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ABSTRACT

Tensortopologyis usefulin providing asimpli ed andyet detailed
representatiorof a tensor eld. Recentlythe eld of 3D tensor
topologyis advancedby thediscovery thatdegeneratéensorsusu-
ally form linesin their mostbasiccon gurations. Theselinesform

the backbonefor further topologicalanalysis. A numberof ways
for extractingandtracingthe degeneratéensorineshave alsobeen
proposedIn this paperwe completethe previouswork by studying
thebehaior andextractingthe separatingurfacesemanatingrom

thesedegeneratdines.

First, we showv thatanalysisof eigervectorsarounda 3D degen-
eratetensorcanbereducedo 2D. Thatis, in mostinstancesthe3D
separatingurfacesarejustthetrajectoryof theindividual 2D sepa-
ratriceswhichincludedrisectoraandwedgesBut theproofis by no
meandrivial sinceit is closelyrelatedto perturbatiortheoryaround
apair of singularstate.Suchanalysisnaturallybreaksdown at the
tangentiapointswherethe degeneratdines passthroughthe plane
spannedy the eigervectorsassociateavith therepeateckigerval-
ues.Secondwe shav thatthe separatricealonga degeneratdine
may switch types(e.g. trisectorsto wedges)exactly at the points
wherethe eigenplands tangentialto the degeneratecurve. This
propertyleadsto interestingand yet complicatedcon guration of
surfacesaroundsuchtransitionpoints. Finally, we apply the tech-
niqueto severalcommondatasetsto verify its correctness.
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1 INTRODUCTION

Thegoalof topologicalanalysiss to provide asimpleyet powerful
representatiornf the complex phenomenalescribedby the data.
The topologicalstructuresmake it simplefor usersto understand
the underlyingdata elds yet are sensitve enoughto captureim-
portantfeatures. Early work on using topology basedmethodto
visualizevectorandtensor elds are proposedy Hesselinket al.
[2, 3]. It de nesthetensortopologybasedon degeneratdeatures,
discussedts naturein 2D casedn greatdetail. Only until recently
we discoreredthat degeneratgensorsform curvesin its mostba-
sic con guration, and proposeda stablealgorithmto extract such
features[10]. We also proposeda formula to obtainthe analyti-
cal tangentof the degeneratdeaturelines at eachpoint[11]. This
methodgivesusthe powerto obtainthe topologicallycorrectsolu-
tion of the featureline andhigh resolutionfeaturelines with little
extra computationatost.
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This paperis the secondinstallmentof [10] and completeshe
analysisof stabledegeneratdeaturesn secondorder3D symmet-
ric tensor elds. Giventhe extracteddegeneratdeaturelines and
the knowledgethatthey sene asthe critical featuresin 3D tensor
topology we studythetopologicalstructureof 3D tensoreld. The

rst stepin topologicalanalysisof a certaintype of datais to study
theirbehaior nearacritical feature.In thispaperwe rst show that
the eigervectorsarounda degenerateensorcan be approximated
asthoseof the projectedtensoron the repeatedplane A repeated
planeof adegenerateensoris theplanespannedy theeigervector
with the sameeigervalues.Notethatthe repeateglaneis not nec-
essarilyperpendiculato the degeneratecurve. But, all vectorson
this planearevalid eigervectors. This fact simpli es the analysis
of 3D tensor eld arounda degeneratecurve into a seriesof indi-
vidual analysisof 2D tensor eld arounda 2D degeneratepoint.
Suchanalysisnaturally breaksdown when the degeneratecurves
aretangentialto the repeatecplane. But aswe will show later, a
very interestingpropertyof pointson the degenerateurveswhere
the curwe is tangentiakto therepeateglaneis thatthey areexactly
wherethedegeneratgointsswitchtypes.Suchtypetransitionsare
closelyrelatedto the study of time-varying 2D degenerateensor
elds [7], andleadsto complicatedyetinterestingcon guration of
separatingurfacesnearsuchtransitionpoints.

This paperis intendedto lay down a theoreticafoundationfor

tensor eld analysis. We alsotestour ndings using several syn-
thetic but commonlyusedbenchmarldatasetsto verify their cor
rectness However, sincethe eld of 3D tensortopologyis still in
a very fundamentabtageof researchit is too early to evaluateits
effectiveneson realdatasets.We canpredictthatblindly applying
thetechniqueproposedrom this paperon noisy real datasetsuch
asDT-MRI datasetswill resultin hefty visualclutterof degenerate
featuresandeven morecomplicatedseparatinguriaces.However,
suchdif culties are not insurmountable.It is not a fundamental
aw of the topologicalapproachput rathera lack of currentun-
derstandingon whatis really important. We believe that oncewe
obtainsufcient knowledgeandunderstandingf 3D tensortopol-
ogy, therepresentatioandvisualizationcanbegreatlysimpli ed to
highlight only the mostimportantproperties.And only until then,
the goal of topologicalanalysisto presenta simple yet powerful
representationf the complex phenomenoranbefully realized.

Therestof this paperis organizedasfollows: Section2 reviews
someimportantfactsusedin tensoranalysesSection3 discusses
the relevant previous work in tensor eld analysesand visualiza-
tion; Section4 discussthe methodologywe employ to extractthe
topologicalstructureof 3D tensor eld; Section5 highlightsim-
plementatiorissues;and Section6 presentsesultsfor botharan-
domlygeneratediatasetandthecommonlyusedbenchmark-dou-
ble pointloadtensor eld.

Digital images can be accessed online at:
www.cse.ucsc.edu/research/avis/tensorsep.html.

