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ABSTRACT

Tensortopologyis usefulin providing asimpli�ed andyetdetailed
representationof a tensor�eld. Recentlythe �eld of 3D tensor
topologyis advancedby thediscovery thatdegeneratetensorsusu-
ally form linesin their mostbasiccon�gurations.Theselinesform
the backbonefor further topologicalanalysis.A numberof ways
for extractingandtracingthedegeneratetensorlineshavealsobeen
proposed.In thispaper, wecompletethepreviouswork by studying
thebehavior andextractingtheseparatingsurfacesemanatingfrom
thesedegeneratelines.

First,we show thatanalysisof eigenvectorsarounda 3D degen-
eratetensorcanbereducedto 2D.Thatis, in mostinstances,the3D
separatingsurfacesarejust thetrajectoryof theindividual2D sepa-
ratriceswhichincludestrisectorsandwedges.But theproofisbyno
meanstrivial sinceit is closelyrelatedto perturbationtheoryaround
a pair of singularstate.Suchanalysisnaturallybreaksdown at the
tangentialpointswherethedegeneratelinespassthroughtheplane
spannedby theeigenvectorsassociatedwith therepeatedeigenval-
ues.Second,we show thattheseparatricesalonga degenerateline
may switch types(e.g. trisectorsto wedges)exactly at the points
wherethe eigenplaneis tangentialto the degeneratecurve. This
propertyleadsto interestingandyet complicatedcon�guration of
surfacesaroundsuchtransitionpoints. Finally, we apply the tech-
niqueto severalcommondatasetsto verify its correctness.
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1 I NTRODUCTI ON

Thegoalof topologicalanalysisis to provideasimpleyetpowerful
representationof the complex phenomenadescribedby the data.
The topologicalstructuresmake it simple for usersto understand
the underlyingdata�elds yet aresensitive enoughto captureim-
portantfeatures. Early work on using topologybasedmethodto
visualizevectorandtensor�elds areproposedby Hesselinket al.
[2, 3]. It de�nes thetensortopologybasedon degeneratefeatures,
discussesits naturein 2D casesin greatdetail. Only until recently,
we discoveredthat degeneratetensorsform curvesin its mostba-
sic con�guration, andproposeda stablealgorithmto extract such
features[10]. We also proposeda formula to obtain the analyti-
cal tangentof thedegeneratefeaturelinesat eachpoint [11]. This
methodgivesusthepower to obtainthetopologicallycorrectsolu-
tion of the featureline andhigh resolutionfeaturelines with little
extracomputationalcost.
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This paperis the secondinstallmentof [10] andcompletesthe
analysisof stabledegeneratefeaturesin secondorder3D symmet-
ric tensor�elds. Given the extracteddegeneratefeaturelines and
the knowledgethat they serve asthe critical featuresin 3D tensor
topology, westudythetopologicalstructureof 3D tensor�eld. The
�rst stepin topologicalanalysisof acertaintypeof datais to study
theirbehavior nearacritical feature.In thispaper, we�rst show that
the eigenvectorsarounda degeneratetensorcanbe approximated
asthoseof theprojectedtensoron therepeatedplane. A repeated
planeof adegeneratetensoris theplanespannedby theeigenvector
with thesameeigenvalues.Notethattherepeatedplaneis not nec-
essarilyperpendicularto thedegeneratecurve. But, all vectorson
this planearevalid eigenvectors. This fact simpli�es the analysis
of 3D tensor�eld arounda degeneratecurve into a seriesof indi-
vidual analysisof 2D tensor�eld arounda 2D degeneratepoint.
Suchanalysisnaturallybreaksdown when the degeneratecurves
aretangentialto the repeatedplane. But aswe will show later, a
very interestingpropertyof pointson thedegeneratecurveswhere
thecurve is tangentialto therepeatedplaneis thatthey areexactly
wherethedegeneratepointsswitchtypes.Suchtypetransitionsare
closely relatedto the studyof time-varying 2D degeneratetensor
�elds [7], andleadsto complicatedyet interestingcon�gurationof
separatingsurfacesnearsuchtransitionpoints.

This paperis intendedto lay down a theoreticalfoundationfor
tensor�eld analysis.We alsotestour �ndings usingseveral syn-
theticbut commonlyusedbenchmarkdatasetsto verify their cor-
rectness.However, sincethe �eld of 3D tensortopologyis still in
a very fundamentalstageof research,it is too early to evaluateits
effectivenessonrealdatasets.Wecanpredictthatblindly applying
thetechniqueproposedfrom this paperon noisyrealdatasetssuch
asDT-MRI datasetswill resultin heftyvisualclutterof degenerate
featuresandevenmorecomplicatedseparatingsurfaces.However,
suchdif�culties are not insurmountable.It is not a fundamental
�a w of the topologicalapproach,but rathera lack of currentun-
derstandingon what is really important. We believe that oncewe
obtainsuf�cient knowledgeandunderstandingof 3D tensortopol-
ogy, therepresentationandvisualizationcanbegreatlysimpli�ed to
highlight only themostimportantproperties.And only until then,
the goal of topologicalanalysisto presenta simple yet powerful
representationof thecomplex phenomenoncanbefully realized.

Therestof this paperis organizedasfollows: Section2 reviews
someimportantfactsusedin tensoranalyses;Section3 discusses
the relevant previous work in tensor�eld analysesandvisualiza-
tion; Section4 discussthe methodologywe employ to extract the
topologicalstructureof 3D tensor�eld; Section5 highlights im-
plementationissues;andSection6 presentsresultsfor botha ran-
domlygenerateddatasetandthecommonlyusedbenchmark– dou-
blepoint loadtensor�eld.

Digital images can be accessed online at:
www.cse.ucsc.edu/research/avis/tensorsep.html.

