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Abstract— This paper addressesseveral issuesrelated to topo-
logical analysis of 3D second order symmetric tensor elds.
First, we show that the degeneratefeaturesin such data sets
form stable topological lines rather than points as previously
thought. Secondly the paper presentstwo different methodsfor
extracting these features by identifying the individual points on
theselines and connectingthem. Thirdly , this paper proposesan
analytical form of obtaining tangents at the degeneratepoints
along these topological lines. The tangents are derived from a
Hessian factorization technique on the tensor discriminant and
leadsto a fast and stable solution. Together thesethr eeadvances
allow us to extract the backbonetopological lines that form the
basisfor topological analysis of tensor elds.

Index terms: hyperstreamlinesfeal symmetrictensors,de-
generateensorstensortopology

I. INTRODUCTION

The main motivation and goal of this work is to develop
a simple yet powerful representatiorof 3D real symmetric
tensor elds. Topologybasedmethodscanyield simpli ed yet
effective representatioin mary visualization elds [2], [17],
[22]. The topological structuresmake it simple for usersto
understandhe underlyingdata elds yet are sensitve enough
to captureimportantfeatures.Early work on using topology
basedmethodto visualize tensor elds by Hesselinket al.
[7], [9] lays important backgroundfor this researchproject.
They de ne thetensortopologybasedon degeneratdeatures,
discussits naturefor 2D casesin great detail, and provide
usefulinformation for 3D casesHowever, we nd this early
work insufcient in studying 3D tensortopology Not only
is the dimensionof the degeneratefeaturesunknavn, but it
is also unclear how to numerically extract the topological
structureslin their previous work, Hesselinket al. mentioned
that the dimensionof the degeneratefeaturescan be points,
lines, surfacesor subvolumes.This claim is essentiallytrue,
but it doesnot point out the dimensionof degeneratdeatures
in typicalnon-dgyenerate8D tensordata.By analogyalthough
the critical featuresin 3D vector elds canbe lines, surfaces
or even subvolumes,we know they are mainly pointsin a
typical non-dgenerate3D vector data. This knowledge is
the foundationof the study of topologicalstructurein vector
eld visualization.All the subsequenstudy on separatrices
and other topologicalfeaturesare basedon the extraction of

critical points On the otherhand, prior to our ndings, there
wereno topologicalresultson 3D real symmetrictensor elds
indicatingthat the degeneratdeaturesform lines

During our researchon 3D tensortopology we con rmed
that the topological structuresin 3D real symmetrictensor

elds form featurelines. This can be veried by an early
theorem pointed out by Wigner and von Neumannstating
that the real symmetric degeneratematricesform a variety
of codimensiontwo [15]. This discovery is importantin that
it tells usthatfuture studieson topologybasedmethodfor 3D

non-dgyeneratereal symmetrictensor elds shouldbe based
on degeneratelines We can captureand presere important
featureswhenstudyingthe underlyingtensor elds by looking

at these extracted topological structural lines togetherwith

their separatrixsurfaces.

The basicstratgly for nding thesedegeneratdines is to
rst nd the degeneratdensorson a 2D patchi.e. on the face
of a hexahedralcell. Next, the featurelines can be obtained
by connectingthe appropriatesetof points. Traditionally, the
degeneratdeaturesin 3D tensor elds are de ned astensors
whose cubic discriminantis equalto zero. Finding roots of
discriminantsin a stable mannerproves to be a challeng-
ing task becauseof their high-orderednessnd singularity
To addresgheseshortcomingswe introducetwo alternatve
formulationsto extract3D degeneratéensorsThe rst formu-
lation decomposethe cubic discriminantinto the sum of the
square®f seven cubic polynomialsreferredto asdiscriminant
constrint functions [27]. Through this decomposition,the
tensorswhosediscriminantequalszero are equivalentto the
tensor whose individual tensor constraint functions are all
equal to zero simultaneously This formulation eliminates
the high-orderednesand singularity problemsencounteredn
existing practice,andthus makes developing stablenumerical
algorithm to extract degeneratefeature lines possible. The
secondformulation rewrites the degeneratetensorsusing a
geometricapproachwith four implicit parametersand solves
the singularity with a root nding scheme(SectionV).

To ensurethat all degeneratetensorsare found, a cell
and its facesmay be subdvided a numberof times. Once
the degeneratepoints are found, the feature lines can be
formedin a relatively straightforvard mannerby connecting
pointsalonglineswith minimumangularchangeThis method
of forming feature lines is not mathematically satisfying.



Furthermore,the subdvision processintroducessigni cant
computationaload to the extraction.Hence,in this paper we
also proposea techniqueusing the tangentsat the degenerate
tensorsto help nd the topological lines by tracing from
the extracted degeneratepoints. The major contritution in
this paperis an efcient analyticalmethodfor nding these
tangents.It is basedon a fundamentaltheoremon Hessian
factorization of the discriminantthat allows us to nd an
analytical expressionfor the tangent.This approachreduces

medium and minor, accordingto the relatve magnitudesof
their eigervalues.Using ary of thesethree eigervector eld,
we cande ne hyperstreamline$6]. In non-dgeneratecases,
the hyperstreamlineslo not crosseachother The degenerate
featuresare thusde ned asthosewherethe hyperstreamlines
could crosseachother Hesselinket al. shav that the only
degeneratdeaturesare thosehaving at leasttwo equaleigen-
values[9]. Fortunately we do not needto conductthe eigen-
decompositiorto nd the degeneratgoints.A tensorhastwo

the false negatives in the numberof extracteddegeneracies, (or three) equal eigervaluesif and only if its discriminant

and usesless computationalresourcesby tracing an entire
featureline from a single extracted point. The methodalso
accuratelyresohesthe connectvity problemwhenmorethan
two singularitiesare presentin onecell, andgreatlyimproves
the performanceof the extraction. Furthermore,the point
connectiorstepis independenof the underlyinggrid in which
the tensoris de ned. Although its derivation andreasonings
fairly complicated,the conclusionof the techniqueis very
intuitive and can be generalizedo real symmetric2nd order
tensorsof ary dimension.

In this paper we describethe key stepsin nding the 3D
tensortopology For eachstep,we show alternatve solutions.
Sinceeachsolution still haspotentialto improve, we mainly
focuson anddiscusgheir propertiesnsteadof comparingand
recommendinghe bestone.

Therestof this paperis organizedasfollows: Sectionll re-
views someimportantfactsusedin tensoranalysesSectionlll
discusseghe relevant previous work in tensor eld analyses
andvisualization;SectionlV shovsthat3D degeneratéensors
form lines in general;SectionV discussesereral stratgies
to extract 3D degeneratetensorson a 2D patch; SectionVI
introduceghediscriminantHessiarfactorizationat degenerate
tensors;SectionVIl goesover methodsto form featurelines
from theextracteddegeneratgoints;andSectionVIll presents
resultsfor both syntheticand practicaltensordatasets.

Il. TENSOR ANALYSIS

Tensor elds, especially second-ordertensor elds, are
usefulin mary medical,mechanicakndphysical applications
such as: uid dynamics, meteorology molecular dynamics,
biology, geoplysics,astroplysics,mechanicsiaterialscience
and earthscience Effective tensorvisualizationmethodscan
enhanceesearclin awide varietyof elds. However, develop-
ing an effective algorithmcanbe dif cult becausef the large
amountof information containedin 3D tensor elds: there
arenine independentomponentsn eachtensorandsix for a
symmetrictensor Usersin mary researchelds areespecially
interestedn real symmetrictensorsln someapplicationsthe
dataitself is inherentlysymmetric.In other casessymmetric
tensor data can be obtainedthrough various decomposition
techniquesln this paperthe nametensos implicitly standgor
secondorder symmetrictensos unlessmentionedotherwise.

