof spaceS with degreeof freedoms and
isde�nedonadomainwith dimensionD . A pointP belongstoF if
andonly if asetof constraintsC aresatis�edi.e.,C(P) = 0, where
therearec independentequationsin C. And if whenC(P) = 0,
R degreesof freedomin P becomeindistinguishable,wherewe
de�ne thatthereareR degreesof redundancy in theconstraintsC.
Thenin a non-degeneratecase,thedimensionof the featureF on
domainwith dimensionD is H andis de�ned as:

H = D � C � R (7)

If we alreadyknow that the featuresetF forms a spacewith a
dimensionof G, thenthedimensionis:

H = D + G � S (8)

That a type of featureis of dimensionH � 0 meansit stays
mostly stablein a form of dimensionH for non-degeneratedata
sets.Althoughthey canalsobein formsof otherdimensions,such
as in casesof unstablefeatures,their existencecan be disturbed
by small errorsintroducedby computationalor even interpolation
methods.Therefore,we de�ne a featureto bestableonly if theex-
istenceof thefeatureis notaffectedby thepresenceof asmallnoise
– evenif theintroductionof noisealtersthelocationandproperties
of the feature. For example,if the intersectionpoint of two lines
onaplaneis de�ned asa feature,thentheintersectionpointof two
straightlines is simply stable.For thecasewherethe two straight
lines lie right on top of eachother, the featureturns into a line.
However, this caseis not stablebecausealthoughall thepointson
theseoverlappinglinesarefeaturepoints,asmalldisturbancein the
positionsor orientationsof thesetwo lines will reducethe feature
line backto a singlefeaturepoint. We usethis typeof dimensional
analysisto getour �rst ideaof thedimensionof stablefeaturesin
degenerateandnon-degenerate3D tensors.

3 PREVI OUS WORK

Early tensorvisualizationtechniquesreliedon the tensorellipsoid
which deformeda sphericalglyph accordingto theeigenvaluesof
the tensors.Variationsof the basictensorellipsoid includedraw-
ing eigenvaluescaledaxesfor the eigenvectors,Haber's disk and
rod glyphs[6], �o w probe[3], Laidlaw et al. glyphsusingbrush
strokes[12, 11]. More recently, GordonKindlmannproposednew
glyphsthatusessuperquadrictensorglyphsto visualizetensorsas
a combinationof spherical,planarandlineartensors[9]. With few
exceptions,particularlyfor thecaseof 3D tensor�elds, glyphsare
usedin a sparingmannerbecauseof theclutterandocclusionthey
produce.Hence,they provide a discrete,ratherthana continuous
view of thetensor�eld. To addressthisproblem,tensorsplatswere
introducedby [1] to provideaglobalcontinuousview of thetensor
�eld. Usinga barycentricmappingof linear, planar, andspherical
tensors,differentpartsof thetensorvolumecanbehighlighted.

A hyperstreamlineis basically a streamlinede�ned over an
eigenvector�eld [4]. Typically, themajoreigenvector�eld is used
for integratingthehyperstreamline,while thetwo othereigenvector
�elds provide local informationalongthe lengthof the major hy-
perstreamlineandaremappedto its crosssection.Oneof theweak-
nessof hyperstreamlinesis ambiguityin placeswherethe tensors
areisotropicor even planar, i.e. the eigenvaluesarenearlyequal.
In theseareas,a suddenchangein directionof thehyperstreamline
mayarise.To addressthisproblem,tensorlineswereintroducedby
[18]. Ambiguitiesareresolvedby taking theanisotropy of the lo-
cal tensorinto accountaswell asinformationaboutorientationof
nearbyfeatures.This allows the tensorlinesto proceedin a rela-
tively smoothpath,evenin thefaceof isotropicregionsor noisein
thedataset.