2 TENSOR ANALYSI S

Tensor �elds, especiallysecondorder tensor �elds, are useful
in many medical,mechanicaland physical applicationssuchas:
�uid dynamics,meteorology, moleculardynamics,biology, astro-



physics,mechanics,materialscienceandearthscience.Effective
tensorvisualizationmethodscan enhanceresearchin a wide va-
riety of �elds. However, developinganeffective algorithmcanbe
dif�cult becauseof thelargeamountof informationcontainedin 3D
tensor�elds: therearenineindependentcomponentsin eachtensor
andsix for asymmetrictensor. Usersin many research�elds arees-
peciallyinterestedin realsymmetrictensors.In someapplications,
thedatathemselvesareinherentlysymmetric.In othercases,sym-
metric tensordatacanbeobtainedthroughvariousdecomposition
techniques.

In thissection,weintroducesomeimportantbackgroundknowl-
edgesin tensoranalysisthatis relatedthispaper.

2.1 TensorTransformation

In this paper, we mainly focuson secondordersymmetrictensors.
However, the transformationrule of tensorscanbe easilyapplied
to tensorsof arbitraryorders.For example,givena tensorT in the
coordinatesystemC1 andanothercoordinatesystemC2 . Weknow
that the orthogonaltransformationbetweenC1 andC2 is R, i.e.,
therelationbetweenthecoordinatesof a point in thesetwo system
canbewrittenas:X 1 = RX 2 . Thenweknow thatthesametensor
T in C2 canbe written asT � : T � = RT TR. In its index form
usingEinstein's summationconvention,this canbewrittenas:

T �
ij = Tk l Rk i R lj (1)

Notethat in Einstein's summationconvention,all theredundant
indiceson the right handside will be summedup implicitly. In
this paper, we arenot only interestedin the transformationof ten-
sorsthemselves,but alsotheir gradients,sincethey areimportant
in analyzingthe separatingsurfaces. Note that the gradientof a
tensor�eld of rankN canbeconsideredasanothertensor�eld of
rankN + 1. We denotethegradientof a secondordertensor�eld
T (x1 ; :::; xN ) asa third ordertensor�eld r T (x1 ; :::; xN ),

r Tij k =
@Tj k

@x i
(2)

Thetransformationrule of this tensorgradientcanbealsosimi-
larly written in its index form:

r T �
ij k = r Tlmn R li Rmj Rnk (3)

We useEquation3 to computethe gradientof tensorsin a ro-
tatedcoordinate. For ef�ciency considerations,only components
thatwill beactuallyusedarecomputed.

2.2 TensorProjection

Theprojectionof a3D vectorontotheX � Y planeresultsin a2D
vectorwith its third componentremoved. Similarly, theprojection
of a 3D tensorT ontotheX � Y planeresultsin a 2D tensorwith
its third columnandthird row removed.However, if theprojection
planeis notperfectlyalignedwith theaxisandits normalis N , then
theprojectionstill resultsin a3D tensorT � :

T � = P T TP (4)

P = N N T (5)

2.3 2D TensorTopology

Analysisof 2D tensortopologywas�rst proposedby Delmarcelle
et al. [2]. Tricocheet al. [7, 8] thenextendedthis methodinto
trackingandsimplifying time-varying2D tensor�eld topology. We
brie�y review themainresultsthataremostrelevanttoourresearch.
A studyof tensortopologyis astudyof thetopologyof its eigenvec-
tors. A hyperstreamlineis similar to streamlinein an eigenvector
�eld. Like streamlines,hyperstreamlinesdo not usuallycrosswith
eachother. The only placesthat they do crossarethe degenerate
tensors,whereat leasttwo of theeigenvaluesarethesame.Firstor-
deranalysisof theeigenvectorsarounda2D degeneratetensorclas-
si�es their patternsinto trisectorsandwedgepoints.Wedgepoints
canbefurtherclassi�edinto doublewedgepoints(with two separa-
trices)andsinglewedgepoints(with a singleseparatrix).Figure1
showsasimpleillustrationof thesebasicpatterns.

Trisector Doublewedge Singlewedge

Figure 1: The basic types of �rst order 2D degenerate tensors.

Notetheseparatricesaretheradialeigenvectorsaroundadegen-
eratetensor. A radialeigenvectoris tracedfrom asmalloffsetfrom
thedegeneratetensorandgivesthedirectionof theeigenvectorsin
its vicinity. Theradialeigenvectorscanbecomputedfrom the�rst
ordergradientof tensor�eld at thedegeneratetensorby solvinga
cubicequation.If thecubicequationhasonly onerealroot, it must
beasinglewedge;otherwiseif it hasthreerealroots,anumber� is
proposedby Delmarcelleetal. to distinguishbetweentrisectorsand
doublewedges[2]. Notethataradialeigenvectoronly hasanorien-
tationbut no direction,since�ipping a radialeigenvectorresultsin
anothervalid one. However, for any particularsetof eigenvectors,
only oneof thetwo directionsis avalid separatrix.In caseof major
eigenvectors,the directionwhich the radial eigenvector is aligned
with the major eigenvector is the separatrix. Flipping the radial
eigenvector resultsin the separatrixfor the correspondingminor
eigenvectors.But it is perpendicularto themajoreigenvector.

The radial eigenvectorsdivide the spacearoundthe degenerate
point into hyperbolicandparabolicregions. It is worth notingthat
not all radial eigenvectorsareseparatrices.For example,in a de-
generatepoint with a doublewedge,thereis a radial eigenvector
betweenthe two separatrices,which is not a separatrixbecauseit
residesbetweentwo parabolicregions. We refer to it as the hid-
denseparatrix.Althoughit is of little importancein 2D tensor�eld
analysis,we canshow thatit is importantin understanding3D ten-
sortopology.

2.4 Transitions Among 2D DegenerateTensors

Sincethedegeneratefeaturesform curvesinsteadof pointsin their
most basiccon�gurations, the analysisof 3D tensortopology is
closely relatedto the study of time-varying 2D tensortopology.
Here,we brie�y introducethecontinuoustransitionfrom onetype
of 2D degeneratepoint into another.