A. Degeneate Tensos and Discriminants

Any real symmetrictensorcan be decomposednto three
orthogonal eigervectors, each of which has an eigervalue
associatedwith it. The eigermvectors are labeled as major,

equals zero. The discriminantD3 of a 3D tensor T with

eigervalues 1, » and 3 and tensor componentsT; is
de ned as,
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This can be reformulatedinto a form that doesnot require
eigen-decompositiopet still explicitly determinegigervalues
asfollows:
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From Equation2, we can easily seethat a discriminantis
(a) always non-ngative; (b) equalto zeroif and only if at
least two of the eigermvalues are equal. Further it is ideal
for computationand numerical purposesbecausealthough
it is de ned on eigervalues,we do not needto carry out
an expensve eigen-decompositioninstead,we only needto
computeEquation6, which is a polynomial of order six, to
get the discriminant.

The justi cation to de ne tensorswith two or more equal
eigevaluesasa degeneratdeatureis simple.In avector eld,
the streamlineintegration is ambiguousat a point with zero
velocity. In a tensor eld, the hyperstreamlingntegration is
alsoambiguousat a point with two equaleigervalues because
ary linear combinationof the two eigervectorsis another
eigervector Sincethe degenerateensorsare the only places
where hyperstreamlinesan cross each other they play an
importantrole in 3D tensor eld topologicalanalysis,which
dividesthe spaceinto smallersubspacesvhereinlocal hyper
streamlinesexhibit similar patternsin generalthe degenerate
tensorscan be interpretedin a fashionsimilar to the critical
pointsin vector eld visualization.



B. DimensionalAnalysisand Transvesality

For featuresA de ned on a D -dimensionaldatathat form
a subspaceof dimensionF, codimensionis de ned as the
differencebetweenthe dimensionof the dataandthe feature
subspacecodim(A) = D F. Codimensiorcanalsobeinter
pretedas the numberof independentonstraintsthat reduces
the featuredimension.Two smoothsubmanifoldsA andB of
a smoothmanifo[ld M is saidto intersecttransvesely, if for
ary pointx 2 A B, wehaetA, + tBx = tM,, wheretA,
denoteghetangentspaceof Ax-In thiscase A andB intersect
properlyin the sensethat A B is a submanifoldof M, and
codim(A\ B) = codim(A) + codim(B) [1]. Trans\ersality
is a sufcient condition for an intersectionto be stableafter
a perturbation.This conclusionis importantin analyzingthe
dimensionof degeneratdeaturesin 3D tensor elds.

I1l. PREVIOUS WORK

Early tensorvisualizationtechniquesrelied on the tensor
ellipsoid which is a sphericalglyph deformedaccordingto
the eigervalues of the tensors.Variations of the basic ten-
sor ellipsoid include drawing eigervalue scaledaxes for the
eigervectors,Habers disk androd glyphs[8], ow probe[5],
Laidlaw et al. glyphsusingbrushstrokes[13]. More recently
GordonKindlmann proposedhew superquadridensorglyphs
to visualizetensorsas a combinationof spherical,planarand
linear tensors[11]. With few exceptions,particularly for the
caseof 3D tensor elds, glyphshave beenusedin a sparing
mannerbecauseof the clutter and occlusionthey produce.
Hence,they provide a discrete ratherthana continuousview
of thetensor eld. To addresghis problem,tensorsplatswere
introducedby Bhaleraoand Westin [3] to provide a global
continuousview of the tensor eld. Using their approach- a
barycentricmapping of linear, planar and sphericaltensors
— different parts of the tensor volume can be highlighted.
An alternatve formulation, also called tensorsplats,but with
a different way of displaying directional information was
presentedy Bengerand Hege [21].

A hyperstreamlings basicallya streamlinede ned over an
eigervector eld [6]. Typically, the major eigervector eld is
usedfor integrating the hyperstreamlinewhile the two other
eigervector elds provide local information along the length
of the major hyperstreamlineand are mappedto its cross
section.Oneof the weaknes®f hyperstreamlinegs ambiguity
in placeswhere the tensorsare degenerate,i.e. where the
eigervaluesare nearly equal.In theseareasa suddenchange
in direction of the hyperstreamlinemay arise. Note that
this is a commonproblem with with integration algorithms
e.g. ber tracking algorithmsin DT-MRI. To addressthis
problem,tensorlinesvereintroducedby Weinsteinet al. [23].
Ambiguitiesareresohed by taking the anisotropy of thelocal
tensorinto accountas well as information about orientation
of nearbyfeatures.This allows the tensorlinesto proceedin
a relatively smoothpath, evenin the faceof isotropicregions
or noisein the dataset.

Topologybasedensotvisualizationtechniquesepresenthe
tensor elds in asimpleyet powerful way. Thecritical features
are extractedto presenta simpli ed versionof the underlying

data eld. They are de ned as dggeneratetensorswhere the
eigervaluesare identical, and are the only placeswhere the
two associatechyperstreamlinegan intersecteachother In
2D tensor elds, thereis only oneway to obtaina degenerate
point: the two eigervalues must be equal. Hesselink and
Delmarcelleusedthis conceptin 2D anddiscussedhe nature
of the degeneratgoints(wedgesandtrisectors)in greatdetail.
However, it is less successfulin 3D, in part becausethere
are two typesof degeneratepointsin 3D: double degenerate
points, where two of the three eigemvalues are equal, and
triple, whereall threeeigervaluesare identical. Furthermore,
the doubledegeneratgointsmay be distinguishedy whether
the minor and medium eigervaluesare equalor the medium
andmajor eigervaluesare equal. This distinctionis important
in someapplications.Hesselinks early work doesnot fully
explore the propertiesof the double degeneratefeaturesand
insteadfocuseson the triple degenerateensors,whoseprop-
erties are closer to their counterpartdn 2D. They hint that
the triple degeneratepoints (for the double point load data)
areconnectedy a locusof doubledegenerategpoints[9]. The
paperfails to point out thatthe dimensionof the stabledouble
degeneratdeaturesarein factlinesin mostof thetypical non-
degeneratetensor elds. Hence,it did not attemptto nd a
stablenumericalmethodto extract thesefeaturelinesin 3D.

Although triple degeneratefeaturesare useful, they are
extremely rare and unstable.For triple degeneratefeatures,
there must be a scalartimes an identity matrix. That means
they form a subspaceA, of dimensionone,i.e., codimension

ve in the 6D symmetrictensorspace Further the 3D tensor
dataform a 3D subspaceB, in the sametensorspace.The
featurein the datais the intersectionof thesetwo subspaces,
codim(A\ B) = codim(A) + codim(B) = 5+ 3= 8. In other
words,the dimensionof thefeaturein a3D datais6 8= 2.
A dimension that is less than zero meansthe feature is
unstableln summarynotonly is it extremelyrarein realdata,
but its very existencewill also be easily dissoled by small
errorsintroducedby numericalandinterpolationmethodsThis
propertydramaticallylimits the usefulnes®f triple degenerate
tensorgn practicalcontects. Evenin time-varying data,which
has a dimensionof four, the codimensionof the featureis
codim(A\ B) = codim(A) + codim(B) = 5+ 2= 7, which
leadsto adimension6 7= 1, andis still unstableActually,
in our experimentswith mary realtime-varyingstressdatasets,
we have not found ary triple degeneratgoints. The only data
setthat containstriple degeneratepointsis from a synthetic
data set known as the Boussinesgdouble point load stress
tensor

In comple 2D tensor elds, theextractedtopologymayalso
be very compl«. Tricocheet al. [20] proposedalgorithmsto
simplify 2D tensortopology as well as track themin time-
varying 2D tensor elds [19].