Topology-basedtensor visualization techniquesrepresentthe
tensor�elds in a simple yet powerful way. The critical features
areextractedasa simpli�ed versionof the underlyingdata�eld.
Experienceduserscanunderstandandeven reconstructthe tensor
databy lookingat theirpropertiesandpatterns.Thecritical feature
is de�nedasdegeneratetensorswheretheeigenvaluesareidentical,
andaretheonly placesthatthetwo associatedhyperstreamlinescan
intersectthemselves. In 2D tensor�elds, thereis only oneway to
obtainadegeneratepoint: thetwo eigenvaluesmustbeequal.Hes-
selink andDelmarcelleusedthis conceptin 2D anddiscussedthe
natureof thedegeneratepoints(wedgesandtrisectors)in greatde-
tail. However, it is lesssuccessfulin 3D, in partbecausethereare
two typesof degeneratepointsin 3D: doubleandtriple degenerate
points,wheretwo of the threeeigenvaluesareequal,andall three
eigenvaluesare identical, respectively. This early work doesnot
fully explore the propertiesof the doubledegeneratefeaturesand



insteadfocuseson the triple degeneratetensors,whoseproperties
arecloserto theircounterpartsin 2D. In [7], they hint thatthetriple
degeneratepoints(for thedoublepoint loaddata)areconnectedby
a locusof doubledegeneratepoints. The paperfails to point out
that the dimensionof the stabledoubledegeneratefeaturesarein
fact lines in mostof the typical non-degeneratetensor�elds. And
hence,it did not talk about�nding a stablenumericalmethodto
extractthesefeaturelinesin 3D.

Although triple degeneratefeaturesare useful, they are ex-
tremely rare and unstable. Using the dimensionalanalysistech-
nique,we know thedimensionsof triple degeneratefeaturesin 3D
is of dimensionH = D + G � S = 3+ 1� 6 = � 2. G = 1 is due
to thefactthatthetriple degeneratetensorsareonly anidentity ten-
sortimesa constant,sothatthey have only onedegreeof freedom.
S = 6 is becausearealsymmetrictensorhassix independentcom-
ponents,henceit hassix degreesof freedoms. A dimensionality
that is lessthanzeromeansthefeatureis unstable.In otherwords,
not only is it extremelyrarein realdata,but its very existencewill
also be easily dissolved by small errorsintroducedby numerical
and interpolationmethods. This propertydramaticallylimits the
usefulnessof triple degeneratetensorsin practicalcontexts. Even
in time-varyingdata,whichhasadimensionof four, thedimensions
of thefeatureof H = 4 + 1 � 6 = � 1, is still unstable.Actually,
in our experimentswith many realtime-varyingstressdatasets,we
have not foundany triple degeneratepoints.Theonly datasetthat
containstriple degeneratepointsis from asyntheticdatasetknown
astheBoussinesqdoublepoint loadstresstensor.

In complex 2D tensor�elds, the extractedtopology may also
be very complex. [17] proposedalgorithmsto simplify 2D tensor
topologyaswell astrackthemin time-varying2D tensor�elds [16].

Anisotropy in tensor�elds areimportantfeaturesin some�elds
suchasdiffusion tensorMRI. In 3D, tensorsareclassi�ed asbe-
ing linear or anisotropicwherethereis a predominanteigenvalue
and two other smaller eigenvalues, planar where there are two
roughly equaleigenvaluesand one smallerone, and sphericalor
isotropicwheretherearethreeroughly identicaleigenvalues.[10]
usesbarycentriccoordinatesto mapthesepropertiesto color and
opacityin volumerenderingtensor�elds. An alternativeapproach,
calledHyperLIC,wasproposedby [20] to highlight anisotropy us-
ing textures. Linear tensorsarerepresentedby highly correlated,
high contrasttextures,while isotropictensorsendup asblurry tex-
tureswith nopreferredorientation.

Using the physical analogyof bendingsteelbeamsunderload,
[2] useddeformationto visualizethe effectsof tensor�elds. Ide-
alizedobjectssuchaslines,surfacesandsubvolumesaredeformed
undertensortransformations.This wasfurther improved by [19]
to provide a globally consistentdeformationbasedon a collection
of local deformations.Calculationswerecarriedusinga systemof
springs.

