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Abstract— This paper addressesseveral issuesrelated to topo-
logical analysis of 3D second order symmetric tensor �elds.
First, we show that the degeneratefeatures in such data sets
form stable topological lines rather than points as previously
thought. Secondly, the paper presentstwo differ ent methods for
extracting thesefeatures by identifying the individual points on
theselines and connectingthem. Thirdly , this paper proposesan
analytical form of obtaining tangents at the degeneratepoints
along these topological lines. The tangents are derived fr om a
Hessian factorization technique on the tensor discriminant and
leadsto a fast and stablesolution. Together, thesethr eeadvances
allow us to extract the backbone topological lines that form the
basis for topological analysis of tensor �elds.

Index terms: hyperstreamlines,real symmetric tensors,de-
generatetensors,tensortopology.

I . INTRODUCTION

The main motivation and goal of this work is to develop
a simple yet powerful representationof 3D real symmetric
tensor�elds. Topologybasedmethodscanyield simpli�ed yet
effective representationin many visualization�elds [2], [17],
[22]. The topological structuresmake it simple for usersto
understandthe underlyingdata�elds yet aresensitive enough
to captureimportant features.Early work on using topology
basedmethod to visualize tensor �elds by Hesselinket al.
[7], [9] lays important backgroundfor this researchproject.
They de�ne the tensortopologybasedon degeneratefeatures,
discussits nature for 2D casesin great detail, and provide
useful information for 3D cases.However, we �nd this early
work insuf�cient in studying 3D tensor topology. Not only
is the dimensionof the degeneratefeaturesunknown, but it
is also unclear how to numerically extract the topological
structures.In their previous work, Hesselinket al. mentioned
that the dimensionof the degeneratefeaturescan be points,
lines, surfacesor subvolumes.This claim is essentiallytrue,
but it doesnot point out the dimensionof degeneratefeatures
in typicalnon-degenerate3D tensordata.By analogy, although
the critical featuresin 3D vector �elds can be lines, surfaces
or even subvolumes,we know they are mainly points in a
typical non-degenerate3D vector data. This knowledge is
the foundationof the study of topologicalstructurein vector
�eld visualization.All the subsequentstudy on separatrices
and other topological featuresare basedon the extraction of

critical points. On the otherhand,prior to our �ndings, there
wereno topologicalresultson 3D realsymmetrictensor�elds
indicating that the degeneratefeaturesform lines.

During our researchon 3D tensortopology, we con�rmed
that the topological structuresin 3D real symmetric tensor
�elds form feature lines. This can be veri�ed by an early
theorempointed out by Wigner and von Neumannstating
that the real symmetric degeneratematricesform a variety
of codimensiontwo [15]. This discovery is important in that
it tells us that futurestudieson topologybasedmethodfor 3D
non-degeneratereal symmetrictensor�elds shouldbe based
on degeneratelines. We can captureand preserve important
featureswhenstudyingtheunderlyingtensor�elds by looking
at theseextracted topological structural lines togetherwith
their separatrixsurfaces.

The basicstrategy for �nding thesedegeneratelines is to
�rst �nd the degeneratetensorson a 2D patchi.e. on the face
of a hexahedralcell. Next, the featurelines can be obtained
by connectingthe appropriatesetof points.Traditionally, the
degeneratefeaturesin 3D tensor�elds arede�ned as tensors
whosecubic discriminant is equal to zero. Finding roots of
discriminantsin a stable mannerproves to be a challeng-
ing task becauseof their high-orderednessand singularity.
To addresstheseshortcomings,we introducetwo alternative
formulationsto extract3D degeneratetensors.The�rst formu-
lation decomposesthe cubic discriminantinto the sumof the
squaresof sevencubicpolynomialsreferredto asdiscriminant
constraint functions [27]. Through this decomposition,the
tensorswhosediscriminantequalszero are equivalent to the
tensor whose individual tensor constraint functions are all
equal to zero simultaneously. This formulation eliminates
the high-orderednessandsingularityproblemsencounteredin
existing practice,andthusmakesdevelopingstablenumerical
algorithm to extract degeneratefeature lines possible.The
secondformulation rewrites the degeneratetensorsusing a
geometricapproachwith four implicit parametersand solves
the singularitywith a root �nding scheme(SectionV).

To ensure that all degeneratetensorsare found, a cell
and its facesmay be subdivided a number of times. Once
the degeneratepoints are found, the feature lines can be
formed in a relatively straightforward mannerby connecting
pointsalonglineswith minimumangularchange.This method
of forming feature lines is not mathematicallysatisfying.
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Furthermore,the subdivision processintroducessigni�cant
computationalload to the extraction.Hence,in this paper, we
alsoproposea techniqueusing the tangentsat the degenerate
tensorsto help �nd the topological lines by tracing from
the extracted degeneratepoints. The major contribution in
this paperis an ef�cient analyticalmethodfor �nding these
tangents.It is basedon a fundamentaltheoremon Hessian
factorization of the discriminant that allows us to �nd an
analytical expressionfor the tangent.This approachreduces
the false negatives in the numberof extracteddegeneracies,
and uses less computationalresourcesby tracing an entire
feature line from a single extractedpoint. The methodalso
accuratelyresolves the connectivity problemwhenmorethan
two singularitiesarepresentin onecell, andgreatlyimproves
the performanceof the extraction. Furthermore,the point
connectionstepis independentof theunderlyinggrid in which
the tensoris de�ned. Although its derivation andreasoningis
fairly complicated,the conclusionof the techniqueis very
intuitive and can be generalizedto real symmetric2nd order
tensorsof any dimension.

In this paper, we describethe key stepsin �nding the 3D
tensortopology. For eachstep,we show alternative solutions.
Sinceeachsolution still haspotentialto improve, we mainly
focuson anddiscusstheir propertiesinsteadof comparingand
recommendingthe bestone.

Therestof this paperis organizedasfollows: SectionII re-
views someimportantfactsusedin tensoranalyses;SectionIII
discussesthe relevant previous work in tensor�eld analyses
andvisualization;SectionIV shows that3D degeneratetensors
form lines in general;SectionV discussesseveral strategies
to extract 3D degeneratetensorson a 2D patch;SectionVI
introducesthediscriminantHessianfactorizationat degenerate
tensors;SectionVII goesover methodsto form featurelines
from theextracteddegeneratepoints;andSectionVIII presents
resultsfor both syntheticandpracticaltensordatasets.