First, thereis a misconceptionthat the transitionbetweena tri-
sectoranda doublewedgepoint comesaboutwhenthetwo of the
separatricesof a trisectorget wider and wider apartuntil one of
themmergewith theotherseparatrix(conversely, two of thesepa-
ratricesgetcloserandclosertogetheruntil they mergetogether)and



thereforereducedinto a doublewedgepoint. However, in our ex-
periments,weshow thatthepersistenttransitionbetweenatrisector
anda doublewedgepoint is that the�o w patternin thehyperbolic
region becomessharperandsharper. In thenext instant,oneof the
separatrixsuddenly�ips to the othersideand turns into the hid-
denseparatrix,andthedegeneratetensorbecomesa doublewedge
point.

Second,thereis alsoamisconceptionthatthetransitionbetween
a doublewedgeanda singlewedgeis that thetwo separatricesget
closerandcloseruntil they �nally merge with eachotherso they
becomea singlewedge. But the true transitionis that the hidden
separatrixin thedoublewedgegetscloserandcloserto oneof the
realseparatrices.Whenthey touch,they annihilateeachotherand
bothdisappear. Thedegeneratetensorthereforechangesinto asin-
glewedge.

Third, thetransitionbetweenatrisectorandasinglewedgepoint
canhappeneitherthroughatemporarydoublewedgeor directly. In
a directtransition,two of theseparatricesof thetrisectorgetwider
andwideruntil they arealmost180� apart.Whenthey �nally form
a line, they annihilateeachotherandboth disappear. The degen-
eratetensorchangesinto a singlewedge. The indirect transition
wouldhappenin two stagesasdescribedabove.

It is worthnotingthateventhoughthedatachangesmoothly, all
thetransitionsof separatriceshappenin adiscontinuousmanner. In
all thetypesof transitions,therewill beoneor two separatricesthat
changesmoothlyduring the transition. The other(s)cansuddenly
�ip thedirection,annihilateeachother, or bothappearat oneplace
but moving in oppositedirections.

3 PREVI OUS WORK

A hyperstreamlineis basicallya streamlinede�ned over aneigen-
vector �eld [1]. Typically, the major eigenvector �eld is usedfor
integrating the hyperstreamline,while the two other eigenvector
�elds providelocalinformationalongthelengthof themajorhyper-
streamlineandaremappedto its crosssection.Oneof theweakness
of hyperstreamlinesis ambiguityin placeswherethetensorsarede-
generate,i.e. wherethe eigenvaluesarenearlyequal. In thesear-
eas,asuddenchangein directionof thehyperstreamlinemayarise.
Notethatthis is acommonproblemwith integrationalgorithmse.g.
�ber trackingalgorithmsin DT-MRI. To addressthis problem,ten-
sorlineswereintroducedby Weinsteinet al. [9]. Ambiguitiesare
resolved by taking the anisotropy of the local tensorinto account
aswell as informationaboutorientationof nearbyfeatures.This
allows the tensorlinesto proceedin a relatively smoothpath,even
in thefaceof isotropicregionsor noisein thedataset.

Topology basedtensorvisualization techniquesrepresentthe
tensor�elds in a simple yet powerful way. The critical features
areextractedto presenta simpli�ed versionof theunderlyingdata
�eld. They arede�ned asdegeneratetensorswherethe eigenval-
uesareidentical,andaretheonly placeswherethetwo associated
hyperstreamlinescanintersecteachother. In 2D tensor�elds, there
is only oneway to obtaina degeneratepoint: the two eigenvalues
mustbeequal.HesselinkandDelmarcelleusedthis conceptin 2D
anddiscussedthenatureof thedegeneratepoints(wedgesandtri-
sectors)in greatdetail.

However, it is more complicatedin 3D, in part becausethere
aretwo typesof degeneratepointsin 3D: doubledegeneratepoints,
wheretwo of the threeeigenvaluesareequal,andtriple, whereall
threeeigenvaluesareidentical. Furthermore,the doubledegener-
atepointsmaybedistinguishedby whethertheminor andmedium
eigenvaluesareequal,whichwerefertoastype-Lor lineardegener-
ate(thesearelocationswhereminorhyperstreamlinescanintersect
eachother),or themediumandmajoreigenvaluesareequal,which
wereferto astype-Por planardegenerate(thesearelocationswhere
major hyperstreamlinescanintersecteachother). This distinction

is importantin someapplications.Hesselink's earlywork [3] does
not fully explore the propertiesof the doubledegeneratefeatures
andinsteadfocuseson thetriple degeneratetensors,whoseproper-
tiesarecloserto their counterpartsin 2D. They hint that the triple
degeneratepoints(for thedoublepoint loaddata)areconnectedby
a locusof doubledegeneratepoints[3]. Thepaperfails to pointout
that the dimensionof the stabledoubledegeneratefeaturesarein
factlinesin mostof thetypicalnon-degeneratetensor�elds. Hence,
it did notattemptto �nd astablenumericalmethodto extractthese
featurelinesin 3D.

In complex 2D tensor�elds, theextractedtopologymayalsobe
very complex. Tricocheet al. proposedalgorithmsto simplify 2D
tensortopology[8] aswell astrackthemin time-varying2D tensor
�elds [7].

Recently, ZhengandPang[10] establishedthat stabledegener-
atefeaturesin 3D symmetric2ndordertensor�elds form lines. A
numericallystablemethodfor extractingtheselines wasalsopre-
sented.First,thediscriminantfunctionwasreformulatedinto seven
signedconstraintfunctionswhich allowed one to checkif a cell
facecanpotentiallycontaina degeneratepoint. Next, thedegener-
atepointsoneachcandidatecell facewereextracted.Finally, these
pointswereconnectedusingamulti-passapproachto constructthe
degeneratefeaturelines. In [11], ananalyticalformulationfor the
tangentsof thesedegeneratefeaturelineswasderived.Thisallowed
oneto tracethedegeneratefeatureline assoonasoneof thedegen-
eratepointshavebeenextracted.Asaresult,themoreexpensivede-
generatepointextractionprocesscanbecarriedoutusingacoarser
grid, andreplacedwith a lessexpensive andmoreaccuratetracing
algorithm.