Anisotropy in tensor elds are importantfeaturesin some
elds such as diffusion tensor MRI. In 3D, tensors are
classi ed as being linear or anisotropic where there is a
predominanteigervalue and two other smaller eigervalues,
planarwheretherearetwo roughly equaleigervaluesandone
smallerone, and sphericalor isotropic wherethere are three
roughly identical eigervalues.Kindimann and Weinstein[12]



use barycentriccoordinatesto map thesepropertiesto color
and opacity in volume renderingtensor elds. An alternatve
approachcalledHyperLIC, wasproposediy ZhengandPang
[25] to highlight anisotroy usingtextures.Linear tensorsare
representedby highly correlated high contrasttextures,while
isotropic tensorsend up as blurry textureswith no preferred
orientation.

Using the physical analogyof bendingsteel beamsunder
load, Boring and Pang [4] useddeformationto visualize the
effectsof tensor elds. Idealizedobjectssuchaslines,surfaces
and subvolumesare deformedunder tensortransformations.
This was further improved to provide a globally consistent
deformationbasedon a collectionof local deformationg24].
Calculationswere carriedusing a systemof springs.

Extendingtheideaof deformationto optics,ZhengandPang
[26] addedthree alternatve ways of visualizing tensors:(a)
First, light rayswere tracedthrougha tensorvolumeandbent
accordingto the local tensorpropertiesthat they encounter
The bent rays shav divergent or corvergent regions in the
tensor eld. (b) Second,the exit points of the rays were
collected,asin causticray tracing.Differentwavelengthswvere
simulatedand color separatioron the resultingcausticimage
provides a densevisualizationof divergenceand cornvergence
from a given viewpoint. (c) Third, the tensor eld wastreated
as a lens that distorts an image. Studying the distortion of
a known image such as a checlerboard pattern, revealed
compressie andtensileregionsin the tensor eld.

IV. DIMENSIONALITY AND TYPES OF DEGENERATE
TENSORS

A. Dimensionalityof TensorFeatues

Before we can extract the critical featuresfrom 3D tensor
elds, we needto know whatkind of featureswe arelooking
for. Algorithms to locate points, lines, surfacesand volumes
employ very different stratgies. As mentionedearlier we
found that for most non-dgenerate3D tensors,the dimen-
sionality of the critical featureis one and hencethey form
featurelines. This can be shavn using the theoremby von
Neumannand Wigner:

Theoem4.1: Real symmetricdegeneratematricesform a
variety of codimensiortwo [15].

Since codimensioncan be interpretedas the number of
constraintsthat reducesthe feature dimensionality this the-
orem can be interpretedas follows: The rst constraintof
codimensiontwo is from the de nition of degenerateensors
that two eigervalues are equal. The second constraint is
actually a “redundang” that further reducesthe degenerate
featuredimensionmplicitly —whentwo eigervaluesareequal,
the associateeigervectorsareindeterminataip to onedegree
of freedom,since ary orthogonallinear combinationof the
eigervectorsyield anothervalid pair. For real symmetric3D
tensorswe have six degreesof freedom.Hence,it alsofollows
from this theoremthat thesetensorsform a variety of di-
mensionfour. An approacho parameterizéhe 3D degenerate
tensorsusing four parameterss introducedin [28] and will
be discussedn SectionV.

3D real symmetrictensorshave six independentcompo-
nents.Thereforethey form a tensorspaceof dimensionsix. A

doubledegeneratdensorwheretwo eigervaluesareequalcan
be uniquely speci ed using four parametersin otherwords,
double degeneratetensorsform a subspaceA of dimension
four in 6D tensorspace.ln a typical non-dgeneratesetting,
tensor elds de ned in a 3D spaceusually form a subspace
B of dimensionthree in the same 6D tensor space.The
degeneratetensors are then the intersection of these two
subspacesUsing trans\ersality we have codim(A\ B) =
codim(A) + codim(B) = 2+ 3 = 5. Thatis, this intersection
usually has a dimensionone, i.e. double degeneratetensors
form featurelines. Using the sameline of reasoningpne can
shaw that degeneratdensorsareisolatedpointsin mostcases
if the datais speci edin a 2D space.

While the main featuresare linesin 3D, it is still possible
to have featuresthat are points, surfacesor subvolumes,but
thosetypesof featureswould be consideredunstableand do
not persist. Those types of unstablefeaturesare also less
commonin most3D tensor elds. As such,we focusourtensor
featureextractionto extract featurelines ratherthan surfaces
or subvolumes.We still needto extract points as theseform
the basisfor the featurelines. Becauseof this designcriterion,
featuresthat are surfaces(such as thosefound in the single
point load data)or subvolumesmay not be detectedasreadily
asfeaturelines. This limitation is not insurmountableput is
ratherbasedn the effective useof limited resourcesn nding
featuresthat are neitheras commonnor as stable.

B. Catgyorization of Degenerte Lines

There are two caseswhere hyperstreamlinescross each
other in double degeneratetensors.The rst case (type P
for planar)is when the major and medium eigervalues are
identical, and the secondcase (type L for linear) is when
the medium and minor eigervaluesare identical. We de ne
a quantity K , that measureghe eigen difference of a tensor
T with eigervalues ; 2 3!

K=2, (1+ 3) (7)

TheeigendifferenceK measuresvhetherthetensorata point
is closerto type P or type L. It is easyto shav thatK returns
a positive value for a type P degeneratetensor and returns
a ngyative value for a type L degeneratetensor When K
equalszero, the three eigervalue are equal and the tensoris
triple degenerateThe eigendifferenceis alsousedto pseudo-
color the featurelines (SeeFigures3 - 7). Warm colors are
associatedvith type P andcool colorsareassociatedavith type
L degeneratepoints. The closer the color is to pure green,
the closerthe tensoris to triple degenerag. Triple degenerate
pointsaretheonly locationswhereatype P andtypeL feature
line cancross.This fact, togetherwith the color mappingfor
K, provides a strongvisual clue for nding triple degenerate
points even thoughtheseare not explicitly calculated.

C. Overviev of Extracting Degeneate Lines

Since most numerical algorithms are designedto capture
points,we develop the degeneratdine extractionalgorithmin
two stagesin the rst stage we locate3D degeneratgensors



on 2D patchesjn the secondstage we connectthemto form
lines.

Several stratgyies or solutionswill be introducedfor each
stage.We discussthe direct discriminantminimization, con-
straint functions, and geometricapproachfor the point ex-
traction stage.For the line connectionstage,we introduce
minimum angle connection, feature line tracing, and the
prediction-correctioralgorithmbasedon ananalyticalformula
of the degeneratdine tangents.This formulais derived from
the discriminantHessianfactorizationon degeneratetensors
discussedn SectionVI.