Extendingthe idea of deformationto optics, [21] addedthree
alternative ways of visualizing tensors: (a) First, light rays were
tracedthrougha tensorvolumeandbentaccordingto thelocal ten-
sorpropertiesthatthey encounter. Thebentraysshow divergentor
convergentregionsin the tensor�eld. (b) Second,the exit points
of theraysarecollected,asin causticray tracing. Differentwave-
lengthsare simulatedand color separationon the resultingcaus-
tic imageprovidesa densevisualizationof divergenceandconver-
gencefrom a givenviewpoint. (c) Third, thetensor�eld is treated
asa lensthatdistortsanimage.Studyingthedistortionof a known
image,e.g. checkerboardpattern,revealscompressive andtensile
regionsin thetensor�eld.

4 M ETHODS

In this section,we �rst show that the featuresare indeedlines in
non-degeneratedataset.Thenwediscussthedetailsof ournumeri-

calmethodsto extractthedegeneratefeaturesin 3D realsymmetric
tensor�elds.

4.1 Dimensionality of TensorFeatures

Beforewe canextract the critical featuresfrom 3D tensor�elds,
we needto know what kind of featureswe arelooking for. Algo-
rithms to locatepoints, lines, surfacesand volumesemploy very
differentstrategies. As mentionedearlier, we found that for most
non-degenerate3Dtensors,thedimensionalityof thecritical feature
is oneandhencethey form featurelines. This canbeshown using
dimensionalanalysisdescribedearlier, or with thetheoremby von
NeumannandWignerwhichstatesthattherealsymmetricdegener-
atematricesform a varietyof codimensiontwo [14]. Codimension
is de�ned asthedifferenceof thedimensionsbetweena subspace
andthespacewhereit is de�ned. An interpretationof this theorem
is thatoneof thetwo codimensionsis introducedby theconstraint
thatat leasttwo eigenvaluesmustbeequal.Theothercodimension
is introducedimplicitly by the fact that whentwo eigenvaluesare
equal,the associatedeigenvectorsareundeterminedup to onede-
greeof freedom,sinceany orthogonallinear combinationsof the
eigenvectorsyield anothervalid pair. For real symmetric3D ten-
sors,we have six degreesof freedom.Hence,it alsofollows from
this theoremthat thesetensorsform a variety of dimensionfour.
An approachto parameterizethe3D degeneratetensorsusingfour
parametersis introducedin [22].

For a tensor�eld with a spatialdimensionof D = 3, the con-
straintthat two eigenvaluesareequalis a constraintwith a dimen-
sion of C = 1. In the meantime,the eigenvectorshave R = 1
degreeof redundancy asshown above. Thusthedimensionof the
featuresis: H = D � C � R = 3 � 1 � 1 = 1. Thatmeans,for a
non-degeneratetensor�eld, thedegeneratefeaturesarelines.Using
the theoremby von NeumannandWigner, we seethat dimension
D = 3 andcodimensionis 2, sothefeaturesin thedataform asub-
spaceof dimension3 � 2 = 1, i.e. lines. While themainfeatures
arelines,it is still possibleto have featuresthatarepoints,surfaces
or subvolumes,but thosetypesof featureswouldbeconsideredun-
stableanddo not persist.Thosetypesof unstablefeaturesarealso
lesscommonin most3D tensor�elds. As such,we focusour ten-
sorfeatureextractionto extractfeaturelinesratherthansurfacesor
subvolumes.We still needto extractpointsastheseform thebasis
for thefeaturelines. Becauseof this designcriterion,featuresthat
aresurfaces(e.g. in thesinglepoint loaddata)or subvolumesmay
not be detectedas readily as featurelines. This limitation is not
insurmountable,but is ratherbasedon the effective useof limited
resourcesin �nding featuresthatarenotascommonnorstable.

4.2 Constraint Functions

To �nd thecritical degeneratetensors,we needto locatethoseten-
sorswhosediscriminantsarezero. Although Equation6 provides
an elegant representationfor evaluatingthe discriminantwithout
having to performeigendecomposition,it is not very suitablefor
�nding roots. In Equation6, thediscriminantof a real symmetric
tensoris apolynomialof ordersix. Sinceit is alwaysnon-negative,
the degeneratetensoralso happensto be its minimum. A good
methodwidely usedto �nd theroot of anequationis to detectthe
changeof signsandthento recursively bisectthedomainof inter-
est. But becausethedegeneratefeatureis itself a minimum, there
is no changeof sign at all. Relying on the gradientsis alsodan-
gerous,becausethe gradientsarenotoriouslyunstableunlessthey
arevery closeto thefeature.Dueto this high-orderednessandsin-
gularity, directly �nding the root of a cubic discriminantstably is
very dif�cult. Instead,we look for anotherrepresentationof the
discriminant.