2 TENSOR ANALYSIS

Tensor elds, especiallysecondorder tensor elds, are useful
in mary medical, mechanicaland physical applicationssuch as:
uid dynamics,meteorologymoleculardynamics,biology, astro-



physics, mechanicsmaterialscienceand earthscience. Effective
tensorvisualizationmethodscan enhanceresearchn a wide va-
riety of elds. However, developingan effective algorithmcanbe
dif cult becausef thelargeamountof informationcontainedn 3D
tensor elds: therearenineindependentomponentin eachtensor
andsix for asymmetricdensor Usersin mary researchelds arees-
peciallyinterestedn realsymmetrictensorsn someapplications,
the datathemselesareinherentlysymmetric.In othercasessym-
metric tensordatacanbe obtainedthroughvariousdecomposition
techniques.

In this sectionwe introducesomeimportantbackgroundknowl-
edgesn tensoranalysisthatis relatedthis paper

2.1 TensorTransformation

In this paper we mainly focuson secondordersymmetrictensors.
However, the transformatiorrule of tensorscanbe easily applied
to tensorsof arbitraryorders.For example,givenatensorT in the
coordinatesystemC, andanothercoordinatesystemC,. We know

that the orthogonaltransformatiorbetweenC; andC; is R, i.e.,

therelationbetweerthe coordinate®f a pointin thesetwo system
canbewrittenas: X1 = RX>. Thenwe know thatthe sametensor
T in C; canbewrittenasT : T = RTTR. Inits index form

usingEinsteins summatiorcorvention,this canbewritten as:

Tj = TuRkiRj )}

Notethatin Einsteins summatiorcorvention,all the redundant
indiceson the right handside will be summedup implicitly. In
this paper we arenot only interestedn the transformatiorof ten-
sorsthemseles, but alsotheir gradients sincethey areimportant
in analyzingthe separatingsurfaces. Note that the gradientof a
tensor eld of rankN canbe consideredasanothertensor eld of
rankN + 1. We denotethe gradientof a secondordertensor eld
T (X1;:::; X~ ) asathird ordertensoreld r T(X1; 3 XN ),

@i«
@i

@)

rTijk=

Thetransformatiorrule of this tensorgradientcanbe alsosimi-
larly writtenin its index form:

I Tik = Timn Ri Rmj Rk 3)

We useEquation3 to computethe gradientof tensorsin a ro-
tatedcoordinate. For ef ciency considerationspnly components
thatwill beactuallyusedarecomputed.

2.2 TensorProjection

Theprojectionof a3D vectorontotheX Y planeresultsin a2D
vectorwith its third componentemoved. Similarly, the projection
of a3D tensorT ontotheX Y planeresultsin a 2D tensorwith
its third columnandthird row removed. However, if the projection
planeis notperfectlyalignedwith theaxisandits normalis N , then
theprojectionstill resultsin a 3D tensorT

T =P'TP 4)
P=NNT (5)

2.3 2D TensorTopology

Analysisof 2D tensortopologywas rst proposecby Delmarcelle
etal. [2]. Tricocheetal. [7, 8] thenextendedthis methodinto
trackingandsimplifying time-varying2D tensoreld topology We
brie y review themainresultshataremostrelevantto ourresearch.
A studyof tensorttopologyis astudyof thetopologyof its eigervec-
tors. A hyperstreamlings similar to streamlinein an eigervector
eld. Like streamlineshyperstreamlineslo not usuallycrosswith
eachother The only placesthatthey do crossarethe degenerate
tensorswhereatleasttwo of theeigervaluesarethesame.Firstor-
deranalysiof theeigemvectorsarounda 2D degeneratéensorclas-
si es their patterngnto trisectorsandwedgepoints. Wedgepoints
canbefurtherclassi edinto doublewedgepoints(with two separa-
trices)andsinglewedgepoints(with a singleseparatrix).Figurel
shaws asimpleillustration of thesebasicpatterns.
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Figure 1: The basic types of rst order 2D degenerate tensors.

Notetheseparatricearetheradialeigervectorsaroundadegen-
eratetensor A radial eigervectoris tracedfrom a smalloffsetfrom
thedegeneratéensorandgivesthe directionof the eigervectorsin
its vicinity. Theradial eigervectorscanbe computedrom the rst
ordergradientof tensor eld atthe degeneratgensorby solvinga
cubicequationIf thecubicequatiorhasonly onerealroot, it must
beasinglewedge;otherwisef it hasthreerealroots,anumber is
proposedy Delmarcellestal. to distinguishbetweertrisectorsand
doublewedgeqd?]. Notethataradialeigervectoronly hasanorien-
tationbut no direction,since ipping aradialeigervectorresultsin
anothewalid one. However, for ary particularsetof eigervectors,
only oneof thetwo directionsis avalid separatrixIn caseof major
eigervectors,the directionwhich the radial eigervectoris aligned
with the major eigervector is the separatrix. Flipping the radial
eigervector resultsin the separatrixfor the correspondingmninor
eigervectors.But it is perpendiculato the majoreigervector

The radial eigervectorsdivide the spacearoundthe degenerate
pointinto hyperbolicandparabolicregions. It is worth noting that
not all radial eigervectorsare separatricesFor example,in a de-
generatepoint with a doublewedge,thereis a radial eigervector
betweerthe two separatriceswhich is not a separatrixbecauset
residesbetweentwo parabolicregions. We refer to it asthe hid-
denseparatrix Althoughit is of little importancen 2D tensor eld
analysiswe canshaw thatit is importantin understandin@D ten-
sortopology

2.4 Transitions Among 2D DegenerateTensors

Sincethe degeneratdeaturedorm curvesinsteadof pointsin their
most basic con gurations, the analysisof 3D tensortopology is
closely relatedto the study of time-varying 2D tensortopology
Here,we brie y introducethe continuoudransitionfrom onetype
of 2D degeneratgointinto another