V. EXTRACT DEGENERATE POINTS ON 2D PATCHES

A. Discriminants

To nd the critical degeneratetensors,we needto locate
thosetensoravhosediscriminantsarezero.Although Equation
6 providesanelegantrepresentatiofor evaluatingthediscrim-
inantwithout having to performeigen-decompositiont is not
very suitablefor nding roots.In Equation6, the discriminant
of areal symmetrictensoris a polynomialof ordersix. Since
it is always non-neative, the degenerateensoralso happens
to be its minimum. A good methodwidely usedto nd the
rootsof anequationis to detectthe changeof signsandthento
recursvely bisectthe domain of interest.However, sincethe
degeneratefeatureis itself a minimum, there is no change
of sign at all. Relying on the gradientsis also dangerous,
becausehe gradientsare notoriouslyunstableunlessthey are
very closeto the feature.Due to this high-orderednesand
singularity directly nding the roots of a cubic discriminant
in astablemanneiis very dif cult. Insteadwe look for another
representatiomf the discriminant.

B. Constaint Functions

In our investigation so far, we found that while Hilbert
[10] pointed out that not all non-ngative polynomials can
be broken down into the sum of squaresof polynomials,the
cubic discriminantcan be written as the sum of the squares
of seven polynomials.We also learnedthat not only can the
discriminantof a second-ordetensorof ary dimensionbe
expressedas the sum of squares[14], but our solution to
the 3D caseusing seven equationsis optimal in the number
of equations[16]. Therefore, the de nition of degenerate
tensorscan also be expressedas the tensorswherethe seven
discriminant constaint functionsall equal zero at the same
time. We usethesesesen cubic equationgo extractthe feature
linesfrom 3D tensor elds. The seven discriminantconstraint
functionsare:

fx(T)= Too(Tad TZ)+ Too(T& TH)+ Tu(T:  TH) +
Tu(Te  Téa)+ Tea(Th  TA) + To(TE Th)
fya(T) = Tw@(TL Th) (Té+ Té)+ 2(TuToeo + T22Too
T11T22)) + TorTo2(2Too T2z Ta1)
fya(T) = Toa(@(T& Th) (T + TH) + 2(ToaTar + TooTus
T22To0)) + T12Tor (2T1r Too  T22)
fya(T) = Ta(@(Te TH) (To+ T&H) + 2(TooToz + TuaToz
TooT11)) + To2T12(2T22 Tar Too)
f21(T) = T(Te  Té&)+ ToaToe(Tu  Tz)
f22(T) = Too(Té  Th)+ Tw2Tor(Tz2 Too)
fz3(T) = Tor(Te  T&)+ ToeTi2(Too  Taz)
D3(T) = fx(T)?+ fya(T)? + fya(T)* + fya(T)?+

15,1 (T)? + 15f,5(T)? + 15f,3(T)? ®)

A tensoris degygenerateif and only if all of its seven
discriminant constraintfunctions are zero. We emplg this
conditionto extractthe critical featuresin 3D tensor elds. Its
rst adwantageis that the constraintfunctionsare only cubic
polynomials,insteadof a polynomial of order of six, which
tendto oscillatemore.This propertyleadsto a morestableand
accuratenumericalalgorithm.In addition,therequirementhat
all sevenconstrainfunctionsbe zeroatthe sametime depends
on the tensorvalue only and not on the gradientcalculated
from adjacenttensors.Hence, the algorithm yields a more
accurateresult than algorithmsthat rely on nding critical
pointswherethe gradientsof the discriminantsequalzero.lts
secondadwantageis that the constraintfunctionscan be both
positive or negative, asopposedo alwaysbeingnon-ngative.
This property allows us to perform a fast and inexpensve
checkfor the existenceof featuresFinally, the reformulation
doesnot requireeigen-decomposition.

(a) Two degeneratgpoints  (b) Threedegeneratepoints

Fig. 1. White dots are degeneratepoints indicating placeswhere all seven

constraintfunctionsare zero. Eachcoloredcurve correspondgo a constraint
functionbeingequalto zero.Placesvheremultiple cunesintersectarewhere
multiple constraintfunctionsare satis ed simultaneouslyThe backgrounds

pseudo-coloredy the discriminantfunctions. The datais a 2D slice of a
randomlygeneratedBD tensor eld.

RootFinding.

In orderto extractsmoothandcontinuoudeaturelinesin 3D
tensor elds, welook ateachof the 6 facesof every hexahedral
cell. For eachface,we extract the intersectionpoint(s) of the
featurelines. Thesepoints are then connectedto generatea
continuousfeatureline.



We know that the degenerate3D tensorson a 2D slice are
mostly points. The only exceptionis if the featureline lies
exactly on the face.But even for that case,that featureline
will intersectan adjacentnon-coplanarface on the edge,or
possiblycornervertex. To nd thefeature(intersection)oints
that satisfyall seven constraintssimultaneouslywe employ a
modi ed version of the Newton-Raphsoralgorithm to solve
the over-speci ed systemof equations.

Assumethe tensor eld is T(X). For the feature points
X, we, hasre CF(X ) = CF(X ) = 0O, fori = 1;::3;7,
whereCF (X ) is anassemblyof the seven constrainfunctions
into onevectorfunction. Usingthe modi ed Newton-Raphson
method and an initial guessof X,, we have the following
updatingformula,

| T -1 |
_ cCF CcCF cCF [
Xn+1 = X & & & CF
X =Xn
' | )
@F _@F a
& T & (10)

! !
Note that we calculate &F from the chain rule using A
and % ratherthan from the interpolatedvaluesof CF on

I
the grid. &F is calculatedfrom the formula of the tensor
constraintsand % is from the interpolatedensorvalues.We
usedboththebilinearandbicubicnaturalsplineinterpolations.

Using the centerof eachcell faceas the initial guessfor

an intersectionpoint, we nd that this methodconvemgesto
the actual intersectionpoint within ve iterationsin most
non-dgeneratecaseswith a precisionup to 10 °, and it
rarely missesa featurepoint, if it exists. Additional pointsare
obtainedby subdviding the cell face.This modi ed Newton-
Raphsommethodon constraintfunctionsis superiorin speed,
accurag andprecisioncomparedo other methodsdeveloped
directly basedon the cubic discriminants.For comparison
purposeswe also implementedan algorithm basedon cubic
discriminantthat searchedor its minimum using conjucate
gradientmethodsNot only is it about50 times slower, using
ary precisionlessthan 10 ¢ will yield a false negative rate
of over 50%

C. GeometricApproadc

Sincewe want to extract the degenerateensorsin a root-
nding framework, it is desirableto have a well-de ned
systemof equationswith an equal numberof equationsas
thereareunknavns. However, neitherthe discriminantnor the
constraintfunctionssatisfy this condition. An equationbased
on the discriminantis underspeci ed sincethereis only one
equationfor two unknaovns. An equationbasedon constraint
functionsis over-speci ed becausehere are seven equations
with two unknavns. The formulation on constraintfunctions
is betterthanits discriminantcounterparnumericallybecause
an overspeci ed systemis easierto solve usingthe modi ed
Newton-Raphsonalgorithm and achiezes high cornvergence

ratesandprecision.In this section,we presentanotherextrac-
tion algorithmbasedn the geometrigpropertiesof 3D tensors
that meetsthe desiredcriterion of a well-de ned system.