In our investigation so far, we found that while [8] pointedout
thatnot all non-negative polynomialscanbebrokendown into the



sumof squaresof polynomials,thecubicdiscriminantcanbewrit-
tenasthesumof thesquaresof sevenpolynomials.Wealsolearned
that not only canthe discriminantof a second-ordertensorof any
dimensionbeexpressedasthesumof squares[13], but oursolution
to the 3D caseof sevenequationsis optimal [15]. Therefore,the
de�nition of degeneratetensorscanalsobeexpressedasthetensors
wherethesevendiscriminantconstraint functionsareall zeroat the
sametime. We usethesesevencubicequationsto extract the fea-
turelinesfrom 3D tensor�elds. Thesevendiscriminantconstraints
are:
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11 � T 2
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D 3(T ) = f x (T )2 + f y 1(T )2 + f y 2(T )2 + f y 3(T )2+
15f z1(T )2 + 15f z2(T )2 + 15f z3(T )2 (9)

A tensoris degenerateif andonly if all of its sevendiscriminant
constraintfunctionsarezero.This is theconditionthatwe employ
to extractthecritical featuresin 3D tensor�elds. Its �rst advantage
is that theconstraintfunctionsareonly cubicpolynomials,instead
of a polynomialof orderof six which tendto oscillatemore. This
propertyleadsto a morestableandaccuratenumericalalgorithm.
In addition,the requirementthat all seven constraintfunctionsbe
zeroat thesametime dependson thetensorvalueonly andnot on
thegradientcalculatedfrom adjacenttensors.Hence,thealgorithm
yieldsamoreaccurateresultthanthealgorithmsthatrely on�nding
critical pointswherethe gradientsof the discriminantsarezeros.
Its secondadvantageis that the constraintfunctionscan be both
positiveor negative,asopposedto alwaysbeingnon-negative. This
propertyallows usto performa fastandinexpensive checkfor the
existenceof features.And �nally , the reformulationalsodoesnot
requireeigendecomposition.

Althoughdegeneratefeaturesrequirethatall sevendiscriminant
constraintfunctionsbezeroat thesametime,pseudo-featureswith
lessthansevenconstraintssatisfyingthis criterionarealsovery in-
teresting(SeeFigure1). In ourexperiments,someof thesepseudo-
featurepoints have threeto � ve constraintsas zeros. Our study
into themrevealssomeotherinterestingpropertiesof tensor�elds.
More researchinto thesepseudo-featuresis alsonecessaryto study
their signi�cance.

4.3 Root Finding

In orderto extractsmoothandcontinuousfeaturelinesin 3D tensor
�elds, we look at eachof the6 facesof every hexahedralcell. For
eachface,we extract the intersectionpoint(s)of the featurelines.
Thesepointsare thenconnectedto generatea continuousfeature
line.

Weknow thatthedegenerate3D tensorsona2D slicearemostly
points. Theonly exceptionis if the featureline lies exactly on the
face.But evenfor thatcase,thatfeatureline will intersectanadja-
centnon-coplanarfaceon the edge,or possiblycornervertex. To

(a)Two degeneratepoints (b) Threedegeneratepoints

Figure 1: White dots are degenerate points indicating places where
all seven constraint functions are zero. Each colored curve corre-
sponds to a constraint function being equal to zero. Places where
multiple curves intersect are where multiple constraint functions are
satis�ed simultaneously. The background is pseudo-colored by the
discriminant functions. The data is a 2D slice of a randomly gener-
ated 3D tensor �eld.

�nd thesefeature(intersection)pointsthat satis�esall seven con-
straintssimultaneously, we employ a modi�ed versionof Newton-
Raphsonalgorithmto solve sucha over-speci�ed systemof equa-
tions.