4 3D TENSOR TOPOL OGY

In this section,we introducethe analysisof 3D tensortopology,
including the degeneratecurvesandtheir separatingsurfaces.We
�rst startby introducinganimportanttheoremthatshows3D tensor
analysisnearadegeneratetensorcanbereducedto asimilaranaly-
sisarounda 2D degeneratetensor. Second,we discusstheproper-
tiesof thetransitionpointwherethereduced2D degeneratetensors
changeits types.Wealsoshow thattheseresultsleadto interesting
con�gurationof separatingsurfacesarounda3D degeneratecurve.

4.1 EigenvectorsAr ound 3D DegenerateTensors

It was recentlyestablishedthat 3D degeneratetensorsform fea-
ture curves. We also know that hyperstreamlinescan only cross
eachotheron pointsalongthesedegeneratecurves. Therefore,a
very importantstepin 3D tensortopologyis to studyeigenvectors
arounda degeneratetensor. Herewe studya moregeneralcaseof
N � N symmetrictensor�eld arounda degeneratetensorwith p
repeatedeigenvalues.In thissection,weshow thattheeigenvectors
arounda degeneratetensoris equivalentto theeigenvectorsof the
tensorprojectedinto its invariantspace.

We considera real symmetricmatrix T (t) which is a func-
tion of real parametert and has the property that two or more
distinct eigenvalues � i (t) coalesceat t = 0: �� = � 1(0) =
� 2(0) = � � � = � p (0). We de�ne the eigenpairsof T (t),
eachconsistingof aneigenvalueandcorrespondingeigenvector, as
(� i (t); � i (t)) ,k� i k = 1 and� T

i � j = 0; i 6= j . T (t) canbecon-
sideredasacurvepassingthroughthedegeneratepointat t = 0.

We assumethat the eigenvectors� i (t) ! � i (0) whent ! 0.
For any t, S(t) = spanf � 1(t); :::; � p (t)g is a invariant space
with theassociatedeigenvalues� 1(t),...,� p (t). S(0) is the invari-
antspacespannedby theeigenvectorsassociatedwith therepeated
eigenvaluesat t = 0. Notethatalthougheacheigenvectoris inde-
terminateat t = 0, their spannedinvariantspaceis well de�ned.
Weassumenofurtherdegeneracy. In particular, weassumethatfor



small enought, min i 6= j j� i (t) � � j (t)j � 2� t , where� > 0 and
is independentof t . In otherwords,althoughtheassociatedeigen-
valuesaregettingcloserast ! 0, neverthelessthe separationis
O(t). Thisassumptionwill playanimportantrole in theanalysisto
follow. It alsoclearlypointsoutwheresuchanalysisbreaksdown.

Without lossof generality, we assumethebasisfor S(0) is sim-
ply Rp , followed by an orthonormalbasisfor its complement.In
suchabasis,T (t) takestheform,

T (t) =
�

M (t) B T (t)
B (t) H (t)

�
(6)

whereM , B , andH aretheblock submatricesof T , andM (t) is
p � p andrepresentstheprojectionof T (t) ontoS(0). Thus,S(0)
is not invariantunderT (t); t 6= 0. But ast ! 0, B (t) ! 0. With
little loss of generality, we assumekB (t)k < K t, K > 0 and
independentof t . In thelimit, T (0) = M (0)

L
H (0), where

L
is

thedirectsumbetweentwo matrices.
In this basis,we may write � i (t) = (yi (t); � i (t)) . By our

assumption,� i (t) ! � i (0) 2 S(0) and thus � i (t) ! 0 as
t ! 0, i = 1; :::; p. The projectionof T (t) onto S(0) is M (t).
Clearly, yi (t) is the projectionof � i (t) onto S(0). We identify
the eigenpairsof M (t) as (� i (t); wi (t)) . In other words, wi (t)
is the eigenvectorof the projectionandyi (t) is the projectionof
theeigenvectorof T (t) ontoS(0). Let 2
 be theseparationof �� ,
the repeatedeigenvalue,from the remainingeigenvaluesof T (0):
2
 = min i>p j� i � �� j. The relationshipbetweenwi (t) to yi (t)
canbestatedasthefollowing theorem,

Theorem4.1. For smallenought,

j� i � � i j �
�

K 2




�
t2 (7)

j sin 6 (yi ; wi )j �
�

K 2


 �

�
t (8)

Theproofof thistheoremis providedin Appendix.Thistheorem
implies thatast ! 0, theprojectionof an eigenvectoris equalto
theeigenvectorof theprojection. For 3D tensor�eld, this theorem
statesthatto studytheeigenvectorsin asmallneighborhoodaround
adegeneratetensor, it is suf�cient to studytheeigenvectorsof their
projectionon the repeatedplane. Therefore,it is easyto seethat
the separatingsurfacein a 3D tensor�eld is simply the trajectory
of theindividual separatrixof each2D projectedtensorsaroundall
pointsalonga degeneratecurve. Suchan intuition is importantin
understandingthebehavior of 3D tensortopology

It is worthnotingthatEquation4.1is closelyrelatedto thesingu-
lar perturbationtheoryaroundapairof degeneratestatein quantum
mechanics[4]. It canalsobeprovenusingthesingularperturbation
theory. In theappendix,we provide a morerigorousversionof the
proof.