First, thereis a misconceptiorthat the transitionbetweena tri-
sectoranda doublewedgepoint comesaboutwhenthetwo of the
separatrice®f a trisectorget wider and wider apartuntil one of
themmeige with the otherseparatrixcorversely two of the sepa-
ratricesgetcloserandclosertogethewuntil they meigetogetherand



thereforereducednto a doublewedgepoint. However, in our ex-

perimentswe shav thatthe persistentransitionbetweeratrisector
anda doublewedgepointis thatthe o w patternin the hyperbolic
region becomesharpermndsharperin the next instant,oneof the
separatrixsuddenly ips to the otherside and turnsinto the hid-

denseparatrixandthe degeneratéensorbecomes doublewedge
point.

Secondthereis alsoamisconceptiorthatthetransitionbetween
adoublewedgeanda singlewedgeis thatthe two separatriceget
closerandcloseruntil they nally meige with eachotherso they
becomea singlewedge. But the true transitionis that the hidden
separatrixn the doublewedgegetscloserandcloserto oneof the
real separatricesWhenthey touch,they annihilateeachotherand
bothdisappearThe degeneratéensorthereforechangesnto a sin-
glewedge.

Third, thetransitionbetweeratrisectorandasinglewedgepoint
canhappereitherthroughatemporarydoublewedgeor directly. In
adirecttransition,two of the separatricesf thetrisectorgetwider
andwider until they arealmost180 apart.Whenthey nally form
a line, they annihilateeachotherandboth disappear The degen-
eratetensorchangesnto a single wedge. The indirect transition
would happerin two stagesisdescribedabore.

It is worth notingthateventhoughthe datachangesmoothly all
thetransitionsof separatricebapperin adiscontinuousnannerin
all thetypesof transitionstherewill beoneor two separatricethat
changesmoothlyduring the transition. The other(s)cansuddenly

ip thedirection,annihilateeachother or bothappearat oneplace
but moving in oppositedirections.

3 PREVIOUS WORK

A hyperstreamlinés basicallya streamlinede ned over an eigen-
vector eld [1]. Typically, the major eigervector eld is usedfor
integrating the hyperstreamlinewhile the two other eigervector
elds providelocalinformationalongthelengthof themajorhyper
streamlineandaremappedo its crosssection.Oneof theweakness
of hyperstreamlines ambiguityin placeswherethetensorsarede-
generatej.e. wherethe eigervaluesarenearlyequal. In thesear
easasudderchangen directionof the hyperstreamlinenayarise.
Notethatthisis acommonproblemwith integrationalgorithmse.g.
ber trackingalgorithmsin DT-MRI. To addresshis problem,ten-
sorlineswereintroducedby Weinsteinet al. [9]. Ambiguitiesare
resoled by taking the anisotropy of the local tensorinto account
aswell asinformationaboutorientationof nearbyfeatures. This
allows the tensorlineso proceedn arelatively smoothpath,even
in thefaceof isotropicregionsor noisein the dataset.

Topology basedtensor visualization techniquesrepresentthe
tensor elds in a simple yet powerful way. The critical features
areextractedto presenta simpli ed versionof the underlyingdata
eld. They arede ned asdegenerateéensorswherethe eigerval-
uesareidentical,andarethe only placeswherethe two associated
hyperstreamlinesanintersecieachother In 2D tensor elds, there
is only oneway to obtaina degenerategoint: the two eigervalues
mustbe equal. Hesselinkand Delmarcelleusedthis conceptin 2D
anddiscussedhe natureof the degenerategpoints (wedgesandtri-
sectors)n greatdetail.

However, it is more complicatedin 3D, in part becausehere
aretwo typesof degeneratgointsin 3D: doubledegeneratgoints,
wheretwo of thethreeeigevaluesare equal,andtriple, whereall
threeeigervaluesareidentical. Furthermorethe doubledegener
atepointsmay be distinguishedy whetherthe minor andmedium
eigemvaluesareequal whichwereferto astype-L orlineardegener
ate(thesearelocationswhereminor hyperstreamlinesanintersect
eachother),or the mediumandmajoreigervaluesareequal which
wereferto astype-Por planardegeneratdthesearelocationswhere
major hyperstreamlinesanintersecteachother). This distinction

is importantin someapplications.Hesselinks earlywork [3] does
not fully explore the propertiesof the doubledegeneratdeatures
andinsteadfocuseson thetriple degeneratdensorsywhoseproper
tiesarecloserto their counterpartsn 2D. They hint thatthetriple
degeneratgoints(for the doublepointloaddata)areconnectedy
alocusof doubledegeneratgoints[3]. Thepaperfailsto pointout
that the dimensionof the stabledoubledegeneratedeaturesarein
factlinesin mostof thetypicalnon-dgjeneratéensorelds. Hence,
it did notattemptto nd astablenumericalmethodto extractthese
featurelinesin 3D.

In complex 2D tensor elds, the extractedtopologymay alsobe
very complex. Tricocheetal. proposedalgorithmsto simplify 2D
tensortopology[8] aswell astrackthemin time-varying2D tensor

elds [7].