Fig. 2. Relationshipof s andV andthe degenerateiensorglyph. s is the
radiusof the sphericaltensor

Theoem5.1: A tensorT is degenerataf andonly if it can
be written asthe sumof a sphericaltensoranda linear tensor
(seeFigure 2).

Thesufciency of thistheoremis easyto prove. To shaw its
necessitywe simply subtractthe duplicateeigervaluesfrom
the diagonalcomponentf the tensor It is easyto shav that
the remainingtensorhastwo duplicate zero eigervalues.In
otherwords, the rank of the remainingtensoris at mostrank
one,i.e., linear Dependingon the signof the othereigervalue,
a linear real symmetrictensorcan always be written as the
productof a vector its transposeandan extra sign. This gives
us a simpleway to write a degenerateensor

T=sl VvV VT (11)

wheres isascalarl isa3 3identitymatrixandV isa3 1
vector An adwantageof this formulais thatit candistinguish
betweentype P and type L double degeneratepoints: T is
type P with equalmajorandmediumeigervaluesif the minus
sign holds; and T is type L with equal minor and medium
eigewvalues if the plus sign holds. In applications where
the usersare only interestedin the major hyperstreamline
topology usersonly needto retainthe minus sign, sincethe
major hyperstreamlineareonly degenerateat type P features.
Thethreeeigevaluesare: 1= ,=s,and 3=s kVKk2.
One of the eigervectorsis e3 = V=kV k and the other two
eigervectors are ary two orthogonal vectors that are also
perpendiculatto e;. Besidesits simplicity, this equationalso
clearly statesthat all 3D degeneratetensorsform a four-
parameterfamily: (s;V). A typical and non-dgenerate3D
real symmetrictensoron a 2D patchparameterizedy (X; y)
is,

T(x;y)=sl VvV VT (12)

Sincethere are six independentcomponentsn real sym-
metric tensors,this systemof equationshas six equations
and six unknavns. Therefore,we expect that it has stable
and isolated solutions. If we assumethat the tensor patch
is obtainedthroughbilinear interpolation,then eachequation
is quadratic.To solwe this formulation, we can employ ary
standardnumericalmethodto solve a well-de ned systemof
equationssuchasthe Newton-Raphsoralgorithmor oneof its
variants.



For the initial guessin the Newton-Raphsormrmethod, we
usethe centerof the patch, (Xo; Yo), in placeof the position
parameterqx; y). Supposethe tensorat (Xo;Yo) is To and
supposethat its eigervaluesare ( 3 2 3) and its
normalizedeigervectorsare (e;; €;; €3), respectrely. Without
lossof generality we alsoassumehat we are extractingtype
P degeneratefeatures.The algorithm for extracting type L
degeneratefeaturesis similar in form. To obtain the initial
estimatesof the other four parameters(s;V), we use the
following heuristic,

+

s = 223 (13)
b 2

Vo = So 1 € (14)

Using sp andV, for theinitial guesswe iteratively update
the six parametersisingthe Newton-Raphsomethoduntil the
solution corverges. Sinceeachequationis a simple quadratic
equation, taking deriatives is trivial. When the algorithm
corverges,not only do we have thelocationof the degenerate
feature but we alsogetthe eigervaluesandeigervectorsof the
tensorvaluesat that point from s andV . Notwithstandingits
simplicity, the disadwantageof this algorithmis also obvious
— we needto inverta 6 6 matrix during eachiteration of
theNewton-Raphsomlgorithm.A lessobviousdisadwantagds
thatin our experimentsthis algorithmshowvs worsenumerical
stability thanthe algorithmbuilt on constraintfunctionsin sit-
uationswherethe featuresarevery closeto triple degenerag.

Variation on a Theme

A usefulform of 3D tensoris the deviator. It is simply a
3D tensorwhosetraceis zero,which implies that the sum of
the eigervaluesis also zero. We can obtain the deviator part
of arny 3D tensorT by subtractingonethird of its tracefrom
its threediagonalcomponentsSincethis is a linear operation,
the zero-tracepropertyis presered on a discretegrid using
tri-linear interpolation.

Onevariationof the basicgeometricalgorithmis to consider
only the deviator eld of the original tensors.For the caseof
extractingtype P degeneratdeaturesit is easyto get,

_ VXZ + Vy2 + VZ2
- 3
Substitutingthis term back into Equation 12 and throwing
away ary redundandiagonalequation,we get a systemwith
ve equationsand ve unknowns. In our experiments,we
found that this variation is almostequialent to the original
algorithm in terms of numerical stability and corvergence
speed.

(15)

D. ConnectingFeatue Points

After the featurepoints on cell faceshave beenextracted
using ary of the methodspresentedthe task still remains
of connectingthese points to form feature lines. We note
that somecells may have more than one pair of intersection
points and hencemore than one featureline throughit. To
handlesuch caseswe use a multi-passapproachto connect

theseintersectiorpoints.We only examinecandidatecellsthat
containintersectionpoints on at leastone of their six faces.
In the rst pass,all candidatecells containing exactly two
intersectionpoints are processecby: (a) simply connecting
those two points, (b) recording the orientation of the line
segment as tangentsat the end points, and (c) marking the
cell asprocessedin the subsequenpassestheir unprocessed
neighboring candidatecells are processedby connectinga
line seggment between each pair of intersection points in
sucha way asto minimize the angle deviation betweenthe
tangentrecordedat the end point and the line towards other
intersectiorpointswithin the cell. Eachneighboringcandidate
cell is marked asprocessedandthe procedurecontinuesuntil
thereare no more candidatecells.

We usethis iterative methodto generatethe tangentlines
from featurepointsandultimatelyresol\e theline connections
betweenmultiple points. In the next section,we shav how
to analytically calculate the tangentat ary point along a
topologicalfeatureline.

(a) First set (b) Secondset

Fig. 3. Randomlygenerated3D tensors.Warmerline colors are closerto
type P degeneratgpointswheremajorandmediumhyperstreamlinestersect,
while coolerline colorsarecloserto type L degeneratepointswheremedium
andminor hyperstreamlineiitersectTherestof thevolumeis pseudo-colored
by the discriminantusing cool colors for low discriminantvalues(closerto
featurelines) and warm transparentolors for distantvalues.The imageis
exactly the sameas the one in [27] althoughthe degeneratepoints in this
image are extracted using the geometricapproachinsteadof the constraint
functions.

V1. DISCRIMINANT HESSIAN FACTORIZATION
A. Problem Statement

We areinterestedn nding the pointswherethe symmetric
tensorsare degenerate and computingthe tangentsat those
points. The tangentsare usefulin guiding the searchfor other
degeneratepoints along topological featurelines and can be
obtainedgiven the degeneratetensorvalue and its gradient.
This sectiondescribesa formulationobtainedthroughHessian
factorizationto producean analytical form of the tangents.
The Hessianfactorizationis just a theoretical analysis to
get the formula. No factorizationis actually done during the
computationstage.

A real symmetricmatrix T of sizeN hasK = N(N +
1)=2 free componentsAll of the componentgtogethercan
be written as a single vector of size K. This vector can be
usedto obtaina K K Hessianmatrix of its discriminant.A
betterformulationis to usehigh-ordertensors put sincemost
practitionersin the visualization eld are more familiar with



vectorsand matrices,we will malke no distinctionbetweenpan
N N matrix, T, andits K dimensionalvector form, T .
We de ne a multiplicatio'g—sumoperationon two symmetric
tensors:C = A B = ; ; AjBj. This is also the dot
productof the vectorforms of the two matrices.