4.2 3D Transition Points

Equation4.1 statesthat the relationshipbetweenthe eigenvector
aroundadegeneratetensorcanbeapproximatedby theeigenvector
of the projectionof the tensorin a small neighborhoodif the pro-
jectionof T (t), M (t), is not degenerateitself for t 6= 0. Suchas-
sumptionis valid aslongastherepeatedplaneis not tangentto the
degeneratecurve at thatpoint. In fact,usingtheanalyticalformula
describedin [11] tocalculatethedegeneratecurvetangent,weknew
that from any degeneratepoint, the degeneratecurve tangent,i.e.,
thedirectionthatkeepsthe tensordegenerate,is alsothedirection
that keepsthe projectionof the tensordegenerate.In mostcases,

the separatingsurfacesconsistof all the individual 2D separatri-
ceson therepeatedplane,emanatingfrom all thepointsalongthe
degeneratecurve. However, suchanalysisnaturallybreaksdown
at pointswherethe degeneratecurve is tangentialto the repeated
plane. In fact,we canshow thatsuchpointsareexactly thepoints
wherethe degeneratetensorsswitch typesbetweentrisectorsand
wedgepoints.

Without loss of generality, we still assumethe eigenvectorsis
alignedwith thenaturalbasisof thecoordinatesystematthedegen-
eratepoint of interest. We denoteA(X ) = M 11 (X ) � M 22 (X )
andB (X ) = M 12 (X ), whereM (X ) is theprojectedtensor�eld
of T (X ) ontotherepeatedplane.From[11], weknow thatthetan-
gentof thedegeneratecurveis equivalentto thedirectionthatkeeps
bothA andB zerosatthesametime,i.e.,keepstheprojectedtensor
degenerate.

N = r A � r B =

0

@
A2B3 � A3B2

A3B1 � A1B3

A1B2 � A2B1

1

A (9)

whereA1 = @A=@x1 and other symbolsare de�ned similarly.
Note that N3 = A1B2 � A2B1 is exactly the symbol � usedby
Delmarcelleetal. in [2] todistinguishbetweentrisectorsandwedge
points: if N3 < 0, thedegeneratetensoris a trisector;if N 3 > 0,
the degeneratetensoris a wedgepoint. It is natural to seethat
N3 = 0 occursat exactly the pointswherethe degeneratetensor
changebetweenthesetwo types. SinceN = < N 1 ; N2 ; N3 > is
thetangentof thedegeneratecurveandX � Y planeis therepeated
plane,this is equivalentto thefactthatthedegeneratecurve is tan-
gentialto therepeatedplaneatthatpoint. Wereferto suchpointsas
transitionpoints. Anothertypeof transitionpoint is betweendou-
ble wedgeandsinglewedge.But sincethereis no signchangein
N3 , thereis no specialpropertyat suchpoints. The hiddensepa-
ratrix simply mergeswith oneof the two real separatrixandboth
disappear.

For example,givenatransitionpointbetweentrisectorsanddou-
ble wedgepoints, the degeneratecurve mustpassthroughthe re-
peatedplaneat that point. Throughthis point, two of the three
separatrixform smoothsurfaces,but the otherone�ips direction.
It canalsobeshown that thethird separatrixmustlie on thedirec-
tion of theprojectionof thedegeneratecurveontherepeatedplane.
So on both sidesof the transitionplane,the separatricesthat �ips
directioneitherpoint to eachotheror pointaway from eachother.

Figure 2: Schematic showing two ways to transition between trisec-
tors and double wedges. The dash line is the hidden separatrix. The
repeated plane is tangent to the degenerate curve at the transition
point. On the left, the separatrices point to each other before the �ip .
On the right, the separatrices point away from each other.

Figure3 givesthe examplesof the basicsurfacecon�gurations
whensuchtransitionhappens.All thetransitionpointsaremarked
by white points,andeachindividual separatingsurfaceis labeled
with adifferentletter. Figure3(a)is a transitionbetweena trisector
anda singlewedgepoint. Below the transitionpoint, the separa-
tricesaresinglewedges. Above the transitionpoint, they areall
trisectors. Note that surfaceA is continuousthroughoutthe tran-
sition. SurfacesB andC grow out in oppositedirectionsafter the



transitionpoint. All threeseparatricesat the transitionpoint form
therepeatedplanethat is tangentialto thedegeneratecurve at that
point. The most interestingpropertyis that surfaceC startsfrom
onesideof surfaceA andgoesbelow thedegeneratecurve. It then
wrapsbackandmergeswith surfaceA from the othersideof the
transitionpoint. It can be betterseenfrom other resultsin Sec-
tion 6. We refer to this typeof surfacecon�gurationasthehelical
shell.

Figure3(b)is atransitionbetweenatrisectorandadoublewedge
point. Theseparatricesaretrisectorsbelow thetransitionpoint and
they aredoublewedgesabove it. SurfaceB is in front of surfaceC
from thethis viewpoint. SurfacesA andC arecontinuousthrough-
out this transition. However, the separatriceson surfaceB switch
directionafterthetransition.In this example,the�ipped separatri-
cespoint towardeachother. We canseethattheseparatingsurface
startingfrom the trisectorsideendsup hitting on thesamedegen-
erateline. Theseparatingsurfacewrapsup with itself! This means
thatnotonly canseparatricesinteractwith otherdegeneratecurves,
but they canalsointeractwith their own degeneratecurve.

Figure3(c)isasimilartransitionbetweenatrisectorandadouble
wedgepoint. However, in this example, the �ipped separatrices
point away from eachother. This forms an interestingsword�sh
surfacecon�guration.

Figure3(d) shows an transitionsbetweena singleanda double
wedgepoint. Outsidethewhite box, theseparatricesall belongto
singlewedgepoints.However, they areall doublewedgepointsin-
sidethebox. In termsof theseparatrices,thehiddenseparatrixand
anotherreal separatrixsuddenlyappearat onepoint, whengoing
alongthe degeneratecurve. Thenthe hiddenseparatrixgradually
movestoward the other real separatrix.Whenit mergeswith the
otherone,they annihilateeachotherandbothdisappearandthede-
generatepointrevertsbackto asinglewedge.Althoughthisprocess
is discontinuous,theseparatingsurfaceis continuous(althoughnot
smooth)in thiscase.It is simplyasurfacefoldedtwiceandformed
a “Z” shapecon�gurationalongthedegeneratecurve.