I I . TENSOR ANALYSIS

Tensor �elds, especially second-ordertensor �elds, are
useful in many medical,mechanicalandphysical applications
such as: �uid dynamics,meteorology, molecular dynamics,
biology, geophysics,astrophysics,mechanics,materialscience
and earthscience.Effective tensorvisualizationmethodscan
enhanceresearchin awidevarietyof �elds. However, develop-
ing aneffective algorithmcanbedif�cult becauseof the large
amount of information containedin 3D tensor �elds: there
arenine independentcomponentsin eachtensorandsix for a
symmetrictensor. Usersin many research�elds areespecially
interestedin real symmetrictensors.In someapplications,the
dataitself is inherentlysymmetric.In othercases,symmetric
tensor data can be obtainedthrough various decomposition
techniques.In thispaper, thenametensors implicitly standsfor
secondorder symmetrictensors unlessmentionedotherwise.

A. Degenerate Tensors and Discriminants

Any real symmetrictensorcan be decomposedinto three
orthogonal eigenvectors, each of which has an eigenvalue
associatedwith it. The eigenvectors are labeled as major,

medium and minor, accordingto the relative magnitudesof
their eigenvalues.Using any of thesethreeeigenvector �eld,
we can de�ne hyperstreamlines[6]. In non-degeneratecases,
the hyperstreamlinesdo not crosseachother. The degenerate
featuresare thusde�ned as thosewherethe hyperstreamlines
could crosseachother. Hesselinket al. show that the only
degeneratefeaturesarethosehaving at leasttwo equaleigen-
values[9]. Fortunately, we do not needto conductthe eigen-
decompositionto �nd thedegeneratepoints.A tensorhastwo
(or three) equal eigenvalues if and only if its discriminant
equals zero. The discriminant D 3 of a 3D tensor T with
eigenvalues � 1, � 2 and � 3 and tensor componentsTij is
de�ned as,
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D3(T) = Q2P2 � 4RP3 � 4Q3 + 18PQR � 27R2 (6)

From Equation2, we can easily seethat a discriminantis
(a) always non-negative; (b) equal to zero if and only if at
least two of the eigenvalues are equal. Further, it is ideal
for computationand numerical purposesbecausealthough
it is de�ned on eigenvalues, we do not need to carry out
an expensive eigen-decomposition.Instead,we only needto
computeEquation6, which is a polynomial of order six, to
get the discriminant.

The justi�cation to de�ne tensorswith two or more equal
eigenvaluesasa degeneratefeatureis simple.In a vector�eld,
the streamlineintegration is ambiguousat a point with zero
velocity. In a tensor�eld, the hyperstreamlineintegration is
alsoambiguousat a point with two equaleigenvalues,because
any linear combinationof the two eigenvectors is another
eigenvector. Sincethe degeneratetensorsare the only places
where hyperstreamlinescan cross each other, they play an
importantrole in 3D tensor�eld topologicalanalysis,which
dividesthe spaceinto smallersubspaceswhereinlocal hyper-
streamlinesexhibit similar patterns.In general,thedegenerate
tensorscan be interpretedin a fashionsimilar to the critical
points in vector �eld visualization.
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B. DimensionalAnalysisand Transversality

For featuresA de�ned on a D-dimensionaldatathat form
a subspaceof dimensionF , codimensionis de�ned as the
differencebetweenthe dimensionof the dataand the feature
subspace:codim(A) = D � F . Codimensioncanalsobeinter-
pretedas the numberof independentconstraintsthat reduces
the featuredimension.Two smoothsubmanifoldsA andB of
a smoothmanifold M is said to intersecttransversely, if for
any point x 2 A

T
B , we have tA x + tB x = tM x , wheretA x

denotesthetangentspaceof Ax . In thiscase,A andB intersect
properly in the sensethat A

T
B is a submanifoldof M , and

codim(A \ B ) = codim(A) + codim(B ) [1]. Transversality
is a suf�cient condition for an intersectionto be stableafter
a perturbation.This conclusionis important in analyzingthe
dimensionof degeneratefeaturesin 3D tensor�elds.

I I I . PREVIOUS WORK

Early tensorvisualization techniquesrelied on the tensor
ellipsoid which is a sphericalglyph deformedaccordingto
the eigenvalues of the tensors.Variations of the basic ten-
sor ellipsoid include drawing eigenvalue scaledaxes for the
eigenvectors,Haber's disk androd glyphs[8], �o w probe[5],
Laidlaw et al. glyphsusingbrushstrokes[13]. More recently,
GordonKindlmannproposednew superquadrictensorglyphs
to visualizetensorsasa combinationof spherical,planarand
linear tensors[11]. With few exceptions,particularly for the
caseof 3D tensor�elds, glyphs have beenusedin a sparing
mannerbecauseof the clutter and occlusion they produce.
Hence,they provide a discrete,ratherthana continuousview
of the tensor�eld. To addressthis problem,tensorsplatswere
introducedby Bhaleraoand Westin [3] to provide a global
continuousview of the tensor�eld. Using their approach– a
barycentricmappingof linear, planar, and sphericaltensors
– different parts of the tensor volume can be highlighted.
An alternative formulation,alsocalled tensorsplats,but with
a different way of displaying directional information was
presentedby BengerandHege [21].

A hyperstreamlineis basicallya streamlinede�ned over an
eigenvector �eld [6]. Typically, the major eigenvector �eld is
usedfor integrating the hyperstreamline,while the two other
eigenvector �elds provide local information along the length
of the major hyperstreamlineand are mappedto its cross
section.Oneof theweaknessof hyperstreamlinesis ambiguity
in placeswhere the tensorsare degenerate,i.e. where the
eigenvaluesarenearlyequal.In theseareas,a suddenchange
in direction of the hyperstreamlinemay arise. Note that
this is a commonproblem with with integration algorithms
e.g. �ber tracking algorithms in DT-MRI. To addressthis
problem,tensorlineswereintroducedby Weinsteinet al. [23].
Ambiguitiesareresolvedby taking theanisotropy of the local
tensorinto accountas well as information about orientation
of nearbyfeatures.This allows the tensorlinesto proceedin
a relatively smoothpath,even in the faceof isotropicregions
or noisein the dataset.

Topologybasedtensorvisualizationtechniquesrepresentthe
tensor�elds in a simpleyet powerful way. Thecritical features
areextractedto presenta simpli�ed versionof the underlying

data �eld. They are de�ned as degeneratetensorswhere the
eigenvaluesare identical, and are the only placeswhere the
two associatedhyperstreamlinescan intersecteachother. In
2D tensor�elds, thereis only oneway to obtaina degenerate
point: the two eigenvalues must be equal. Hesselink and
Delmarcelleusedthis conceptin 2D anddiscussedthe nature
of thedegeneratepoints(wedgesandtrisectors)in greatdetail.
However, it is less successfulin 3D, in part becausethere
are two typesof degeneratepoints in 3D: doubledegenerate
points, where two of the three eigenvalues are equal, and
triple, whereall threeeigenvaluesare identical.Furthermore,
thedoubledegeneratepointsmaybedistinguishedby whether
the minor and mediumeigenvaluesare equalor the medium
andmajor eigenvaluesareequal.This distinctionis important
in someapplications.Hesselink's early work doesnot fully
explore the propertiesof the doubledegeneratefeaturesand
insteadfocuseson the triple degeneratetensors,whoseprop-
erties are closer to their counterpartsin 2D. They hint that
the triple degeneratepoints (for the double point load data)
areconnectedby a locusof doubledegeneratepoints[9]. The
paperfails to point out that thedimensionof thestabledouble
degeneratefeaturesarein fact linesin mostof thetypical non-
degeneratetensor�elds. Hence,it did not attemptto �nd a
stablenumericalmethodto extract thesefeaturelines in 3D.