Recently ZhengandPang[10] establishedhat stabledegener
atefeaturesn 3D symmetric2nd ordertensor elds form lines. A
numericallystablemethodfor extractingtheselines wasalsopre-
sentedFirst, thediscriminantfunctionwasreformulatednto seven
signedconstraintfunctionswhich allowed one to checkif a cell
facecanpotentiallycontaina degeneratgoint. Next, the degener
atepointson eachcandidatecell facewereextracted.Finally, these
pointswereconnectedisinga multi-passapproacho constructhe
degeneratdeaturelines. In [11], ananalyticalformulationfor the
tangentof thesedegeneratdeaturdineswasderived. Thisallowed
oneto tracethedegeneratdeatureline assoonasoneof thedegen-
eratepointshave beenextracted.As aresult,themoreexpensvede-
generatgoint extractionprocessanbe carriedout usinga coarser
grid, andreplacedwith a lessexpensve andmoreaccurateracing
algorithm.

4 3D TENSOR TOPOLOGY

In this section,we introducethe analysisof 3D tensortopology
including the degeneratecurvesandtheir separatingsurfaces. We
rst startby introducinganimportanttheorenthatshawvs 3D tensor
analysisnearadegeneratéensorcanbereducedo asimilar analy-
sisarounda 2D degenerateensor Secondwe discusghe proper
tiesof thetransitionpointwherethereduced®D degenerateensors
changats types.We alsoshaw thattheseresultsleadto interesting
con guration of separatingurfacesarounda 3D degenerateune.

4.1 EigenvectorsAround 3D DegenerateTensors

It was recently establishedhat 3D degeneratetensorsform fea-
ture curves. We also know that hyperstreamlinegan only cross
eachotheron points along thesedegeneratecurves. Therefore,a
very importantstepin 3D tensortopologyis to studyeigervectors
arounda degeneratdensor Herewe studya moregeneralcaseof
N N symmetrictensor eld arounda degeneratdensorwith p
repeatectigervalues.In this sectionwe shav thattheeigervectors
arounda degeneratgensoris equivalentto the eigervectorsof the
tensorprojectednto its invariantspace.

We considera real symmetricmatrix T (t) which is a func-
tion of real parametert and hasthe property that two or more
distinct eigervalues (t) coalesceatt = O: = 41(0) =

2(0) = =  p(0). We de ne the eigenpairsof T(t),
eachconsistingof aneigervalueandcorrespondingigervector as
(i(); i)k ik=1and [ ; = 0;i 6 j. T(t) canbecon-
sideredasa curve passinghroughthe degeneratgointatt = 0.

We assumehatthe eigervectors (t) ! i(0) whent ! 0.
For ary t, S(t) = spanf 4(t);::; p(t)g is a invariant space
with the associateeigervalues 1(t),..., p(t). S(0) is theinvari-
antspacespannedy the eigervectorsassociatedavith therepeated
eigervaluesatt = 0. Notethatalthougheacheigervectoris inde-
terminateatt = 0, their spannednvariantspaceis well de ned.
We assumeno furtherdegenerag. In particular we assumehatfor



smallenought, minies; j i(t) i(t)j 2t, where > Oand
is independenof t. In otherwords,althoughthe associate@igen-
valuesaregettingcloserast ! 0, neverthelesshe separatioris
O(t). Thisassumptiomwill playanimportantrolein theanalysigo
follow. It alsoclearly pointsoutwheresuchanalysisbreaksdown.

Without lossof generality we assumehe basisfor S(0) is sim-
ply RP, followed by an orthonormalbasisfor its complement.in
suchabasis,T (t) takestheform,

_ M) BT()
T(t) - B(t) H (t) (6)
whereM , B, andH aretheblock submatrice®f T, andM (t) is
p pandrepresentsheprojectionof T (t) ontoS(0). Thus,S(0)
is notinvariantunderT (t);t 6 0. Butast ! 0,B(t) ! 0. With
little loss of generality we assumekB (t)k < Kt, K > Qand
independentft. In thelimit, T(0) = M (0)  H(0), where is
thedirectsumbetweerntwo matrices.

In this basis,we may write i(t) = (yi(t); i(t)). By our
assumption, (t) ! i(0) 2 S(0) andthus i(t) ! O as
t! 0,i = 1;::p. Theprojectionof T(t) onto S(0) is M (t).
Clearly, y;i(t) is the projectionof (t) onto S(0). We identify
the eigenpairsof M (t) as( i(t); wi(t)). In otherwords, w;(t)
is the eigervector of the projectionandy; (t) is the projection of
the eigervectorof T(t) ontoS(0). Let2 betheseparatiorof
the repeateceigervalue, from the remainingeigervaluesof T (0):
2 = minip | i j. The relationshipbetweenw; (t) to yi(t)
canbe statedasthefollowing theorem,

Theorem4.1. For smallenought,
[T — (7)

jsine(yow)j St ®)

Theproofof thistheoremis providedin Appendix. Thistheorem
impliesthatast ! 0, the projectionof an eigervectoris equalto
the eigenvectorof the projection For 3D tensor eld, thistheorem
stateghatto studytheeigervectorsin asmallneighborhoodround
adegeneratdensorit is sufcient to studythe eigervectorsof their
projectionon the repeatedlane. Therefore,it is easyto seethat
the separatingsurfacein a 3D tensor eld is simply the trajectory
of theindividual separatrixof each2D projectedensorsaroundall
pointsalonga degenerateeurve. Suchanintuition is importantin
understandinghe behaior of 3D tensortopology

It isworthnotingthatEquatiord.1lis closelyrelatedo thesingu-
lar perturbatiortheoryaroundapair of degeneratestatein quantum
mechanic$4]. It canalsobeprovenusingthesingularperturbation
theory In the appendixwe provide a morerigorousversionof the
proof.