4.3 Other SeparatingSurfaces

By de�nition, theseparatingsurfacesdivide thespaceinto smaller
regions,within eachof which the hyperstreamlineshave a simple
pattern. However, the separatingsurfacedescribedabove do not
segmentthespaceinto closed,distinctregions.If weonly consider
the trajectoryof the2D separatricesemanatingfrom all thepoints
alongthe degeneratecurve, pointson oppositesidesof a separat-
ing surfacemight still be connectedto eachother throughother
paths. The reasonis that therearestill othertypesof surfacethat
form separatingsurfaces.Oneof themis thesurfaceformedby all
thehyperstreamlinesstartingbetweentheseparatrixat theintersec-
tion of degeneratecurve andtheboundary. Anotherexampleis the
hyperstreamlinethat is tangentialwith the boundary. It is impor-
tant that oneneedsall typesof separatingsurfacesto completely
segmentthespaceinto disconnectedregions.However, theseaddi-
tional separatingsurfacesmayaddto thevisualclutterandprevent
the usersfrom seeingthe real topologicalstructure.In this paper,
sincewe do not know the physical meaningof the boundary, we
ignoretheseothertypesof surfacesandonly focuson thesurfaces
formedby all the 2D separatrices.In the future, the relationship
betweenothertypesof separatingsurfacesandthetrajectoryof 2D
separatricesshouldbe further investigatedto determinethe most
usefulvisualization.

5 I M PL EM ENTATI ON I SSUES

In thissection,wediscussseveralimplementationissuesin thepro-
cessof obtainingtheseparatingsurfacesasdescribedin theprevi-
oussections.

5.1 Obtaining High ResolutionDegenerateCurves

Most partsof the degeneratecurve extractionalgorithmwe useis
describedin [11]. We choosethe methodbasedon discriminant
constraintfunctionsfor its stability aroundhigherorderdegener-
acy. We alsousetheanalyticalformulato obtainthetangentof the
degeneratecurvesto tracehigh resolutionfeatures.

It is worthnotingthatsincetheeigenvectorsareverysensitive to
smallchangesat locationsnearadegeneratetensor, theaccuracy of
theseparatingsurfacehighly dependson thequality of thedegen-
eratecurves.For eachpointalongthecurve,wedemandthediffer-
encebetweenthetwo eigenvaluesto besuf�ciently small.Sincethe
separatrixmustbearadialeigenvector, it is agoodwayto verify the
correctnessof thealgorithm.For any particularsetof eigenvectors,
we move a small offset from the degeneratepoint in the direction
of theseparatrix,andchecktheeigenvectordirection. If all theal-
gorithmsarecorrect,that eigenvectorshouldbe perfectlyaligned
with the separatrix.Thesetwo vectorsarereferredto asverifying
vectors. Any discrepancy of thesetwo vectorsis a goodindication
of errors.

For all thedatasetsin this paper, we usea grid for extractingthe
featurepointsonthegrid facesthatis half theresolutionof theorig-
inal grid. Sincetheextractionalgorithmis basedonthegeneralized
Newton-Raphsoniterativemethod,they convergevery fastnearthe
realsolution,but thereis no guaranteethat it can�nd all thesolu-
tions. Then,we usefourth orderRunge-Kutta combinedwith the
analyticaltangentto traceandconnecttheextractedfeaturepoints.
Whenthe tracingintersectsa cell face,we recordthe intersection
point andcompareit with nearbyfeatures. If thereis no feature
nearbyand the featureis accurateenough,a missingfeaturethat
is lost in theextractionalgorithmis recoveredthroughthetracing.
Thenthe tracingcontinuesto the nearbycells throughthis newly
discoveredfeaturepoint. Usingthis hybrid algorithmof extraction
andtracing,not only do we developalgorithmsthatguaranteesthe
correctnessof theconnectivity, but wealsogreatlyreducethecom-
putationalcost in obtaininghigh resolutionfeaturelines. This is
becausetracingis muchcheaperthanextraction. As long asthere
is at leastonefeaturepoint thatis extractedfor a degeneratecurve,
we can recover the entire degeneratecurve. Given the low false
negative rateof the extractionstage,it further reducesthe likeli-
hoodthata featureline wouldbelost.

For this paper, we further develop anothermethodto dynami-
cally increasetheresolutionof featurelines.Givenalow resolution
featureline with thecorrectconnectivity, we�rst simplyinterpolate
thefeaturepointsalongthecurve. However, theinterpolatedpoints
arenot strictly degenerateany more. In our experiments,although
they arestill very closeto the real degeneracy, the two verifying
vectorscansometimeshave morethan50� difference.Tracingthe
separatingsurfacesfrom suchfeaturepointswill resultin extremely
low quality results.Therefore,we re�ne eachinterpolatedfeature
point by �xing themon a planethat is mostperpendicularto the
analyticaltangent. Sincethe point is very closeto the real solu-
tion, theiterativemethodconvergesin oneor two iterationsin most
caseswithout theneedto worry aboutlosingfeatures.This simple
algorithmgivesus the power to extract high accuracy degenerate
pointswith dynamicallychangingresolutionwith little extra com-
putationalcost.