Although triple degeneratefeaturesare useful, they are
extremely rare and unstable.For triple degeneratefeatures,
theremust be a scalartimes an identity matrix. That means
they form a subspace,A, of dimensionone,i.e., codimension
� ve in the 6D symmetrictensorspace.Further, the 3D tensor
data form a 3D subspace,B , in the sametensorspace.The
featurein the datais the intersectionof thesetwo subspaces,
codim(A \ B ) = codim(A)+ codim(B ) = 5+ 3 = 8. In other
words,thedimensionof thefeaturein a 3D datais 6� 8 = � 2.
A dimension that is less than zero means the feature is
unstable.In summary, not only is it extremelyrarein realdata,
but its very existencewill also be easily dissolved by small
errorsintroducedby numericalandinterpolationmethods.This
propertydramaticallylimits theusefulnessof triple degenerate
tensorsin practicalcontexts. Evenin time-varyingdata,which
has a dimensionof four, the codimensionof the feature is
codim(A \ B ) = codim(A) + codim(B ) = 5+ 2 = 7, which
leadsto adimension6� 7 = � 1, andis still unstable.Actually,
in ourexperimentswith many realtime-varyingstressdatasets,
we have not foundany triple degeneratepoints.Theonly data
set that containstriple degeneratepoints is from a synthetic
data set known as the Boussinesqdouble point load stress
tensor.

In complex 2D tensor�elds, theextractedtopologymayalso
be very complex. Tricocheet al. [20] proposedalgorithmsto
simplify 2D tensortopology as well as track them in time-
varying 2D tensor�elds [19].

Anisotropy in tensor�elds are important featuresin some
�elds such as diffusion tensor MRI. In 3D, tensors are
classi�ed as being linear or anisotropic where there is a
predominanteigenvalue and two other smaller eigenvalues,
planarwheretherearetwo roughlyequaleigenvaluesandone
smallerone,and sphericalor isotropic wherethereare three
roughly identicaleigenvalues.KindlmannandWeinstein[12]
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use barycentriccoordinatesto map thesepropertiesto color
and opacity in volume renderingtensor�elds. An alternative
approach,calledHyperLIC, wasproposedby ZhengandPang
[25] to highlight anisotropy usingtextures.Linear tensorsare
representedby highly correlated,high contrasttextures,while
isotropic tensorsend up as blurry textureswith no preferred
orientation.

Using the physical analogyof bendingsteel beamsunder
load, Boring and Pang [4] useddeformationto visualize the
effectsof tensor�elds. Idealizedobjectssuchaslines,surfaces
and subvolumesare deformedunder tensor transformations.
This was further improved to provide a globally consistent
deformationbasedon a collectionof local deformations[24].
Calculationswerecarriedusinga systemof springs.

Extendingtheideaof deformationto optics,ZhengandPang
[26] addedthree alternative ways of visualizing tensors:(a)
First, light raysweretracedthrougha tensorvolumeandbent
accordingto the local tensorpropertiesthat they encounter.
The bent rays show divergent or convergent regions in the
tensor �eld. (b) Second,the exit points of the rays were
collected,asin causticray tracing.Differentwavelengthswere
simulatedandcolor separationon the resultingcausticimage
providesa densevisualizationof divergenceandconvergence
from a given viewpoint. (c) Third, the tensor�eld wastreated
as a lens that distorts an image. Studying the distortion of
a known image such as a checkerboard pattern, revealed
compressive and tensileregions in the tensor�eld.

IV. DIMENSIONALITY AND TYPES OF DEGENERATE

TENSORS

A. Dimensionalityof TensorFeatures

Before we can extract the critical featuresfrom 3D tensor
�elds, we needto know what kind of featureswe arelooking
for. Algorithms to locatepoints, lines, surfacesand volumes
employ very different strategies. As mentionedearlier, we
found that for most non-degenerate3D tensors,the dimen-
sionality of the critical feature is one and hencethey form
featurelines. This can be shown using the theoremby von
NeumannandWigner:

Theorem4.1: Real symmetricdegeneratematricesform a
variety of codimensiontwo [15].

Since codimensioncan be interpretedas the number of
constraintsthat reducesthe featuredimensionality, this the-
orem can be interpretedas follows: The �rst constraintof
codimensiontwo is from the de�nition of degeneratetensors
that two eigenvalues are equal. The second constraint is
actually a “redundancy” that further reducesthe degenerate
featuredimensionimplicitly – whentwo eigenvaluesareequal,
theassociatedeigenvectorsareindeterminateup to onedegree
of freedom,since any orthogonallinear combinationof the
eigenvectorsyield anothervalid pair. For real symmetric3D
tensors,we have six degreesof freedom.Hence,it alsofollows
from this theoremthat thesetensorsform a variety of di-
mensionfour. An approachto parameterizethe3D degenerate
tensorsusing four parametersis introducedin [28] and will
be discussedin SectionV.

3D real symmetric tensorshave six independentcompo-
nents.Thereforethey form a tensorspaceof dimensionsix. A

doubledegeneratetensorwheretwo eigenvaluesareequalcan
be uniquely speci�ed using four parameters.In other words,
double degeneratetensorsform a subspaceA of dimension
four in 6D tensorspace.In a typical non-degeneratesetting,
tensor�elds de�ned in a 3D spaceusually form a subspace
B of dimension three in the same 6D tensor space.The
degeneratetensors are then the intersection of these two
subspaces.Using transversality, we have codim(A \ B ) =
codim(A) + codim(B ) = 2+ 3 = 5. That is, this intersection
usually has a dimensionone, i.e. double degeneratetensors
form featurelines. Using the sameline of reasoning,onecan
show that degeneratetensorsareisolatedpointsin mostcases
if the datais speci�ed in a 2D space.