We mentionedin Section IV that an early theorem by
Wigner and von Neumannpoints out that degeneratereal
symmetricmatricesform a variety of codimensiontwo. We
derived the following lemmabasedon this theorem:

Lemma6.1: The Hessianf the discriminantson degener
ate tensorshasa rank of at mosttwo.

Becausethe Hessianmatrix, H = r 2D, is positive semi-
de nite at degenerataensorsjt follows from Lemmaé.1 that
we canfactorizeH asa productof two matrices:

H=F FT (16)

whereF isaK 2 matrix. Ourtaskis to look for ananalytical
solution of F in terms of tensorvalues T and its local

gradientr T = (Ty; Ty; T;). The reasonwe areinterestedn

this factorizationis to studythe local behaior of degenerate
features,especially the tangentsalong the degenerateline.

Given a tensor eld T(X) and a degeneratepoint X , the

Taylor's expansionof the discriminantD shaws:

D(X + X)

D(T(X ))+r D(X )
= I XT Hy(X) X
= g(r T X)T HT) (r T X)

17)
whereHyx =r )2(D is theHessiarof discriminantwith respect
to X, andsimilarly, H = r 2 D is thatwith respecto T. This
is becauseD andits gradientr D both vanishat degenerate
points. Hence the Hessiansare very useful in studying the
local behaior arounda degeneratepoint. If the factorization
F is found, we canfurther rewrite Equationl17 as:

DX + X) %(rT X)T H(T) (r T X)
= IFT rT X)TFT r T X)
= ngT rT  Xk2
(18)

Equation18 equalszeroonly if:

(FT rT) X=o0 (19)

Equation19 resultsin two equationsandthreevariables.The
tangentof a degeneratdine is just its null space.lf we have
the analytical form factorizationof F from the tensorvalue
T, thengettingits tangentby solving equation19 is simply a
crossproductoperation.

B. Analytical Factorization

Our solution to the factorizationproblemin Equation16
involves two stages.In the rst stage,we considerthe fac-
torization in the local eigervector coordinate.In the second
stage,we rotatethe resultsfrom the rst stagebackinto the
physical space.Note that the resultscan also be extendedto
discriminantHessiarfactorizationon time-varyingtensordata.

X+32 XT rgbX) X

1) HessianFactorizationin the Eigervector Space: Given

a degeneratetensorT at X and its eigervalues 1, »,

n and their associatedeigervectors e;, €, ... €, a
diagonalmatrix, , canbe formedfrom the eigervaluesand
an orthonormaleigen matrix, E, can be formed by tiling all
the eigervectorsascolumnvectors.Without lossof generality
we assume ; = , andthereis no otherequalroots.If there
is, both the Hessianand its factorizationwill be zeroes.The
sub-blockof the matrix f Ty :i 2 f1;2g;j 2 f1,2gg formsa
2 2 matrix andis denotedas Ts.

We canstudythe Hessianmatrix in the eigervectorcoordi-
nateE by transformingall thetensorsusing:T* = ET T E.
In this paper all variablesin the transformedcoordinatehave
* to distinguishfrom their physical spacecounterpartsNote
that this transformationis appliedto every point in the space
usingthe sameE from T . T is transformednto  at X
andmightnotbediagonalelsavhere.lt is alsoobviousthatthis
transformationis alineartransformatiorandcanbewritten as:
T* = R T in their vectorforms. It is not dif cult to prove
thatR isa K K unitary matrix suchthatRT R = | for
ary valid E. We now presentthe following theorem,

Theoem6.2:

@D . . 0 0
== =0i>2o0rj>20ri">2o0rj"> 2
@ @i : :

(20)

Theorem 6.2 statesthat the componentsoutside T, do
not contritute to the Hessianand thereforedo not affect the
degenerateline tangent. This theoremis the basis for the
discriminantHessianfactorizationtechnique.

Furtheranalyseshaw that:

@p() _ 2. @D() = ¢ @b  _ P

@7 Ta@y a, @y, '

@50 - 4. @p0 - o 800 _ -

@,y Ca@naery, ) @Lay, (21)
P-Q : Qn

A= 2 g 10 gl s G D)%

Equations21 shawvs thatthe Hessiarof D have only four non-
zerocomponentsWe denoteF = (F1;F2) whereF; andF;
arethe two columnvectorsof F which canalsobe expressed
as two real symmetric matrices.F* can be obtainedfrom
Equation21 analytically

0 1
q O 0
0 q
0w
0 0
0 1
0 q 0
g o
Fy = % S § (23)
0 0
Noting thatr T X = T and substitutingthem back into
Equation19, we have F;  T* = q( T} T,) =0

and F; T* = g2 T,,) = 0. This is the condition



that keeps T; degenerate.Therefore,in the eigervector
coordinatespacethe line tangentat a degeneratepoint, which
is the directionthat keepsthe entire tensorT* degeneratejs
simply the directionthatkeepsits sub-matrix T, degenerate.
2) HessianFactorizationin the Physical Space: We have
shawvn that the Hessianfactorizationin the eigervector coor
dinate spaceis H* = F* F* T . Since the transformation
betvyeenthet\{vo coordinatespacesgxpressedn vectorform,

is:T* = R T.Weget,
H=F FT=r2D=R" r2,D R
=RT H* R=RT F* F*' R
=) F=RT F*=R ! F* (24)
| | | !
=) F1=R!F/;FR=R!F
=) F1=E F ET;F,=E F; ET

The secondequationcomesfrom R beinga unitary matrix
andRT = R 1. Equation24 givesout the formulationof the
factorizationF in termsof E andthe constantF* . However,
F is not unigue,sincethe de nition of E hasone degree of
freedomdue to the two equal eigevalues.It correspondgo
the factthatif F is a valid factorizationof H, F S for ary
2D unitary matrix S is anothervalid solution. Although the
choiceof S affectsthe value of F, it doesnot changeH and
the null spaceof FT r T.

For 3D tensorsthe resultis:

b= _, , 1
Efy E5 EixE1y EaxE2y EixEi1z EoaxEz:
@ EixE1y ExxEpy EZ, Ej3 EiEiz EzyEz, A
EixE1z EoxE2; ElyElz EZyEZZ E%z E%z
(25)
b2 =
2E 1x Eox EixE2y + EayE2x  EixE2z + E1zE2x

@ Eix E2y + ElyE2x 2ElyE2y ElyEZZ + EleZy

EixE2z + E1zE2x ElyEZZ + EleZy 2Elz E2z
(26)
Ny = <Fp TgF1 Ty Fr Tp> 27)
N = <F, TF2 TyF2 T2 (28)
N = N]_ N2 (29)

whereN is thetangentof the dggeneratdine atthe degenerate
tensor T with tensorgradient< T,;Ty;T, >. It is worth
noting that E; and E, are indeterminate,and E3 is the
only determinatesigervector So theoretically it is enoughto
determineN only with E3 andr T. But E3 doesnot shav up
in Equations25 and 26. We verify that arny valid orthogonal
combinationof E; andE, will leadto the sameN .

Anotherimplication of this factis thatwe will obtaindiffer-
ent formulasfor calculatingtangentsat degenerateensorsif
we usedifferentcombinationf E; andE,. Althoughthey all
leadto the sameresultat the degeneratdensor the resultsare
differentwhenthe point is away from degenerag. Therefore,
the choiceof a properformula doesaffect the quality of our
numericalalgorithm.