Assumethetensor�eld is T (X ). For thefeaturepointsX � , we
have

� !
CF (X � ) = CF i (X � ) = 0, for i = 1; :::; 7, where
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anassemblyof thesevenconstraintfunctionsinto onevectorfunc-
tion. Using the modi�ed Newton-Rhapsonmethodandan initial
guessof X n , wehave thefollowing updatingformula,

X n +1 = X n �

 
@

� !
CF
@X

T

�
@

� !
CF
@X

! � 1  
@

� !
CF
@X

T

�
� !
CF

! �
�
�
�
�
�
X = X n

(10)

@
� !
CF
@X

=
@

� !
CF
@T

�
@T
@X

(11)

Note that we calculatethe @� !C F
@X from the chain rule using @� !C F

@T

and @T
@X ratherthanfrom theinterpolatedvaluesof

� !
CF on thegrid

using�nite differencemethodsfor higherprecision. @� !C F
@T is calcu-

latedfrom theformulaof thetensorconstraints,and @T
@X is from the

interpolatedtensorvalues. We usedboth the bilinear andbicubic
naturalsplineinterpolations.

Using the centerof eachcell as the initial guessfor an inter-
sectionpoint, we �nd that this methodconvergesto the actualin-
tersectionpoint within � ve iterationsin mostnon-degeneratecases
with a precisionup to 10� 9 , andit almostnever missesa feature
point if it exists. Additional points are obtainedby subdividing
thecell face.Thismodi�ed Newton-Rhapsonmethodonconstraint
functionsis superiorin speed,accuracy andprecisioncomparedto
othermethodsdevelopeddirectlybasedonthecubicdiscriminants.
For example,we alsoimplementeda comparisonalgorithmbased
on cubic discriminantthat searchedfor its minimum usingconju-
gategradientmethods.Not only is it about50 timesslower, using
any precisionlessthan10� 6 will yield a falsenegative rateof over
50%.

4.4 ConnectingFeaturePoints

Somecellsmayhave morethanonepair of intersectionpointsand
hencemorethanonefeatureline. We usea multi-passapproachto
connecttheseintersectionpoints.We only examinecandidatecells



that containintersectionpoints on at leastone of their six faces.
In the �rst pass,all candidatecells containingexactly two inter-
sectionpointsareprocessedby: (a) simply connectingthosetwo
points,(b) recordingtheorientationof theline segmentastangents
at theendpoints,and(c) markingthecell asprocessed.In thesub-
sequentpasses,their unprocessedneighboringcandidatecells are
processedby connectinga line segmentbetweeneachpair of in-
tersectionpointsin sucha way asto minimize theangledeviation
betweenthetangentrecordedat theendpoint andtheline towards
other intersectionpointswithin the cell. Eachneighboringcandi-
datecell is markedasprocessed,andtheprocedurecontinuesuntil
therearenomorecandidatecells.

In our currentimplementation,we usethis iterative methodto
generatethe tangentlineson featurepointsandultimately resolve
the line connectionsbetweenmultiple points. In the future, we
planto calculatethetangentof thedegeneratetensorline at a spe-
ci�c featurepoint analyticallyinsteadof from thepost-processing
method.

4.5 Categorizationof DegenerateLines

Thereare two caseswherehyperstreamlinescrosseachother in
doubledegeneratetensors.The�rst case(typePfor planar)is when
the major and mediumeigenvaluesare identical, and the second
case(type L for linear) is whenthe mediumandminor eigenval-
uesareidentical. We de�ne a quantityK , thatmeasurestheeigen
difference, of a tensorT with eigenvalues� 1 � � 2 � � 3 :

K = 2� 2 � (� 1 + � 3) (12)

The eigendifferenceK measureswhetherthe tensorat a point is
closerto typePor typeL. It is easyto show thatK returnsapositive
valuefor a type P degeneratetensor, andreturnsa negative value
for a type L degeneratetensor. When K equalszero, the three
eigenvaluesarethe same,andthe tensoris triple degenerate.We
color codethefeaturelineswith their associatedeigendifferences:
warm colorsfor type P andcool colorsfor type L. The closerthe
color is to puregreen,thecloserthe tensoris to triple degeneracy
(SeeFigures2 - 4). Since triple degeneratepoints are the only
locationswherea typeP andtypeL featureline cancross,coupled
with thecolor mappingfor K , thecombinedpresentationprovides
astrongvisualcluefor �nding triple degeneratepointseventhough
thesearenotexplicitly calculated.