While the main featuresare lines in 3D, it is still possible
to have featuresthat are points, surfacesor subvolumes,but
thosetypesof featureswould be consideredunstableand do
not persist. Those types of unstablefeaturesare also less
commonin most3D tensor�elds. As such,wefocusour tensor
featureextraction to extract featurelines ratherthan surfaces
or subvolumes.We still needto extract points as theseform
thebasisfor thefeaturelines.Becauseof this designcriterion,
featuresthat are surfaces(such as thosefound in the single
point loaddata)or subvolumesmaynot bedetectedasreadily
as featurelines. This limitation is not insurmountable,but is
ratherbasedon theeffective useof limited resourcesin �nding
featuresthat areneitherascommonnor asstable.

B. Categorizationof Degenerate Lines

There are two caseswhere hyperstreamlinescross each
other in double degeneratetensors.The �rst case (type P
for planar) is when the major and medium eigenvaluesare
identical, and the secondcase(type L for linear) is when
the medium and minor eigenvaluesare identical. We de�ne
a quantity K , that measuresthe eigen difference, of a tensor
T with eigenvalues� 1 � � 2 � � 3:

K = 2� 2 � (� 1 + � 3) (7)

TheeigendifferenceK measureswhetherthetensorat a point
is closerto typeP or typeL. It is easyto show thatK returns
a positive value for a type P degeneratetensor, and returns
a negative value for a type L degeneratetensor. When K
equalszero, the threeeigenvalue are equaland the tensoris
triple degenerate.Theeigendifferenceis alsousedto pseudo-
color the featurelines (SeeFigures3 - 7). Warm colors are
associatedwith typeP andcool colorsareassociatedwith type
L degeneratepoints. The closer the color is to pure green,
the closerthe tensoris to triple degeneracy. Triple degenerate
pointsaretheonly locationswherea typeP andtypeL feature
line cancross.This fact, togetherwith the color mappingfor
K , providesa strongvisual clue for �nding triple degenerate
pointseven thoughthesearenot explicitly calculated.

C. Overview of Extracting Degenerate Lines

Since most numericalalgorithmsare designedto capture
points,we develop the degenerateline extractionalgorithmin
two stages:in the �rst stage,we locate3D degeneratetensors
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on 2D patches;in the secondstage,we connectthemto form
lines.

Several strategies or solutionswill be introducedfor each
stage.We discussthe direct discriminantminimization, con-
straint functions, and geometricapproachfor the point ex-
traction stage.For the line connectionstage,we introduce
minimum angle connection, feature line tracing, and the
prediction-correctionalgorithmbasedon ananalyticalformula
of the degenerateline tangents.This formula is derived from
the discriminantHessianfactorizationon degeneratetensors
discussedin SectionVI.

V. EXTRACT DEGENERATE POINTS ON 2D PATCHES

A. Discriminants

To �nd the critical degeneratetensors,we needto locate
thosetensorswhosediscriminantsarezero.AlthoughEquation
6 providesanelegantrepresentationfor evaluatingthediscrim-
inantwithout having to performeigen-decomposition,it is not
very suitablefor �nding roots.In Equation6, thediscriminant
of a real symmetrictensoris a polynomialof ordersix. Since
it is always non-negative, the degeneratetensoralso happens
to be its minimum. A good methodwidely usedto �nd the
rootsof anequationis to detectthechangeof signsandthento
recursively bisect the domainof interest.However, sincethe
degeneratefeature is itself a minimum, there is no change
of sign at all. Relying on the gradientsis also dangerous,
becausethe gradientsarenotoriouslyunstableunlessthey are
very close to the feature.Due to this high-orderednessand
singularity, directly �nding the roots of a cubic discriminant
in astablemanneris verydif�cult. Instead,we look for another
representationof the discriminant.

B. Constraint Functions

In our investigation so far, we found that while Hilbert
[10] pointed out that not all non-negative polynomials can
be broken down into the sum of squaresof polynomials,the
cubic discriminantcan be written as the sum of the squares
of seven polynomials.We also learnedthat not only can the
discriminant of a second-ordertensor of any dimensionbe
expressedas the sum of squares[14], but our solution to
the 3D caseusing seven equationsis optimal in the number
of equations[16]. Therefore, the de�nition of degenerate
tensorscan also be expressedas the tensorswherethe seven
discriminant constraint functionsall equal zero at the same
time.We usethesesevencubicequationsto extract thefeature
lines from 3D tensor�elds. The seven discriminantconstraint
functionsare:

f x (T ) = T00 (T 2
11 � T 2

22 ) + T00 (T 2
01 � T 2

02 ) + T11 (T 2
22 � T 2

00 ) +
T11 (T 2

12 � T 2
01 ) + T22 (T 2

00 � T 2
11 ) + T22 (T 2

02 � T 2
12 )

f y 1(T ) = T12 (2(T 2
12 � T 2

00 ) � (T 2
02 + T 2

01 ) + 2(T11 T00 + T22 T00

� T11 T22 )) + T01 T02 (2T00 � T22 � T11 )
f y 2(T ) = T02 (2(T 2

02 � T 2
11 ) � (T 2

01 + T 2
12 ) + 2(T22 T11 + T00 T11

� T22 T00 )) + T12 T01 (2T11 � T00 � T22 )
f y 3(T ) = T01 (2(T 2

01 � T 2
22 ) � (T 2

12 + T 2
02 ) + 2(T00 T22 + T11 T22

� T00 T11 )) + T02 T12 (2T22 � T11 � T00 )
f z1(T ) = T12 (T 2

02 � T 2
01 ) + T01 T02 (T11 � T22 )

f z2(T ) = T02 (T 2
01 � T 2

12 ) + T12 T01 (T22 � T00 )
f z3(T ) = T01 (T 2

12 � T 2
02 ) + T02 T12 (T00 � T11 )

D 3(T ) = f x (T )2 + f y 1(T )2 + f y 2(T )2 + f y 3(T )2+
15f z1(T )2 + 15f z2(T )2 + 15f z3(T )2 (8)

A tensor is degenerateif and only if all of its seven
discriminant constraint functions are zero. We employ this
conditionto extract thecritical featuresin 3D tensor�elds. Its
�rst advantageis that the constraintfunctionsare only cubic
polynomials,insteadof a polynomial of order of six, which
tendto oscillatemore.This propertyleadsto a morestableand
accuratenumericalalgorithm.In addition,therequirementthat
all sevenconstraintfunctionsbezeroat thesametime depends
on the tensorvalue only and not on the gradientcalculated
from adjacenttensors.Hence, the algorithm yields a more
accurateresult than algorithms that rely on �nding critical
pointswherethe gradientsof the discriminantsequalzero.Its
secondadvantageis that the constraintfunctionscanbe both
positive or negative, asopposedto alwaysbeingnon-negative.
This property allows us to perform a fast and inexpensive
checkfor the existenceof features.Finally, the reformulation
doesnot requireeigen-decomposition.