5.2 Renderingof SeparatingSurfaces

Althoughall theseparatricesemanatingfrom thedegeneratecurves
form surfaces,simplyrenderingthesurfaceis notenough.It is very
importantto show boththesurfacesandthehyperstreamlinecurves,
of which they arecomposed.For this consideration,we choosea
densearrayof illuminatedhyperstreamlinesasour renderingtech-
niquefor theseparatingsurfaces.A largenumberof hyperstream-
lines are computedduring the setupstage. During the rendering
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Figure 3: Basic surface con�gur ations at transition points between different types of degenerate points. The separatrices are colored according
to the integration “age” from the degenerate curve and vary from blue to red.

stage,theresolutionof thehyperstreamlinescanbecontrolleddy-
namically. A sparsearrayof illuminatedhyperstreamlineshelpsus
understandthe interactionbetweenthehyperstreamlinesandother
degeneratecurves; a densearrayof illuminatedhyperstreamlines
givesus betterperceptionof the surfaceswithout the detail of in-
dividual lines. However, for complicatedseparatingsurfaceslike
thosein thedoublepoint loaddataset,it is not aneasyjob to un-
derstandall the separatingsurfacesat the sametime. Our current
solutionis to giveusersthe�e xibility to hideor show eachisolated
separatingsurfacesoneby oneto avoid visual clutters. In the fu-
ture,wealsoplanto experimentwith othervisualizationtechniques
suchassemi-transparentsurfaceswith texture�o w on them.

6 RESULTS

In this section,we apply our techniqueon several syntheticbut
commonlyusedbenchmarkdatasets:the randomlygeneratedten-
sor �eld andthe doublepoint load stresstensors.The color map-
ping schemeusedin Figures4 to 7 tries to show the distanceof
thehyperstreamlinesfrom thedegeneracies.In therandomlygen-
erateddataset,includingthosein Figure3, thecolor representsthe
integrationdistanceof theseparatrixfrom thestartingpoint on the
degeneratecurve. This color schemeshows how the separatrices
interactwith otherdegeneraciesverywell. However, it mayleadto
differentcolorsevenat thesamepoint. Becausetheseparatingsur-
facesareoftenintertwinedwith eachother, especiallyin thedouble
point loaddataset.So,for Figures6 and7,wesimplyusethediffer-
encebetweentherepeatedeigenvaluesasthemeasureof distance.
Notethatawayfromthedegeneratecurve,theeigenvaluesthatwere
repeateddo not have thesamevaluesanymore.This schemegives
blue colorswhen the hyperstreamlineis close,in value, to being
doubledegenerate.

6.1 Randomly GeneratedTensorField

Here,weusedthesamedatasetsasin [11] for comparisonreasons.
This datasetis a simplecell with all of its eightcornervaluesran-
domly generated.Although simple, this type of datasetcovers a
lot of topologicalinformation. An importantadvantagewith such
datasetsis thatif we encounterany interestingstructure,we canbe
fairly con�dent that this type of structureis persistent,andsmall
amountof noisewill not make it disappear. Therefore,we canex-
pectto seeit often in real datasetandknow it is amongthe basic
con�gurations.

For example,we know degeneratesurfacesandsubvolumesare
not persistentfeaturesfor 3D tensor�eld, but it is still possible
that we encountersomedatasetsthat have suchfeatures,even al-
thoughtheir very existencecanbe dissolved by small amountsof
noise. But if we encounterthemtoo often in a particularphysical
phenomenon,suchassinglepoint load stresstensors,that means

for thattypeof physicalphenomenon,thesix freevariablesin each
3D tensorarenot independentat all. Theremustbesomeimplicit
constraintthatcon�ne thedegeneratetensorsto form featuresother
thancurves.Therefore,thebestsolutionis to reformulatethespec-
i�cation of thedataandchoosetheonesthatcanrepresentits real
freeparameters,andthendevelopstablenumericalalgorithmon it.

Figure 4 shows the separatingsurfacesof the type-Pdegener-
atefeatures(wherethe major hyperstreamlinescanintersecteach
other)in therandomlygeneratedtensor�eld. Notethatoneseparat-
ing surfaceis wrappedaroundanotherdegeneratecurve andshows
its wedge-like behavior. In the lower part of Figure4(a), we can
seethetransitionpoint betweentrisectorsanddoublewedges,and
thesurfacewrappingup on its own degeneratecurve. In theupper
right partof thesamepicture,we seethesurfacefoldedtwice and
thereforeshows thetransitionfrom singleto doublebackto single
wedgepoints.

Figure5 shows the separatingsurfacesfor the type-L degener-
atefeatures(wherethe minor hyperstreamlinescanintersecteach
other) in the samedataset.At the lower right of Figure5(a) and
lower left of Figure5(b), we seethe “sword�sh” shapeassociated
with thetransitionpointbetweentrisectorsanddoublewedges.The
centralline showsaveryinterestingandsophisticatedsurfacestruc-
turearoundthetransitionbetweentrisectorsandsinglewedges.We
canclearlyseefrom bothpicturesthatoneof theseparatingsurface
goesaroundthedegeneratecurve andwrapsaroundanothersepa-
ratingsurfacefrom theotherside.

6.2 DoublePoint Load StressTensors

In this dataset,therearetwo point loadsappliedon a semi-in�nite
volume.At eachlocation,a tensorthatdescribesthedistributionof
stressat thatpoint. It is commonlyusedasa benchmarkdatasetto
validateanddemonstratetheeffectivenessof thevisualizationtech-
niques.Thetwo yellow arrows markout thepositionsof thepoint
loadsandthetwo purpleballsshow thetriple degeneratepoints.

Figure6 showstheseparatingsurfacesfor type-Ldegeneratefea-
tures. Note the interestingpatternsformedby hyperstreamlinesin
thesymmetricverticalplaneconnectingthetwo pointsloadsin Fig-
ure 6(a). They �rst go aroundthe point loadsin almostcircular
shapesand then passabove the degeneratecurve connectingthe
two triple degeneratetensors.Note that theseseparatingsurfaces
do have a lot of intersections.This propertysuggeststhat tech-
niquessimilar to thesaddleconnectorsin [6] canbeusedhere.Fig-
ure6(b) only shows theseparatingsurfaceemanatingfrom thetwo
bifurcatedbranchbelow oneof thepoint loads.Notethatthesepa-
ratricesaretrisectorson bothbranches.However, if onezoomsout
enoughandmergesthesetwo branches,we endup with a “node”
structuresimilar to a “saddle”point in vectortopology. Thisobser-
vationsuggeststhata goodsimpli�cation techniqueshouldmerge
isolated�rst orderdegeneratefeaturesinto higherorderfeatures.