4.2 3D Transition Points

Equation4.1 statesthat the relationshipbetweenthe eigervector
arounda degenerateéensorcanbe approximatedy theeigervector
of the projectionof the tensorin a small neighborhoodf the pro-
jectionof T(t), M (1), is notdegeneratétself fort 6 0. Suchas-
sumptionis valid aslong astherepeateglaneis nottangento the
degenerateurve atthatpoint. In fact,usingthe analyticalformula
describedn [11] to calculatehedegenerateurve tangentwe knew
thatfrom ary degeneratepoint, the degeneratecurve tangentii.e.,
the directionthatkeepsthe tensordegenerateis alsothe direction
that keepsthe projectionof the tensordegenerate.ln mostcases,

the separatingsurfacesconsistof all the individual 2D separatri-
ceson therepeatecplane,emanatingrom all the pointsalongthe
degeneratecurve. However, suchanalysisnaturally breaksdown
at pointswherethe degeneratecurwe is tangentialto the repeated
plane. In fact,we canshawv thatsuchpointsareexactly the points
wherethe degenerateensorsswitch typesbetweentrisectorsand
wedgepoints.

Without loss of generality we still assumethe eigervectorsis
alignedwith thenaturalbasisof thecoordinatesystematthedegen-
eratepoint of interest. We denoteA(X) = M11(X) Mo (X)
andB (X) = M12(X), whereM (X)) is the projectedtensor eld
of T(X) ontotherepeateglane.From[11], we know thatthetan-
gentof thedegenerateurve is equivalentto thedirectionthatkeeps
bothA andB zerosatthesametime,i.e.,keepgheprojectedensor
degenerate.

A,Bs AsB;
N=rA rB=@ A;B; ABs A (9)
A1B> AB;

whereA; = @\=@X1 andother symbolsare de ned similarly.
NotethatN3 = A1B,  A,B; is exactly the symbol usedby
Delmarcellestal. in [2] to distinguishbetweertrisectorsandwedge
points:if N3 < 0, thedegeneratdensoris a trisector;if N3 > 0,
the degeneratetensoris a wedgepoint. It is naturalto seethat
N3 = 0 occursat exactly the pointswherethe degeneratgensor
changebetweenthesetwo types. SinceN =< Ni;N2;N3z > is
thetangenof thedegenerateurveandX Y planeistherepeated
plane,thisis equivalentto the factthatthe degenerateune is tan-
gentialto therepeateglaneatthatpoint. We referto suchpointsas
transitionpoints Anothertype of transitionpointis betweendou-
ble wedgeandsinglewedge. But sincethereis no sign changein
N3, thereis no specialpropertyat suchpoints. The hiddensepa-
ratrix simply melgeswith one of the two real separatrixand both
disappear

For example givenatransitionpointbetweertrisectorsanddou-
ble wedgepoints, the degeneratecurve mustpassthroughthe re-
peatedplaneat that point. Throughthis point, two of the three
separatrixform smoothsurfaces,but the otherone ips direction.
It canalsobe shawvn thatthethird separatrixmustlie on thedirec-
tion of the projectionof thedegenerateurve ontherepeateglane.
Soon both sidesof the transitionplane,the separatriceshat ips
directioneitherpointto eachotheror pointaway from eachother

X A

/)

Figure 2: Schematic showing two ways to transition between trisec-
tors and double wedges. The dash line is the hidden separatrix. The
repeated plane is tangent to the degenerate curve at the transition
point. On the left, the separatrices point to each other before the ip .
On the right, the separatrices point away from each other.

Figure 3 givesthe examplesof the basicsurfacecon gurations
whensuchtransitionhappensAll thetransitionpointsaremarked
by white points, and eachindividual separatingsurfaceis labeled
with adifferentletter Figure3(a)is atransitionbetweeratrisector
anda singlewedgepoint. Below the transitionpoint, the separa-
trices are single wedges. Above the transitionpoint, they are all
trisectors. Note that surfaceA is continuousthroughoutthe tran-
sition. SurfacesB andC grow out in oppositedirectionsafterthe



transitionpoint. All threeseparatriceat the transitionpoint form
therepeatedlanethatis tangentiato the degeneratecurve at that
point. The mostinterestingpropertyis that surfaceC startsfrom
onesideof surfaceA andgoesbelon thedegenerateurwe. It then
wrapsbackandmemgeswith surfaceA from the otherside of the
transitionpoint. It canbe betterseenfrom otherresultsin Sec-
tion 6. We referto this type of surfacecon guration asthe helical
shell

Figure3(b)is atransitionbetweeratrisectorandadoublewedge
point. The separatricearetrisectorsbelon thetransitionpointand
they aredoublewedgesaboreit. SurfaceB is in front of surfaceC
from thethis viewpoint. SurfacesA andC arecontinuoughrough-
out this transition. However, the separatricesn surfaceB switch
directionafterthetransition.In this example,the ipped separatri-
cespointtoward eachother We canseethatthe separatingurface
startingfrom the trisectorside endsup hitting on the samedegen-
erateline. Theseparatingurfacewrapsup with itself! This means
thatnotonly canseparatricegteractwith otherdegenerateures,
but they canalsointeractwith their own degeneratesurve.

Figure3(c)is asimilartransitionbetweeratrisectorandadouble
wedgepoint. However, in this example, the ipped separatrices
point away from eachother This forms an interestingswoid sh
surfacecon guration.

Figure 3(d) shavs antransitionshetweena singleanda double
wedgepoint. Outsidethe white box, the separatricesll belongto
singlewedgepoints.However, they areall doublewedgepointsin-
sidethebox. In termsof the separatriceghe hiddenseparatrixand
anotherreal separatrixsuddenlyappearat one point, when going
alongthe degeneratecurve. Thenthe hiddenseparatrixgradually
moves toward the otherreal separatrix. Whenit meigeswith the
otherone,they annihilateeachotherandbothdisappeaandthede-
generatgointrevertshackto asinglewedge.Althoughthisprocess
is discontinuousthe separatingurfaceis continuougalthoughnot
smooth)in thiscase.lt is simply a surfacefoldedtwice andformed
a“Z" shapecon gurationalongthedegenerateure.