(a) Two degeneratepoints (b) Threedegeneratepoints

Fig. 1. White dots are degeneratepoints indicating placeswhereall seven
constraintfunctionsarezero.Eachcoloredcurve correspondsto a constraint
functionbeingequalto zero.Placeswheremultiple curvesintersectarewhere
multiple constraintfunctionsaresatis�ed simultaneously. The backgroundis
pseudo-coloredby the discriminant functions. The data is a 2D slice of a
randomlygenerated3D tensor�eld.

RootFinding.
In orderto extractsmoothandcontinuousfeaturelinesin 3D

tensor�elds, we look ateachof the6 facesof everyhexahedral
cell. For eachface,we extract the intersectionpoint(s)of the
featurelines. Thesepoints are then connectedto generatea
continuousfeatureline.
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We know that the degenerate3D tensorson a 2D slice are
mostly points. The only exception is if the featureline lies
exactly on the face.But even for that case,that featureline
will intersectan adjacentnon-coplanarface on the edge,or
possiblycornervertex. To �nd thefeature(intersection)points
that satisfyall seven constraintssimultaneously, we employ a
modi�ed versionof the Newton-Raphsonalgorithm to solve
the over-speci�ed systemof equations.

Assumethe tensor �eld is T(X ). For the feature points
X � , we have

� !
CF (X � ) = CFi (X � ) = 0, for i = 1; :::; 7,

where
� !
CF (X ) is anassemblyof thesevenconstraintfunctions

into onevectorfunction.Usingthemodi�ed Newton-Raphson
methodand an initial guessof X n , we have the following
updatingformula,

X n +1 = X n �
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�
@

� !
CF
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�
�
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(9)
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CF
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Note that we calculate @� !C F
@X from the chain rule using @� !C F

@T
and @T

@X rather than from the interpolatedvaluesof
� !
CF on

the grid. @� !C F
@T is calculatedfrom the formula of the tensor

constraints,and @T
@X is from the interpolatedtensorvalues.We

usedboththebilinearandbicubicnaturalsplineinterpolations.
Using the centerof eachcell faceas the initial guessfor

an intersectionpoint, we �nd that this methodconverges to
the actual intersectionpoint within � ve iterations in most
non-degeneratecaseswith a precision up to 10� 9, and it
rarelymissesa featurepoint, if it exists.Additional pointsare
obtainedby subdividing the cell face.This modi�ed Newton-
Raphsonmethodon constraintfunctionsis superiorin speed,
accuracy andprecisioncomparedto othermethodsdeveloped
directly basedon the cubic discriminants.For comparison
purposes,we also implementedan algorithm basedon cubic
discriminant that searchedfor its minimum using conjugate
gradientmethods.Not only is it about50 timesslower, using
any precisionless than 10� 6 will yield a falsenegative rate
of over 50%.

C. GeometricApproach

Sincewe want to extract the degeneratetensorsin a root-
�nding framework, it is desirable to have a well-de�ned
systemof equationswith an equal number of equationsas
thereareunknowns.However, neitherthediscriminantnor the
constraintfunctionssatisfy this condition.An equationbased
on the discriminantis under-speci�ed sincethereis only one
equationfor two unknowns. An equationbasedon constraint
functionsis over-speci�ed becausethereare seven equations
with two unknowns. The formulation on constraintfunctions
is betterthanits discriminantcounterpartnumericallybecause
an over-speci�ed systemis easierto solve usingthe modi�ed
Newton-Raphsonalgorithm and achieves high convergence

ratesandprecision.In this section,we presentanotherextrac-
tion algorithmbasedon thegeometricpropertiesof 3D tensors
that meetsthe desiredcriterion of a well-de�ned system.

Fig. 2. Relationshipof s and V and the degeneratetensorglyph. s is the
radiusof the sphericaltensor.

Theorem5.1: A tensorT is degenerateif andonly if it can
be written asthe sumof a sphericaltensoranda linear tensor
(seeFigure 2).

Thesuf�ciency of this theoremis easyto prove.To show its
necessity, we simply subtractthe duplicateeigenvaluesfrom
the diagonalcomponentsof the tensor. It is easyto show that
the remainingtensorhas two duplicatezero eigenvalues.In
otherwords,the rank of the remainingtensoris at most rank
one,i.e., linear. Dependingon thesignof theothereigenvalue,
a linear real symmetrictensorcan always be written as the
productof a vector, its transposeandanextra sign.This gives
us a simpleway to write a degeneratetensor,

T = sI � V � V T (11)

wheres is a scalar, I is a 3� 3 identity matrix andV is a 3� 1
vector. An advantageof this formula is that it candistinguish
betweentype P and type L double degeneratepoints: T is
typeP with equalmajorandmediumeigenvaluesif theminus
sign holds; and T is type L with equal minor and medium
eigenvalues if the plus sign holds. In applications where
the users are only interestedin the major hyperstreamline
topology, usersonly needto retain the minus sign, sincethe
majorhyperstreamlinesareonly degenerateat typeP features.
The threeeigenvaluesare: � 1 = � 2 = s, and� 3 = s � kVk2.
One of the eigenvectors is e3 = V=kV k and the other two
eigenvectors are any two orthogonal vectors that are also
perpendicularto e3. Besidesits simplicity, this equationalso
clearly statesthat all 3D degeneratetensorsform a four-
parameterfamily: (s;V ). A typical and non-degenerate3D
real symmetrictensoron a 2D patchparameterizedby (x; y)
is,

T(x; y) = sI � V � V T (12)

Since there are six independentcomponentsin real sym-
metric tensors,this system of equationshas six equations
and six unknowns. Therefore,we expect that it has stable
and isolated solutions. If we assumethat the tensor patch
is obtainedthroughbilinear interpolation,then eachequation
is quadratic.To solve this formulation, we can employ any
standardnumericalmethodto solve a well-de�ned systemof
equationssuchastheNewton-Raphsonalgorithmor oneof its
variants.
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For the initial guessin the Newton-Raphsonmethod,we
usethe centerof the patch,(x0; y0), in placeof the position
parameters(x; y). Supposethe tensorat (x0; y0) is T0 and
supposethat its eigenvalues are (� 1 � � 2 � � 3) and its
normalizedeigenvectorsare(e1; e2; e3), respectively. Without
lossof generality, we alsoassumethat we areextractingtype
P degeneratefeatures.The algorithm for extracting type L
degeneratefeaturesis similar in form. To obtain the initial
estimatesof the other four parameters(s;V ), we use the
following heuristic,

s0 =
� 2 + � 3

2
(13)

V0 =
p

s0 � � 1 � e1 (14)

Using s0 andV0 for the initial guess,we iteratively update
thesix parametersusingtheNewton-Raphsonmethoduntil the
solutionconverges.Sinceeachequationis a simplequadratic
equation, taking derivatives is trivial. When the algorithm
converges,not only do we have the locationof thedegenerate
feature,but we alsogettheeigenvaluesandeigenvectorsof the
tensorvaluesat that point from s andV . Notwithstandingits
simplicity, the disadvantageof this algorithm is also obvious
– we needto invert a 6 � 6 matrix during eachiteration of
theNewton-Raphsonalgorithm.A lessobviousdisadvantageis
that in our experiments,this algorithmshows worsenumerical
stability thanthealgorithmbuilt on constraintfunctionsin sit-
uationswherethe featuresarevery closeto triple degeneracy.