Note that Equations25 to 29 are enoughto determinethe
tangentof a 3D degeneratdine given a degeneratepoint and

its tensor gradient. Hessianfactorizationis usedto derive
theseequationsalthoughit is not neededn the calculationof
tangentsFigure4 usestheseformulasto calculatethetangents
of degeneratdines on extractedpoints.It alsovisually veri es
the correctnes®f theseformulasso thatthey canbe usedto
furtherimprove the extraction algorithm.

Fig. 4. Degeneratepoints extracted using iterative methods.Analytical
tangentsare calculatedfor each point and shovn as arrovs. We see that
the tangentsaccuratelymatchthe degeneratdines and can be usedto trace
the featurelines.

VIl. TOPOLOGICAL LINES FROM DEGENERATE POINTS

A brute force degeneratepoint extraction and connection
algorithm has several serious dravbacks. First, it is very
inefcient. To make the extractedfeaturelines smoothere.g.,
to doubleits resolution,onemustdoublethe spatialresolution
of the dataandthus male the whole computationeight times
slower. Secondalthoughalgorithmsbuilt on constraintfunc-
tions and the geometricapproachare much more stablethan
directdiscriminantminimization,they still may not captureall
thefeaturesdueto the possibility of multiple degeneratgoints
in onecell. With analytically computedine tangentswe can
addresghe connectity problemby simply tracingthe feature
pointsusingthe tangentin a similar fashionasin feature o w
eld [18]. In addition,we canalso capturethe whole feature
line from a single extractedpoint. We canfurtherimprove the
efciency by usinga coarserextraction grid.

In this section,we introduce several stratgies to connect
the extractedfeaturepointsinto featurelines.

A. Improved Post-Piocessing

An improvementover the brute force connectionalgorithm
is to replacethe estimatedtangentwith the analytically cal-
culatedtangentsWhenthereare morethantwo featuresin a
cell, the connectity problemis addressedby minimizing the
angulardeviation of the tangentand the candidatefeatures.
This simple improvementeliminatesthe needfor the multi-
passalgorithm.

B. Tracing Degeneate Lines using Tangents

With the analytically calculatedtangents,the degenerate
lines cansimply be tracedin the samemannerasintegrating
a streamlinefrom a seedpoint. This is also similar to the



approachof tracingcritical pointsover time with feature ow
elds [18]. Fromeachpoint, we canguesghe next point using
thetangentat the currentpoint. Differentintegrationalgorithm
suchasEulerandfourth orderRunge-Kitta algorithmsareall
applicable.During tracing, when the featureline hits a cell
face,we shouldcheckfor matcheswith the degeneratepoints
on that face.If the error falls within a prede ned threshold,
the featureline will be connectedbackto the closestfeature
point. If theerroris outsidethe thresholdandthe discriminant
is small enough,thenwe have found a nev degeneratepoint
(and a new featureline traceis started).This new degenerate
point will be addedto the face,andthe cell on the opposite
side of the facewill be marked asunprocessed.

It is worth noting that althoughEquation29 is de ned on
degeneratdensorsjt canalsobe evaluatedat non-dgenerate
tensors althoughthis may be physically meaninglessDiffer-
ent choicesof E; and E, will lead to algorithmsthat are
equivalenton degenerateensors put could behae differently
whenthe tracingis off the degeneratdines.

A drawback of this algorithm is that the tangentswill be
zero at points with triple degenerag or at crossingsof two
degeneratelines of the sametype. In our experiments,the
line orientation becomesfairly complicatedin these cases.
Therefore, we switch back to the brute force extraction-
connectionalgorithmwhenwe detectthat we are nearpoints
with triple degenerag or when the calculatedtangentis too
small. Since this rarely happens,we can afford to use a
fairly high resolutionof featureswithout greatly reducingthe
performanceof the entire system.

An advantageof this simpletracing schemeis thatit gives
userscontrol over quality and ef ciency. For better quality,
userssimple choosesmaller integration stepsor employ the
fourth order Runge-Kutta method.For a quicker result, the
Euler method with relatively large integration stepscan be
used,althoughit is not advisable.If only a rough overview
is neededthe improved post-processinglgorithm using the
analyticaltangentss sufcient. Figure5 shavs how thetracing
algorithmaddressethe multiple featuresproblemin onecell.

Fig. 5. Tracingdegeneratdines usingthe tangents.

C. Extraction Grid

Sincethe featurelines can be tracedindependentlyof the
point extraction, and the extraction algorithm is much more
expensve than the tracing step, we can use a grid with a
lower resolutionthan the expectedfeatureresolutionduring
extraction. In our implementation,we typically choosethe
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original grid or a grid with half the original resolution,and
an integration stepthat is one eighth of the size of the grid
spacing.This produceshigh quality featureswith relatively
low computationalexpensefor point extraction. A bolder
choiceof low quality extractiongrid is possible This is simply
a tradeof betweenaccurag andefciency.

D. Prediction-Corection

A drawback of simply tracing the feature as streamlines
is that integration errors are accumulatedOne can choosea
betterintegration schemesuch as the Runge-Kutta algorithm
for betterquality. Still, the accurag of the featureline is not
guaranteedTherefore,we develop other algorithmsthat use
the tangentto predict the next point along the featureline
and then resort back to the iteratve methodto correctthe
prediction.

The Newton-Raphsoralgorithmandits variantsare known
for their superior corvergence speedwhen the estimateis
sufciently close to the real solution. In our algorithm, the
next point along the featureline is predictedas the current
point plus an offset de ned with the analyticaltangent.Next,
a slice on one of the orthogonalplanesmost perpendicular
to the tangentdirection at the predictedpoint is chosen.The
algorithm then usesthe iterative methodbuilt on constraint
functionsor geometricapproactto re ne the result.Sincethe
predictedpointis very closeto thetruefeature,it usuallytakes
only oneor two iterationsto corverge.

The re ned point is then usedas the starting point in the
next step.This algorithmis slower than the algorithmsbuilt
directly on tracing, but its adwantageis that the errors are
not accumulatedstill, it is much fasterthan the brute force
extraction-connectiomlgorithmbecauseét doesnot wasteary
computationalresourceson cells that are too far from the
featuresduring the extraction stage.

Figure 6 shavs how the tracing algorithm combinesthe
predictionand correctionstagesWith this method,the errors
are not accumulated.

-
-
-
-
-
-
-

Fig. 6. Tracing degeneratdines with analyticaltangentsusing prediction-
correction.

E. Coheent TangentsFormula

Any formula from Equation29 that producesvalid eigen-
vectors on degeneratetensorswill yield valid tangentsof
degeneratdines. However, their performancenay differ when
tracing pointsthat arefurther avay from the degeneratdines.
The rst choiceof E; andE, aretheeigervectorsof thetensor



atthatpoint. But thevalueof E; andE, canvary dramatically
aroundthe degeneratdines, thus introducing errors. Another
choiceis to startfrom the outereigervectorE s to consistently
produceE; and E,. This algorithm producesline tangents
with more consistentbehaior around degeneraciesand is
much friendlier to the fourth order Runge-Kuitta algorithm,
which relies heavily on the continuity assumptionHowever,
this algorithm is not rotation invariant and may yield biased
result.