4.6 Higher Order Degeneracy

Previousresearchershavepointedout thattensorfeaturesmayhave
higherorderdegeneracy thanjustpoints,andmayincludelines,sur-
facesandsubvolumes.It canbeproventhatnotonly is thediscrim-
inantzeroat thedegeneratetensors,but alsothe�rst ordergradient
of the discriminantis alsoequalto zero. We hypothesizethat the
higherorderdegeneracy happensonly wherethesecondor higher
orderof discriminantgradientsarezeros.Onecan�nd this kind of
phenomenononly undervery specialconditions.For example,we
canshow that for thesinglepoint loaddata,therearetwo typesof
degeneratefeatures:oneis a featureline directly below the point
loaddirection;theotheris asurfacespreadingsymmetricallydown
from thepoint load. Thehigherordersurfacedegeneracy happens
in this particulardatasetbecauseof a delicateequilibrium achiev-
ableonly in a purelysyntheticdata.This equilibriumcanbeeasily
disturbedby noiseor otherforces,andthefeaturewill fall backto
themorestableform of lines.This is con�rmed in thedoublepoint
loaddata. In this data,althoughthediscriminantson thedegener-
atesurfacearestill verysmall,asindicatedby theweaktransparent
surfacein Figure4, thestabletensorfeaturesarelines.

In the same�gure, we notice that nearthe apex of thesetwo
weaksurfaces,thefeaturelinesseemto breakapart.We think that
in thevicinity of thosetwo points,theappropriatetensorfeatureis
asmallfeaturesurface.Sinceourcurrentalgorithmis notdesigned
for �nding suchfeatures,it appearsasan artifact. This is an area
thatwe planon addressingaswell – eventhoughsuchfeaturesare
generallyunstable.

Anothergenerallyunstablehigherorder featureis featuresub-
volumes.Wethink thatin sometypeof tensordatasets,suchasdif-
fusiontensordatasets,it maybemorelikely to �nd suchfeatures.
The locationsof suchfeaturescanbefoundin purely isotropicre-
gions,andwhile they maynotbeof toomuchinterest,wealsoplan
to investigatethisaspect,just for completeness.

5 I M PL EM ENTATI ON I SSUES

In this section,we discusstwo implementationissuesaffectingthe
speedandaccuracy of theresults.

5.1 Pre-�ltering

Methodsbasedon constraint functionsaresuperiorover thosedi-
rectly basedon discriminantsbecausetheir signscould eitherbe
positive or negative aroundthe features.This propertyallows us
to detectsign changesin the vicinity of the tensorfeatureswith-
out referringto the unpredictablegradientsof tensors.This prop-
erty also allows us to quickly eliminate thosecells without sign
changesfrom further considerationwhen �nding tensorfeatures
within them,therebyspeedingup thewholefeatureextractionpro-
cess.Thepre-�ltering procedureproceedsby successively evaluat-
ing thesevenconstraintfunctionsfor eachcell. If a cell shows that
thereis nosignchangesfrom any singleoneof thesevenconstraint
functions,andtheir valuesaresigni�cantly away from zero, then
subsequentevaluationsareskippedsincethecell canbeeliminated
asacandidatecell.

5.2 Inter polation Methods

Usuallythefeatureslinesarestablein non-degeneratedataset.But
in rarecases,suchaswhenthefeaturesarehigherordere.g.surface
or subvolumefeatures,the featurelines becomeunstablein that a
small amountof noisecould dramaticallychangethe features.In
our experiments,this occursin oneareaof a syntheticdata– the
bifurcatingbranchbelow the loadsin the doublepoint load stress
tensor. More detailsaboutthis datasetwill be discussedin Sec-
tion 6.