Variation on a Theme.
A useful form of 3D tensoris the deviator. It is simply a

3D tensorwhosetraceis zero,which implies that the sumof
the eigenvaluesis also zero.We can obtain the deviator part
of any 3D tensorT by subtractingonethird of its tracefrom
its threediagonalcomponents.Sincethis is a linearoperation,
the zero-traceproperty is preserved on a discretegrid using
tri-linear interpolation.

Onevariationof thebasicgeometricalgorithmis to consider
only the deviator �eld of the original tensors.For the caseof
extracting type P degeneratefeatures,it is easyto get,

s =
V 2

x + V 2
y + V 2

z

3
(15)

Substitutingthis term back into Equation 12 and throwing
away any redundantdiagonalequation,we get a systemwith
� ve equationsand � ve unknowns. In our experiments,we
found that this variation is almost equivalent to the original
algorithm in terms of numerical stability and convergence
speed.

D. ConnectingFeature Points

After the featurepoints on cell faceshave beenextracted
using any of the methodspresented,the task still remains
of connectingthese points to form feature lines. We note
that somecells may have more than one pair of intersection
points and hencemore than one feature line through it. To
handlesuchcases,we usea multi-passapproachto connect

theseintersectionpoints.We only examinecandidatecellsthat
contain intersectionpoints on at leastone of their six faces.
In the �rst pass,all candidatecells containing exactly two
intersectionpoints are processedby: (a) simply connecting
those two points, (b) recording the orientation of the line
segment as tangentsat the end points, and (c) marking the
cell asprocessed.In the subsequentpasses,their unprocessed
neighboringcandidatecells are processedby connectinga
line segment between each pair of intersection points in
such a way as to minimize the angle deviation betweenthe
tangentrecordedat the end point and the line towardsother
intersectionpointswithin thecell. Eachneighboringcandidate
cell is markedasprocessed,andtheprocedurecontinuesuntil
thereareno morecandidatecells.

We use this iterative methodto generatethe tangentlines
from featurepointsandultimatelyresolve theline connections
betweenmultiple points. In the next section,we show how
to analytically calculate the tangent at any point along a
topologicalfeatureline.

(a) First set (b) Secondset

Fig. 3. Randomlygenerated3D tensors.Warmer line colors are closer to
typeP degeneratepointswheremajorandmediumhyperstreamlinesintersect,
while coolerline colorsarecloserto typeL degeneratepointswheremedium
andminorhyperstreamlinesintersect.Therestof thevolumeis pseudo-colored
by the discriminantusing cool colors for low discriminantvalues(closer to
featurelines) and warm transparentcolors for distant values.The image is
exactly the sameas the one in [27] althoughthe degeneratepoints in this
image are extractedusing the geometricapproachinsteadof the constraint
functions.

VI. DISCRIMINANT HESSIAN FACTORIZATION

A. ProblemStatement

We areinterestedin �nding thepointswherethesymmetric
tensorsare degenerate,and computingthe tangentsat those
points.The tangentsareusefulin guiding the searchfor other
degeneratepoints along topological featurelines and can be
obtainedgiven the degeneratetensorvalue and its gradient.
This sectiondescribesa formulationobtainedthroughHessian
factorizationto producean analytical form of the tangents.
The Hessian factorization is just a theoretical analysis to
get the formula. No factorizationis actually doneduring the
computationstage.

A real symmetricmatrix T of size N has K = N (N +
1)=2 free components.All of the componentstogethercan
be written as a single vector of size K . This vector can be
usedto obtaina K � K Hessianmatrix of its discriminant.A
betterformulationis to usehigh-ordertensors,but sincemost
practitionersin the visualization�eld are more familiar with
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vectorsandmatrices,we will make no distinctionbetweenan
N � N matrix, T, and its K dimensionalvector form,

�!
T .

We de�ne a multiplication-sumoperationon two symmetric
tensors:C = A � B =

P
i � j A ij B ij . This is also the dot

productof the vector forms of the two matrices.
We mentioned in Section IV that an early theorem by

Wigner and von Neumannpoints out that degeneratereal
symmetricmatricesform a variety of codimensiontwo. We
derived the following lemmabasedon this theorem:

Lemma6.1: TheHessiansof thediscriminantson degener-
ate tensorshasa rank of at most two.

Becausethe Hessianmatrix, H = r 2
T D, is positive semi-

de�nite at degeneratetensors,it follows from Lemma6.1 that
we can factorizeH asa productof two matrices:

H = F � F T (16)

whereF is a K � 2 matrix.Our taskis to look for ananalytical
solution of F in terms of tensor values T and its local
gradientr T = (Tx ; Ty ; Tz ). The reasonwe are interestedin
this factorizationis to study the local behavior of degenerate
features,especially the tangentsalong the degenerateline.
Given a tensor �eld T(X ) and a degeneratepoint X � , the
Taylor's expansionof the discriminantD shows:

D(X � + � X )
� D (T(X � )) + r D(X � ) � � X + 1

2 � X T � r 2
X D(X � ) � � X

= 1
2 � X T � HX (X � ) � � X

= 1
2 (r T � X )T � H (T � ) � (r T � X )

(17)

whereHX = r 2
X D is theHessianof discriminantwith respect

to X , andsimilarly, H = r 2
X D is thatwith respectto T. This

is becauseD and its gradientr D both vanishat degenerate
points. Hence the Hessiansare very useful in studying the
local behavior arounda degeneratepoint. If the factorization
F is found, we canfurther rewrite Equation17 as:

D(X � + � X ) � 1
2 (r T � X )T � H (T � ) � (r T � X )

= 1
2 (F T � r T � � X )T (F T � r T � � X )

= 1
2 kF T � r T � � X k2

(18)

Equation18 equalszeroonly if:

(F T � r T) � � X = 0: (19)

Equation19 resultsin two equationsandthreevariables.The
tangentof a degenerateline is just its null space.If we have
the analytical form factorizationof F from the tensorvalue
T, thengettingits tangentby solving equation19 is simply a
crossproductoperation.