4.3 Other SeparatingSurfaces

By de nition, the separatingurfacesdivide the spaceinto smaller
regions, within eachof which the hyperstreamlinetiave a simple
pattern. However, the separatingsurface describedaborve do not
segmentthe spacanto closed distinctregions. If we only consider
thetrajectoryof the 2D separatriceemanatingrom all the points
alongthe degeneratecurve, pointson oppositesidesof a separat-
ing surface might still be connectedo eachother through other
paths. Thereasonis thattherearestill othertypesof surfacethat
form separatingurfaces.Oneof themis the surfaceformedby all
thehyperstreamlinestartingbetweertheseparatrixattheintersec-
tion of degenerateure andthe boundary Anotherexampleis the
hyperstreamlinghatis tangentialwith the boundary It is impor
tant that one needsall typesof separatingsurfacesto completely
segmentthe spacento disconnectedegions. However, theseaddi-
tional separatingurfacesmayaddto the visual clutterandprevent
the usersfrom seeingthe real topologicalstructure.In this paper
sincewe do not know the physical meaningof the boundary we
ignoretheseothertypesof surfacesandonly focuson the surfaces
formedby all the 2D separatrices.In the future, the relationship
betweernthertypesof separatingurfacesandthetrajectoryof 2D
separatriceshouldbe further investigatedto determinethe most
usefulvisualization.

5 IMPLEMENTATION |ISSUES

In this sectionwe discussseveralimplementatiorissuesn the pro-
cessof obtainingthe separatingsurfacesasdescribedn the previ-
oussections.

5.1 Obtaining High ResolutionDegenerateCurves

Most partsof the degeneratecurve extractionalgorithmwe useis
describedn [11]. We choosethe methodbasedon discriminant
constraintfunctionsfor its stability aroundhigher order degener
ag/. We alsousethe analyticalformulato obtainthe tangentof the
degenerateurvesto tracehigh resolutionfeatures.

It is worth notingthatsincethe eigervectorsarevery sensitve to
smallchangestlocationsneara degenerateéensortheaccurayg of
the separatingsurfacehighly depend®on the quality of the degen-
eratecurves. For eachpointalongthe curve, we demandhediffer-
encebetweerthetwo eigervaluesto besufciently small. Sincethe
separatribmustbearadialeigervector it isagoodwayto verify the
correctnessf thealgorithm.For ary particularsetof eigervectors,
we move a small offset from the degeneratgoint in the direction
of the separatrixandcheckthe eigervectordirection. If all theal-
gorithmsare correct, that eigervector shouldbe perfectly aligned
with the separatrix.Thesetwo vectorsarereferredto asverifying
vectos. Any discrepang of thesetwo vectorsis a goodindication
of errors.

For all the datasetsén this paperwe usea grid for extractingthe
featurepointsonthegrid faceshatis half theresolutionof theorig-
inal grid. Sincetheextractionalgorithmis basednthegeneralized
Newton-Raphsoiterative method they convergevery fastnearthe
real solution, but thereis no guaranteehatit can nd all thesolu-
tions. Then,we usefourth order Runge-Kitta combinedwith the
analyticaltangento traceandconnecthe extractedfeaturepoints.
Whenthe tracingintersectsa cell face,we recordthe intersection
point and compareit with nearbyfeatures. If thereis no feature
nearbyandthe featureis accurateenough,a missingfeaturethat
is lostin the extractionalgorithmis recoreredthroughthe tracing.
Thenthe tracing continuesto the nearbycells throughthis newly
discoveredfeaturepoint. Usingthis hybrid algorithmof extraction
andtracing,not only do we developalgorithmsthatguaranteethe
correctnessf theconnectvity, but we alsogreatlyreducethecom-
putationalcostin obtaininghigh resolutionfeaturelines. This is
becauseracingis muchcheapethanextraction. As long asthere
is atleastonefeaturepointthatis extractedfor a degenerateune,
we canrecover the entire degeneratecurve. Given the low false
negative rate of the extraction stage,it further reducesthe likeli-
hoodthata featureline would belost.

For this paper we further develop anothermethodto dynami-
cally increaseheresolutionof featurelines. Givenalow resolution
featureline with thecorrectconnectvity, we rst simplyinterpolate
thefeaturepointsalongthe curve. However, theinterpolatechoints
arenot strictly degenerateany more. In our experimentsalthough
they arestill very closeto the real degeneray, the two verifying
vectorscansometimesiave morethan50 difference.Tracingthe
separatingurfacesrom suchfeaturepointswill resultin extremely
low quality results. Therefore we re ne eachinterpolatedfeature
pointby xing themon a planethatis mostperpendiculato the
analyticaltangent. Sincethe point is very closeto the real solu-
tion, theiterative methodcornvergesin oneor two iterationsin most
caseswithout the needto worry aboutlosingfeatures.This simple
algorithm gives us the power to extract high accurag degenerate
pointswith dynamicallychangingresolutionwith little extra com-
putationalcost.