F. Higher Order Degenercy

Previous researcherfiave pointed out that tensorfeatures
may have higher order degenerag than just points, and may
include lines, surfacesand subvolumes.It canbe proven that
not only is the discriminantzero at the degeneratetensors,
but also the rst order gradientof the discriminantis also
equalto zero.We hypothesizahatthe higherorderdegenerag
happenonly wherethe secondor higherorderof discriminant
gradientsare zeroes.One can nd this kind of phenomenon
only undervery specialconditions.For example,we canshav
that for the single point load data, there are two types of
degeneratefeatures: rst, a feature line directly belov the
point load direction; second,a surface that spreadssymmet-
rically down from the point load. The higher order surface
degenerag happensin this particular datasetbecauseof a
delicateequilibriumachievableonly in a purely syntheticdata.
This equilibrium can be easily disturbedby noise or other
forces,andthe featurewill fall backto the more stableform
of lines. This is con rmed in the double point load data.In
the double point load data,althoughthe discriminantson the
degeneratesurface are still very small, as indicated by the
weaktransparensurfacein Figure7, the stabletensorfeatures
arelines.

In the same gure, we notice that nearthe ape of these
two weak surfaces,the featurelines seemto breakapart. We
think that in the vicinity of thosetwo points, the appropriate
tensorfeatureis a small feature surface. Since our current
algorithmis not designedor nding suchfeaturesjt appears
as an artifact. This is an areathat we plan on addressingn
the future, even thoughsuchfeaturesare generallyunstable.

Another generallyunstablehigher order featureis feature
sulvolumes.We think that in sometype of tensordatasets,
suchasdiffusion tensordatasets,it may be morelikely such
featureswill appear The locationsof such featurescan be
found in purely isotropicregions,and while they may not be
of too much interest,we also plan to investigate this aspect
for the sale of completeness.

VIII. RESULTS

We experimentedvith four datasetsto testout our degener
atetensorextractionalgorithm.The rst setis a 2D rectangular
patch with symmetric 3D tensorsat the four cornersthat
have been set randomly (see Figure 1). The tensor values
within the patchareobtainedthroughlinearinterpolation.This
syntheticdatacorrespondgo tensorson a faceof a 3D cell.
The secondis a 3D cell with symmetric3D tensorson its
eight cornerswhich arealsosetrandomly(seeFigure 3). It is
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resamplednto a higherresolutionfor smootheifeaturedines.
The third is the stresstensordatain a semi-in nite volume
with two point loads (see Figure 7). The fourth contains
stresstensorsfrom a numerical simulation of a box with a
compressie and a tensile force on its top face. The forces
are aligned a diagonal of the top face (see Figure 8). For

Figures3 and 7, the colors of the volumesare mappedto the
tensordiscriminant(Equation6) with moretransparentooler
colorsmappedo lower valuesandmoreopaqguevarmercolors
mappedto highervalues.Degenerateensorscan be found in

the cool blue regions. Digital imagescan be accesseanline
at: www.cse.ucsc.edu/research/avis/hessian.html.

Figure 3 shavs degeneratetensorsin a 3D cell form
featurelines (renderedas tubes).Note that the featurelines
are not hyperstreamlinesrather they are placeswhere the
major and medium, or the medium and minor, or all three
hyperstreamlinesntersecteachother The color of the tubes
aremappedo the eigendifference wherethetype P lines are
mappedio warmercolorsandthe type L lines are mappedto
coolercolors.Only the faint greenis visible in the vicinity of
thetubesbecausehetubesarein the blueregions.We seethat
comple featurelines can form even from a simple linearly
interpolatedrandomtensor eld. In (a), thetype P andL lines
swirl aroundeachother while in (b), the two typesof lines
form a complicatedstructure.

Figure 7 shavs the double point load stresstensors.The
yellow arrows indicate the two point loads, and the two
magentaspheresare the triple degeneratepoints. We can see
theline of doubledegenerag connectinghesetwo stress-free
points as Hesselinkalludedto in [9]. Other very interesting
featurelines are also extracted. The rst is a vertical loop
that lies directly under the double degeneratefeature line
connectingthe two triple degeneratepoints. This featureis
not presentin the single point load data. The loop featureis
alsostablein the sensethatit persistseven asthe magnitudes
of the two point loads are varied. Another visible featureis
how the blue lines belov each of the point load bifurcate
and then reconnect.Thesetwo structuresand the vertical
loop are connectedogetherby a type P featureline running
betweenthe two point loads. Looking from the top view in
(b), we seea third interestingfeature which is the circular
feature line that connectsthe two point loads and the two
triple degeneratepoints. We needto further investicate the
physical signi cance of thesefeatureshat have not beenseen
in previous visualizationsof the data.lt is worth noting that
the stresstensoris dominatedby only one singleload in the
vicinity of the load point. Therefore,it is locally similar to
the single point load stressensorwherethe degeneratdensor
form a surface symmetrically spreadingaway from the load
point. Sinceour algorithmis designedfor extracting features
lines, it producesartifactswhenthe featuresform a surfaceor
subvolume.

Figure 8 shavs degeneratelines in the stresstensor eld
with two opposingforces on the top surface of a box. The
tensorsarecalculatedat gausspointsresultingin arectilinearly
gridded tensor eld. The degeneratelines are much more
compl than the double point load tensor eld. We have
separatethetype-Pfrom thetype-L linesto reducetheclutter.



(a) Oblique view
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(b) Top view

Fig. 7. Double point load data.Yellow arrows indicatepoint load directions,while the 2 magentasphereshaw the location of the triple degeneratepoints.
Featurelines are coloredby the eigendifferencewhile the volumeis coloredby the discriminant.

Notice how the shortlinestendto clusternearthetop surface.
The current hypothesisis that these are due to numerical
artifacts as the valuesof the stresstensorsnear the surface
are expectedto be small. Thesesmall numbersmay possibly
be similar dueto the limited precisionin the simulation.The
most importantlines are those beneaththe two main loads.
Similarly, onecannotice someloop structuressimilar to those
foundin Figure7. Furtheranalysess neededo determinethe
signi cance.

IX. CONCLUSION

We pointed out that the degeneratetensorsform stable
featurelinesin 3D realsymmetrictensor eld. Thisknowledge
lays the foundation for future researchon topology based
methodsto visualize 3D tensor elds. Finding thesefeature
lines is divided into two independentsteps: extracting the
degeneratepoints,andforming featurelinesfrom thesepoints.
Aside from the classiccubic discriminantfor nding degener
ate points,two new, moreef cient and computationallyaccu-
ratemethodsverepresentedThe rst is areformulationof the
discriminantinto seven constraintfunctions,while the second
oneis basedon a more intuitive geometricinterpretationof
degeneratdensors.Thetaskof nding the featurelines given
the degenerateointsis alsoaddresse@ndseveral algorithms
are presentedOne of the key contritutionshereis nding an
analyticalform for calculatingtangentsat degeneratepoints.
The tangentsare usedto tracethe restof the featurelines.

We testedour algorithmson several datasetsincluding ran-
domly generatedensor elds which allowed us to stresstest
our algorithms,several analyticaldatasets,suchasthe single
and double point load data sets,to validate our results,and
several computationabatasets,suchasthe o w pastcylinder
with hemisphericalkcap, to testits practical use. The results
reveal new information— for the caseof the doublepoint load
dataset, as well as additional areasof investication suchas
studying the correlation betweenthe interestingpatternswe
sav in therealdatasetsandthe underlyingphysics. Thesenew

insightswill be usefulin seedinghyperstreamlinestopology
simpli cation, andtrackingtopologyin time-varying data.
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