B. Analytical Factorization

Our solution to the factorizationproblem in Equation16
involves two stages.In the �rst stage,we considerthe fac-
torization in the local eigenvector coordinate.In the second
stage,we rotatethe resultsfrom the �rst stageback into the
physical space.Note that the resultscan also be extendedto
discriminantHessianfactorizationon time-varyingtensordata.

1) HessianFactorizationin the Eigenvector Space:Given
a degeneratetensor T � at X � and its eigenvalues � 1, � 2,
... � n and their associatedeigenvectors e1, e2, ... en , a
diagonalmatrix, � , can be formed from the eigenvaluesand
an orthonormaleigenmatrix, E, can be formed by tiling all
theeigenvectorsascolumnvectors.Without lossof generality,
we assume� 1 = � 2 andthereis no otherequalroots.If there
is, both the Hessianand its factorizationwill be zeroes.The
sub-blockof the matrix f Tij : i 2 f 1; 2g; j 2 f 1; 2gg forms a
2 � 2 matrix and is denotedasTs.

We canstudythe Hessianmatrix in the eigenvectorcoordi-
nateE by transformingall thetensorsusing:T + = E T �T �E .
In this paper, all variablesin the transformedcoordinatehave
+ to distinguishfrom their physical spacecounterparts.Note
that this transformationis appliedto every point in the space
using the sameE from T � . T+ is transformedinto � at X �

andmightnotbediagonalelsewhere.It is alsoobviousthatthis
transformationis a lineartransformationandcanbewritten as:� !
T+ = R �

�!
T in their vector forms. It is not dif�cult to prove

that R is a K � K unitary matrix suchthat RT � R = I for
any valid E . We now presentthe following theorem,

Theorem6.2:

@2D
@T+

ij @T+
i 0j 0

�
�
�
�
�
T + =�

= 0; i > 2 or j > 2 or i 0 > 2 or j 0 > 2

(20)

Theorem 6.2 statesthat the componentsoutside T +
s do

not contribute to the Hessianand thereforedo not affect the
degenerateline tangent.This theorem is the basis for the
discriminantHessianfactorizationtechnique.

Furtheranalysesshow that:

@2 D (�)
@T +2

11
= q2; @2 D (�)

@T +2
22

= q2; @2 D (�)
@T +

11 @T +
22

= � q2;
@2 D (�)
@T +2

12
= 4q2; @2 D (�)

@T +
11 @T +

12
= 0; @2 D (�)

@T +
12 @T +

22
= 0;

q =
p

2
Q

2<i<j j� i � � j j
Q N

i =3 (� i � � 1)2:

(21)

Equations21 shows that theHessianof D have only four non-
zerocomponents.We denoteF = (F1; F2) whereF1 andF2

arethe two columnvectorsof F which canalsobe expressed
as two real symmetric matrices.F + can be obtainedfrom
Equation21 analytically,

F +
1 =

0

B
B
B
@

q 0 � � � 0
0 � q
...

...
0 0

1

C
C
C
A

(22)

F +
2 =

0

B
B
B
@

0 q � � � 0
q 0
...

...
0 0

1

C
C
C
A

(23)

Noting that r T � X = � T and substitutingthem back into
Equation19, we have F +

1 � � T+ = q(� T+
11 � � T+

22) = 0
and F +

2 � � T+ = q(2� T+
12) = 0. This is the condition
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that keeps � T+
s degenerate.Therefore, in the eigenvector

coordinatespace,the line tangentat a degeneratepoint, which
is the directionthat keepsthe entire tensorT + degenerate,is
simply thedirectionthatkeepsits sub-matrix T +

s degenerate.
2) HessianFactorization in the PhysicalSpace: We have

shown that the Hessianfactorizationin the eigenvector coor-
dinate spaceis H + = F + � F + T . Since the transformation
betweenthe two coordinatespaces,expressedin vector form,
is:

� !
T+ = R �

�!
T . We get,

H = F � F T = r 2
T D = RT � r 2

T + D � R
= RT � H + � R = RT � F + � F + T � R

=) F = RT � F + = R� 1 � F +

=)
�!
F1 = R� 1 �

� !
F +

1 ;
�!
F2 = R� 1 �

� !
F +

2
=) F1 = E � F +

1 � E T ; F2 = E � F +
2 � E T

(24)

The secondequationcomesfrom R beinga unitary matrix
andRT = R� 1. Equation24 givesout the formulationof the
factorizationF in termsof E andthe constantF + . However,
F is not unique,sincethe de�nition of E hasone degreeof
freedomdue to the two equaleigenvalues.It correspondsto
the fact that if F is a valid factorizationof H , F � S for any
2D unitary matrix S is anothervalid solution. Although the
choiceof S affects the valueof F , it doesnot changeH and
the null spaceof F T � r T .

For 3D tensors,the result is:

F1 =0

@
E 2

1x � E 2
2x E1x E1y � E2x E2y E1x E1z � E2x E2z

E1x E1y � E2x E2y E 2
1y � E 2

2y E1y E1z � E2y E2z

E1x E1z � E2x E2z E1y E1z � E2y E2z E 2
1z � E 2

2z

1

A

(25)

F2 =0

@
2E1x E2x E1x E2y + E1y E2x E1x E2z + E1z E2x

E1x E2y + E1y E2x 2E1y E2y E1y E2z + E1z E2y
E1x E2z + E1z E2x E1y E2z + E1z E2y 2E1z E2z

1

A

(26)

N1 = < F1 � Tx ; F1 � Ty ; F1 � Tz > (27)

N2 = < F2 � Tx ; F2 � Ty ; F2 � Tz > (28)

N = N1 � N2 (29)

whereN is thetangentof thedegenerateline at thedegenerate
tensor T with tensor gradient < Tx ; Ty ; Tz > . It is worth
noting that E1 and E2 are indeterminate,and E3 is the
only determinateeigenvector. So theoretically, it is enoughto
determineN only with E3 andr T. But E3 doesnot show up
in Equations25 and 26. We verify that any valid orthogonal
combinationof E1 andE2 will lead to the sameN .

Anotherimplicationof this fact is thatwe will obtaindiffer-
ent formulasfor calculatingtangentsat degeneratetensorsif
weusedifferentcombinationsof E1 andE2. Althoughthey all
leadto thesameresultat thedegeneratetensor, the resultsare
differentwhenthe point is away from degeneracy. Therefore,
the choiceof a properformula doesaffect the quality of our
numericalalgorithm.

Note that Equations25 to 29 are enoughto determinethe
tangentof a 3D degenerateline given a degeneratepoint and

its tensor gradient. Hessianfactorization is used to derive
theseequations,althoughit is not neededin thecalculationof
tangents.Figure4 usestheseformulasto calculatethetangents
of degeneratelineson extractedpoints.It alsovisually veri�es
the correctnessof theseformulasso that they canbe usedto
further improve the extractionalgorithm.