5.2 Rendering of SeparatingSurfaces

Althoughall the separatriceemanatingrom thedegenerateurves
form surfacessimplyrenderinghesurfaceis notenoughlt is very
importantto shawv boththesurfacesandthehyperstreamlineurves,
of which they are composed.For this considerationywe choosea
densearrayof illuminatedhyperstreamlineasour renderingtech-
niquefor the separatingurfaces.A large numberof hyperstream-
lines are computedduring the setupstage. During the rendering



(a) Trisector- SingleWedge

(b) Trisector- DoubleWedge

(c) Trisector- DoubleWedge (d) Single- DoubleWedge

Figure 3: Basic surface con gur ations at transition points between different types of degenerate points. The separatrices are colored according
to the integration “age” from the degenerate curve and vary from blue to red.

stage theresolutionof the hyperstreamlinesanbe controlleddy-
namically A sparserrayof illuminatedhyperstreamlinefelpsus
understandheinteractionbetweerthe hyperstreamlineandother
degeneratecurves; a densearray of illuminated hyperstreamlines
givesus betterperceptionof the surfaceswithout the detail of in-
dividual lines. However, for complicatedseparatingsurfaceslike
thosein the doublepoint load dataset, it is not an easyjob to un-
derstancall the separatingsurfacesat the sametime. Our current
solutionis to give usersthe e xibility to hideor shov eachisolated
separatingsurfacesone by oneto avoid visual clutters. In the fu-
ture,we alsoplanto experimentwith othervisualizationtechniques
suchassemi-transparersurfaceswith texture o w onthem.

6 RESULTS

In this section,we apply our techniqueon several syntheticbut
commonlyusedbenchmarldatasetsthe randomlygenerateden-
sor eld andthe doublepoint load stresstensors.The color map-
ping schemeusedin Figures4 to 7 tries to shav the distanceof
the hyperstreamlinefrom the degeneraciesin the randomlygen-
erateddatasetincludingthosein Figure3, the color representshe
integrationdistanceof the separatrixfrom the startingpoint on the
degeneratecurve. This color schemeshavs how the separatrices
interactwith otherdegeneraciesery well. However, it mayleadto
differentcolorsevenatthe samepoint. Becausehe separatingur
facesareoftenintertwinedwith eachother especiallyin thedouble
pointloaddatasetSo,for Figurest and7, we simply usethediffer-
encebetweerthe repeateceigervaluesasthe measureof distance.
Notethatawayfrom thedegenerateurve, theeigevaluesthatwere
repeatedio not have the samevaluesarymore. This schemegives
blue colors whenthe hyperstreamlings close,in value,to being
doubledegenerate.

6.1 Randomly GeneratedTensorField

Here,we usedthe samedatasetssin [11] for comparisorreasons.
This datasets a simplecell with all of its eightcornervaluesran-
domly generated.Although simple, this type of datasettoversa
lot of topologicalinformation. An importantadvantagewith such
datasetss thatif we encounterry interestingstructurewe canbe
fairly con dent that this type of structureis persistentand small
amountof noisewill not malke it disappearThereforewe canex-
pectto seeit oftenin real dataseandknow it is amongthe basic
con gurations.

For example,we know degeneratesurfacesandsubvolumesare
not persistentfeaturesfor 3D tensor eld, but it is still possible
that we encountersomedatasetghat have suchfeatures,even al-
thoughtheir very existencecanbe dissoled by small amountsof
noise. But if we encountethemtoo oftenin a particularphysical
phenomenonsuchas single point load stresstensors that means

for thattypeof physicalphenomenorthe six freevariablesin each
3D tensorarenotindependenat all. Theremustbe someimplicit
constrainthatcon ne thedegeneratéensorgo form featuresother
thancurves. Thereforethe bestsolutionis to reformulatethe spec-
i cation of the dataandchoosethe onesthatcanrepresenits real
free parametersandthendevelop stablenumericalalgorithmonit.

Figure 4 shaws the separatingsurfacesof the type-P degener
ate features(wherethe major hyperstreamlinesanintersecteach
other)in therandomlygeneratediensoreld. Notethatoneseparat-
ing surfaceis wrappedaroundanotheregenerateurve andshavs
its wedge-lile behaior. In the lower part of Figure 4(a), we can
seethe transitionpoint betweentrisectorsanddoublewedgesand
the surfacewrappingup on its own degeneratecurve. In the upper
right partof the samepicture,we seethe surfacefolded twice and
thereforeshaws the transitionfrom singleto doublebackto single
wedgepoints.

Figure 5 shaws the separatingsurfacesfor the type-L degener
atefeatures(wherethe minor hyperstreamlinesanintersecteach
other)in the samedataset. At the lower right of Figure 5(a) and
lower left of Figure5(b), we seethe “sword sh” shapeassociated
with thetransitionpointbetweertrisectorsanddoublewedgesThe
centralline shavsaveryinterestingandsophisticatedurfacestruc-
turearoundthetransitionbetweenrisectorsandsinglewedges We
canclearlyseefrom bothpicturesthatoneof theseparatingurface
goesaroundthe degeneratecurve andwrapsaroundanothersepa-
ratingsurfacefrom the otherside.

6.2 DoublePoint Load StressTensors

In this datasettherearetwo pointloadsappliedon a semi-in nite
volume. At eachlocation,atensorthatdescribeshedistribution of
stressat thatpoint. It is commonlyusedasa benchmarldataseto
validateanddemonstrat¢éhe effectivenes®f thevisualizationtech-
nigques.Thetwo yellow arronvs mark out the positionsof the point
loadsandthetwo purpleballsshow thetriple degenerategoints.
Figure6 shavstheseparatingurfacedor type-Ldegeneratdea-
tures. Note the interestingpatternsformedby hyperstreamlines
thesymmetricverticalplaneconnectinghetwo pointsloadsin Fig-
ure 6(a). They rst go aroundthe point loadsin almostcircular
shapesand then passabove the degeneratecurve connectingthe
two triple degenerateéensors. Note that theseseparatingsurfaces
do have a lot of intersections. This property suggestghat tech-
niguessimilarto thesaddleconnectorsn [6] canbeusedhere.Fig-
ure6(b) only shavs the separatingurfaceemanatingrom the two
bifurcatedbranchbelowv oneof the pointloads.Notethatthe sepa-
ratricesaretrisectorson both branchesHowever, if onezoomsout
enoughand megesthesetwo branchesye endup with a “node”
structuresimilarto a“saddle”pointin vectortopology This obser
vation suggestshata goodsimpli cation techniqueshouldmermge
isolated rst orderdegeneratdeaturednto higherorderfeatures.