In this area,not only arethe discriminantsandtheir �rst order
gradientszero,but thesecondordergradientsarealsovery small.
This higherorderdegeneracy makesdegeneratetensorfeaturesex-
tremelysensitive even to the small noiseintroducedby interpola-
tion. Figure3 showstheeffectsof varyingtheinterpolationmethod.
In both images,we �rst computethe tensorvalueson a 323 grid
andapply our numericalmethodto extract the degeneratetensors
with a speci�ed interpolationmethod. To con�rm the correctness
of theresults,wealsoresampledthetensorvaluesfrom theoriginal
grid to a higherresolutiongrid of 1283 usingthe sameinterpola-
tion methodandvolumerenderedit. Thecolorsaremappedto the
discriminant,wherelesstransparentbluecolorsarecloserto zero,
andmoretransparentred colorshave highervalues. The features
shouldbelocatedin theblueregions.Sincetheimplementationof
theresamplingandthevolumerenderingis straightforward,it also
servesasa visualveri�er for our numericalalgorithm.Figure3(a)
useslinear interpolation,andthe degeneratefeatureslines appear
brokenanddisorganized.In contrast,theresultfrom tricubic natu-
ral splineinterpolationis shown in Figure3(b). We canseeit �x ed



(a)First set (b) Secondset

Figure 2: Randomly generated 3D tensors. Warmer line colors are closer to type P degenerate points where major and medium hyperstreamlines
intersect, while cooler line colors are closer to type L degenerate points where medium and minor hyperstreamlines intersect. The rest of the
volume is pseudo-colored by the discriminant using cool colors for low discriminant values (closer to feature lines) and warm transparent colors
for distant values.

theproblemalmostperfectly. Actually, we alsotried otherhigher-
orderinterpolationmethodssuchas: tricubic, triquartic, triquintic
andHermiteinterpolation.They all have improvedresultsover the
trilinear interpolation,but donotaddresstheproblemassatisfacto-
rily asthetricubicnaturalsplineinterpolation.

(a) (b)

Figure 3: Closeup of the bifurcating feature lines below the point
loads in the double point load data set. Feature lines are colored by
the eigen difference while the volume is colored by the discriminant
using cool colors for low discriminant values (closer to feature lines)
and warm transparent colors for distant values. (a) Trilinear interpo-
lation, (b) Tricubic natural spline interpolation.

6 RESULTS

We experimentedwith four data setsto test out our degenerate
tensorextraction algorithm. The �rst is a 2D rectangularpatch
with symmetric3D tensorsat the four cornersthat have beenset
randomly(seeFigure 1). The tensorvalueswithin the patchare
obtainedthroughlinear interpolation. This syntheticdatacorre-
spondsto tensorson a face of a 3D cell. The secondis a 3D
cell with symmetric3D tensorson its eight cornerswhich are
also set randomly (seeFigure 2). It is sampledinto a higher
resolution for smootherfeatureslines. The third is the stress
tensordata in a semi-in�nite volume with two point loads (see

Figure 4). The fourth is the deformationtensorsin the com-
puted �o w past a cylinder with hemisphericalcap (see Figure
5). For Figures2 to 4, the colorsof the volumesaremappedto
the tensordiscriminant(Equation6) with moretransparentcooler
colors mappedto lower valuesand more opaquewarmercolors
mappedto higher values. Degeneratetensorscan be found in
the cool blue regions. Digital imagescan be accessedonline at:
www.cse.ucsc.edu/research/avis/tensortopo.html.

Figure2 showsdegeneratetensorsin a3D cell form featurelines
(renderedastubes).Notethatthefeaturelinesarenothyperstream-
lines,ratherthey arewherethemajorandmedium,or themedium
andminor, or all threehyperstreamlinesintersecteachother. The
color of the tubesare mappedto the eigendifference,wherethe
typeP linesaremappedto warmercolorsandthe typeL linesare
mappedto coolercolors.Only thefaintgreenis visible in thevicin-
ity of thetubesbecausethetubesarein theblueregions.Weseethat
complex featurelinescanform evenfrom asimplelinearly interpo-
latedrandomtensor�eld. In (a),thetypePandL linesswirl around
eachother, while in (b), thetwo typesof lines form a complicated
structure.