(a)Frontview (b) Obliqueview

Figure 4: Separating surfaces emanating from type-P features lines of a randomly generated tensor �eld. Surfaces are rendered using dense
arrays of illuminated hyperstreamlines.

(a)Obliqueview (b) Obliqueview

Figure 5: Separating surfaces emanating from type-L features lines of a randomly generated tensor �eld. Surfaces are rendered using dense
arrays of illuminated hyperstreamlines.



Figure7 shows theseparatingsurfacesfor thetype-Pdegenerate
features.Figure7(a) shows all but the loop structureandthe line
connectingthetwo point loads.We don't show theothertwo to re-
ducevisualclutter. Notethatmany of thesesurfaceslie closeto the
surfaceof the semi-in�nite volume. It may be relatedto the tran-
sition betweencompressive andtensileforcesin this region. Inter-
estingly, the two degenerate“tails” from the two triple degenerate
pointhaveaseparatingsurfaceconnectingthem.Figure7(b)shows
theseparatingsurfaceemanatingfrom theloopstructureonly. Note
that therearefour differenttransitionpointson this structure.The
�rst two areon thelower partof this loop. They aretransitionsbe-
tweentrisectorsanddoublewedges.Theothertwo areontheupper
partof this loopwheretwo doublewedgesmergeinto singlewedge
points.

7 CONCL USI ON

This paperprovides the theoreticalfoundationfor analyzingand
solvingtheseparatingsurfacesof secondorder3D symmetricten-
sor �elds. Thesesurfacesemanatefrom degeneratecurves and
hencespecialcaremustbetakenin their calculation.Together, the
separatingsurfaceandthedegeneratecurvesde�ne thetopological
structureof 3D symmetrictensor�elds. Of note is the observa-
tion that the type of doubledegeneratetensoralonga degenerate
curve may switch amongthe threebasictypes: trisector, double
wedge,and single wedge. The transitionpoint occurswhen the
planecontainingthe repeatedeigenvalue is tangentto the degen-
eratecurve. The surfacesin the vicinity of thesetransitionpoints
arequite complex, but continuous.The continuity of the surfaces
is realizedwhenonetakesthehiddenseparatrixinto consideration.
Oneof the interestingbehavior that we noticedis that is possible
for aseparatingsurfaceto emanateandendonthesamedegenerate
curve!

To fully understandthesetopologicalstructures,furtherstudyare
needed.For example,to improve the visualizationof thesestruc-
tures,at leasttwo possibleavenuesare: (i) applying texture pat-
ternson transparentsurfacesto show thegrainor orientationof the
separatriceson the surface,and (ii) �nding a more compactrep-
resentationof the topologicalstructureto reducethevisual clutter
e.g. somevariationof saddleconnectorscometo mind [6]. Sofar,
we have only looked at randomlygeneratedtensorsandthe dou-
ble point load stresstensordatasets. Both are rathercleandata
sets.Applying topologicalanalysisonnoisydatasetsmayproduce
topologicalstructuresthat aresimply too complex to analyze. It
is thereforealsoimportantto study�ltering or abstractionmethods
thatidentify theimportantfeaturesin thedataset.
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A PROOF OF THEOREM 4.1

BeforeweproveTheorem4.1,we introducethegaptheorem,

TheoremA.1. (Gap Theorem)Givena real symmetricmatrix T ,
any scalar 
 , and any vectoru, there is an eigenpair of (� i ; vi )
such that

j� � 
 j �
kTu � 
 uk

kuk
(10)

jsin 6 (u; v)j �
kTu � 
 uk
kukgap(
 )

(11)

wheregap(
 ) = min � k 6= � (� k � 
 )

A proofof thegaptheoremcanbefoundin [5],

Theorem4.1.For smallenought,

j� i � � i j �
�

K 2




�
t2 (12)

j sin 6 (yi ; wi )j �
�

K 2


 �

�
t (13)

Proof. T � i = � i � i yieldstherelations:

(M � � i I )yi + B T � i = 0 (14)
B yi + (H � � i I )� i = 0 (15)

Eliminate� i to �nd,

(M � � i I )yi = B T (H � � i I ) � 1B yi (16)

k(M � � i I )yi k � k(H � � i I ) � 1kkB k2kyi k (17)

Since2
 is theseparationof �� from the remainingeigenvalues
of T (0). For smallenought,

k(H � � i I ) � 1k
� 1=min i � p;j >p j� i (t) � � j (t)j
� 1=(j� i (0) � � j (0)j � j� i (t) � � i (0)j � j� j (t) � � j (0)j)
� 1=


(18)
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Invoke the gap theoremwhich saysthat there is an eigenpair
� i ; wi of M suchthat,

j� i � � i j �
(K t)2



=

K 2



t2 (20)

j sin 6 (yi ; wi )j �
(K t)2


 gap(� i )
(21)

gap(� i ) = min k 6= i;k � p j� i � � k j
� j� i � � k j � j� k � � k j
� 2� t � (K t)2=

� � t

(22)

This leadsto theboundon j sin 6 (yi ; wi )j,

j sin 6 (yi ; wi )j �
(K t)2


 � t
=

K 2


 �
t (23)

Theseboundsleadsto ourconclusionthatwhent ! 0, � i ! � i

andyi ! wi .



(a)Frontview (b) Obliqueview

Figure 6: Separating surfaces emanating from type-L features lines of the double point load stress tensor �eld. Surfaces are rendered using
sparse arrays of illuminated hyperstreamlines.

(a)Frontview (b) Obliqueview

Figure 7: Separating surfaces emanating from type-P features lines of the double point load stress tensor �eld. Surfaces are rendered using
sparse arrays of illuminated hyperstreamlines.
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