(a) Frontview (b) Obliqueview

Figure 4: Separating surfaces emanating from type-P features lines of a randomly generated tensor eld. Surfaces are rendered using dense
arrays of illuminated hyperstreamlines.

(a) Obliqueview (b) Obliqueview

Figure 5: Separating surfaces emanating from type-L features lines of a randomly generated tensor eld. Surfaces are rendered using dense
arrays of illuminated hyperstreamlines.



Figure7 shavstheseparatingurfacesfor thetype-Pdegenerate
features.Figure 7(a) shavs all but the loop structureandthe line
connectinghetwo pointloads.We don't shawv the othertwo to re-
ducevisualclutter Notethatmary of thesesurfacedie closeto the
surfaceof the semi-in nite volume. It may be relatedto the tran-
sition betweerncompressie andtensileforcesin this region. Inter
estingly the two degeneratétails” from the two triple degenerate
pointhave aseparatingurfaceconnectinghem.Figure7(b) shavs
theseparatingurfaceemanatingrom theloop structureonly. Note
thattherearefour differenttransitionpointson this structure.The

rst two areonthelower partof thisloop. They aretransitionsbe-

tweentrisectorsanddoublewedgesTheothertwo areontheupper
partof thisloop wheretwo doublewedgesnegeinto singlewedge
points.

7 CONCLUSION

This paperprovides the theoreticalfoundationfor analyzingand

solvingthe separatingurfacesof secondorder3D symmetricten-

sor elds. Thesesurfacesemanatefrom degeneratecurves and

hencespecialcaremustbetakenin their calculation.Togetherthe

separatingurfaceandthe degenerateurvesde ne thetopological

structureof 3D symmetrictensor elds. Of noteis the obsena-

tion that the type of doubledegenerateensoralonga degenerate
curve may switch amongthe three basictypes: trisector double
wedge,and single wedge. The transitionpoint occurswhen the

plane containingthe repeateckigervalueis tangentto the degen-

eratecurve. The surfacesin the vicinity of thesetransitionpoints

arequite comple, but continuous.The continuity of the surfaces
is realizedwhenonetakesthe hiddenseparatrixnto consideration.
Oneof the interestingbehaior thatwe noticedis thatis possible
for aseparatingurfaceto emanatendendonthesamedegenerate
cure!

Tofully understantheseopologicalstructuresfurtherstudyare
needed.For example,to improve the visualizationof thesestruc-
tures, at leasttwo possibleavenuesare: (i) applying texture pat-
ternsontransparensurfacesto shav thegrainor orientationof the
separatrice®n the surface,and (ii) nding a more compactrep-
resentatiorof the topologicalstructureto reducethe visual clutter
e.g. somevariationof saddleconnectorcometo mind [6]. Sofar,
we have only looked at randomlygeneratedensorsand the dou-
ble point load stresstensordatasets. Both are rathercleandata
sets.Applying topologicalanalysison noisydatasetsmayproduce
topologicalstructuresthat are simply too comple to analyze. It
is thereforealsoimportantto study Itering or abstractiormethods
thatidentify theimportantfeaturesn thedataset.
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A PROOF OF THEOREM 4.1
Beforewe prove Theoren¥.1,we introducethe gaptheorem,

TheoremA.1. (Gap Theoem)Givena real symmetricmatrix T,
any scalar , and any vectoru, there is an eigenpairof ( i;Vvi)
sud that

KTu uk

- . kTu uk
6 . -
jsine (u; v)j kukgap( ) (11)
wheregap( )= min & (k )
A proofof thegaptheoremcanbefoundin [5],
Theorem4.1. For smallenought,
. . K?2
bl — t? (12)
K2
jsine (yi;wi)j — t (13)
Proof T i =  ; yieldstherelations:
(M il)yi+BT =0 (14)
Byi+(H i|)i:0 (15)
Eliminate ; to nd,
M iDyi=B"(H l) 'By (16)
k(M il)yik  k(H 1) 'kkBk’kyik (17)

Since2 is the separatiorof
of T(0). For smallenought,

from the remainingeigemvalues

k(H ik
1=mini pjsp j i(t) (1) o _
ii(J i@ O ji® O i) 50

(18)

k(M il )yik
kyik

(Kt)?

(19)

Invoke the gap theoremwhich saysthat thereis an eigenpair
i;w;j of M suchthat,

(Kt)?> _ K?

il —t? (20)
sins (yiw)j DT (21)
B gap( 1)
gap( i) = MiNeik pj i ki
] kIl ]« k)
2t (Kt)?= (22)
t
This leadsto theboundonj sin 6 (yi; wi)j,
2 2
jsine (yiw)j U= K (23)
Thesebounddeadsto our conclusiorthatwhent ! 0, ;! i
andyi! Wi .
O



(a) Frontview (b) Obliqueview

Figure 6: Separating surfaces emanating from type-L features lines of the double point load stress tensor eld. Surfaces are rendered using
sparse arrays of illuminated hyperstreamlines.

(a) Frontview (b) Obliqueview

Figure 7: Separating surfaces emanating from type-P features lines of the double point load stress tensor eld. Surfaces are rendered using
sparse arrays of illuminated hyperstreamlines.
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