Figure4 shows thedoublepoint loadstresstensors.Theyellow
arrows indicatethe two point loads,andthe two magentaspheres
arethe triple degeneratepoints. We canseethe line of doublede-
generacy connectingthesetwostress-freepointsasalludedto in [7].
Othervery interestingfeaturelinesarealsoextracted.The�rst is a
vertical loop that lies directly underthedoubledegeneratefeature
line connectingthetwo triple degeneratepoints.This featureis not
presentin thesinglepoint loaddata.This loopfeatureis alsostable
in thesensethat it persistsevenasthemagnitudesof thetwo point
loadsarevaried.Thesecondis how thebluefeatureline below each
of thepoint loadbifurcateandthenreconnect.Thesetwo structures
andtheverticalloopareconnectedtogetherby a typePfeatureline
runningbetweenthetwo point loads.Looking from thetopview in
(b), we seeanotherinterestingfeaturewhich is thecircular feature
line thatconnectsthetwo point loadsandthetwo triple degenerate
points. We needto further investigatethe physical signi�canceof
thesefeaturesthathave not beenseenin previousvisualizationsof
the data. It is worth noting that the stresstensoris dominatedby
only onesingleloadin thevicinity of theloadpoint,soit is locally
similar to the singlepoint load stresstensorwherethe degenerate



(a)Obliqueview (b) Topview

Figure 4: Double point load data. Yellow arrows indicate point load, while the 2 magenta spheres show the location of the triple degenerate
points. Feature lines are colored by the eigen difference while the volume is colored by the discriminant.

tensorform a surfacesymmetricallyspreadingaway from theload
point. Sinceouralgorithmis designedfor extractingfeatureslines,
it producesartifactswhenthefeaturesform asurfaceor subvolume.

Figure 5 shows degeneratelines in the deformationtensorsof
thecomputed�o w pasta cylinder with a hemisphericalcap. Only
a portionof thedatacloseto thecapis shown becausemostof the
interestingfeaturesarefoundthere.First, we seea curved line on
thecapshown by theblackarrow. It matchessomeof thepatterns
of the velocity topology from the samedataset. Therearemore
featuresat theupperhalf of thedatabecausethe�o w thereis more
turbulent. Figure5(a) is from a obliqueview. Most of thefeatures
arecloseto thegeometryof theobjectexceptacomplicatedbranch
structurewhichextendsawayfromthegeometry. It containsasmall
cyanhornshapeindicatedby thepink arrow, two greenring shapes,
anda bifurcatingstructure.Figure5(b) is from a top view. Again,
we seethat most of the interestingfeaturesare very closeto the
geometryof the object. We alsoseea strongtype L (blue) bulb
shapestructurethatextendsto theendof thecylinder. Nearthecap,
it intertwineswith a strongtypeP (red)heartshapestructure.This
phenomenonis interestingin thatalthoughthesetwo structuresare
very close,they do not crosseachother, becausethereis no green
colorat their visualcrosspoints.It alsomeansthetensorsarequite
turbulentin thisarea,becauselargevariationsarehappeningin very
closeproximity. Therearemany otherinterestingfeaturesshown
in thesetwo images. In the near future, we will investigate the
signi�cance of thesefeaturesand �nish a formal analysison the
roleof thedegeneratetensorlinesin 3D tensor�eld.

7 CONCL USI ON

We pointedout that the degeneratetensorsform lines in 3D real
symmetrictensor�eld. Thisknowledgelaysafoundationfor future
researchon topologybasedmethodsto visualize3D tensor�elds.
Furthermore,we presentedanalgorithmto extractdegenerateten-
sorlines.Thisalgorithmusesanew formulathatdecomposescubic
discriminantinto a sumof squaresof seven polynomials.Feature
pointsare�rst extractedoneachfaceof acandidatehexahedralcell,
andthepointsconnectedin aniterative fashionto generatefeature
lines. We appliedthis algorithmon severaldatasetsincludingran-
domlygeneratedtensor�elds whichallowedusto stresstestoural-
gorithm,severalanalyticaldatasete.g.singleanddoublepointload

datasetsto validateour results,andseveralcomputationaldataset
e.g. �o w pastcylinder with hemisphericalcap,to testits practical
use.Theresultspoint to new knowledge,for thecaseof thedouble
point loaddataset,aswell asadditionalareasof investigationsuch
asstudyingthecorrelationbetweentheinterestingpatternswe saw
in therealdatasetsandtheunderlyingphysics.Thesenew insights
will beusefulin seedinghyperstreamlines,topologysimpli�cation,
andtrackingtopologyin time-varyingdata.
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