Fig. 4. Degeneratepoints extracted using iterative methods.Analytical
tangentsare calculatedfor each point and shown as arrows. We see that
the tangentsaccuratelymatchthe degeneratelines and can be usedto trace
the featurelines.

VII . TOPOLOGICAL L INES FROM DEGENERATE POINTS

A brute force degeneratepoint extraction and connection
algorithm has several serious drawbacks. First, it is very
inef�cient. To make the extractedfeaturelines smoother, e.g.,
to doubleits resolution,onemustdoublethespatialresolution
of the dataandthusmake the whole computationeight times
slower. Second,althoughalgorithmsbuilt on constraintfunc-
tions and the geometricapproachare much more stablethan
directdiscriminantminimization,they still maynot captureall
thefeaturesdueto thepossibilityof multipledegeneratepoints
in onecell. With analyticallycomputedline tangents,we can
addresstheconnectivity problemby simply tracingthefeature
pointsusingthe tangentin a similar fashionasin feature�o w
�eld [18]. In addition,we canalsocapturethe whole feature
line from a singleextractedpoint. We canfurther improve the
ef�ciency by usinga coarserextractiongrid.

In this section,we introduceseveral strategies to connect
the extractedfeaturepoints into featurelines.

A. ImprovedPost-Processing

An improvementover the bruteforce connectionalgorithm
is to replacethe estimatedtangentwith the analytically cal-
culatedtangents.Whentherearemore thantwo featuresin a
cell, the connectivity problemis addressedby minimizing the
angulardeviation of the tangentand the candidatefeatures.
This simple improvementeliminatesthe needfor the multi-
passalgorithm.

B. Tracing Degenerate LinesusingTangents

With the analytically calculatedtangents,the degenerate
lines cansimply be tracedin the samemanneras integrating
a streamlinefrom a seedpoint. This is also similar to the
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approachof tracingcritical pointsover time with feature�o w
�elds [18]. Fromeachpoint,we canguessthenext point using
thetangentat thecurrentpoint.Differentintegrationalgorithm
suchasEulerandfourth orderRunge-Kuttaalgorithmsareall
applicable.During tracing, when the featureline hits a cell
face,we shouldcheckfor matcheswith the degeneratepoints
on that face.If the error falls within a prede�ned threshold,
the featureline will be connectedback to the closestfeature
point. If theerror is outsidethe thresholdandthediscriminant
is small enough,thenwe have found a new degeneratepoint
(anda new featureline traceis started).This new degenerate
point will be addedto the face,and the cell on the opposite
sideof the facewill be marked asunprocessed.

It is worth noting that althoughEquation29 is de�ned on
degeneratetensors,it canalsobe evaluatedat non-degenerate
tensors,althoughthis may be physically meaningless.Differ-
ent choicesof E1 and E2 will lead to algorithms that are
equivalenton degeneratetensors,but could behave differently
whenthe tracing is off the degeneratelines.

A drawback of this algorithm is that the tangentswill be
zero at points with triple degeneracy or at crossingsof two
degeneratelines of the sametype. In our experiments,the
line orientation becomesfairly complicatedin thesecases.
Therefore, we switch back to the brute force extraction-
connectionalgorithmwhenwe detectthat we arenearpoints
with triple degeneracy or when the calculatedtangentis too
small. Since this rarely happens,we can afford to use a
fairly high resolutionof featureswithout greatly reducingthe
performanceof the entiresystem.

An advantageof this simple tracingschemeis that it gives
userscontrol over quality and ef�ciency. For better quality,
userssimple choosesmaller integration stepsor employ the
fourth order Runge-Kutta method.For a quicker result, the
Euler method with relatively large integration stepscan be
used,althoughit is not advisable.If only a rough overview
is needed,the improved post-processingalgorithm using the
analyticaltangentsis suf�cient. Figure5 showshow thetracing
algorithmaddressesthe multiple featuresproblemin onecell.

Fig. 5. Tracingdegeneratelines using the tangents.

C. Extraction Grid

Sincethe featurelines can be tracedindependentlyof the
point extraction, and the extraction algorithm is much more
expensive than the tracing step, we can use a grid with a
lower resolutionthan the expectedfeatureresolutionduring
extraction. In our implementation,we typically choosethe

original grid or a grid with half the original resolution,and
an integration step that is one eighth of the size of the grid
spacing.This produceshigh quality featureswith relatively
low computationalexpense for point extraction. A bolder
choiceof low quality extractiongrid is possible.This is simply
a tradeoff betweenaccuracy andef�ciency.

D. Prediction-Correction

A drawback of simply tracing the feature as streamlines
is that integration errorsare accumulated.One can choosea
better integration schemesuchas the Runge-Kutta algorithm
for betterquality. Still, the accuracy of the featureline is not
guaranteed.Therefore,we develop other algorithmsthat use
the tangentto predict the next point along the feature line
and then resort back to the iterative method to correct the
prediction.

The Newton-Raphsonalgorithmandits variantsareknown
for their superior convergence speedwhen the estimateis
suf�ciently close to the real solution. In our algorithm, the
next point along the featureline is predictedas the current
point plus an offset de�ned with the analyticaltangent.Next,
a slice on one of the orthogonalplanesmost perpendicular
to the tangentdirection at the predictedpoint is chosen.The
algorithm then usesthe iterative methodbuilt on constraint
functionsor geometricapproachto re�ne the result.Sincethe
predictedpoint is very closeto thetruefeature,it usuallytakes
only oneor two iterationsto converge.

The re�ned point is then usedas the startingpoint in the
next step.This algorithm is slower than the algorithmsbuilt
directly on tracing, but its advantageis that the errors are
not accumulated.Still, it is much fasterthan the brute force
extraction-connectionalgorithmbecauseit doesnot wasteany
computationalresourceson cells that are too far from the
featuresduring the extractionstage.

Figure 6 shows how the tracing algorithm combinesthe
predictionandcorrectionstages.With this method,the errors
arenot accumulated.

Fig. 6. Tracing degeneratelines with analytical tangentsusing prediction-
correction.

E. Coherent TangentsFormula

Any formula from Equation29 that producesvalid eigen-
vectors on degeneratetensorswill yield valid tangentsof
degeneratelines.However, their performancemaydiffer when
tracingpointsthat arefurther away from the degeneratelines.
The�rst choiceof E1 andE2 aretheeigenvectorsof thetensor
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at thatpoint.But thevalueof E1 andE2 canvary dramatically
aroundthe degeneratelines, thus introducingerrors.Another
choiceis to startfrom theoutereigenvectorE3 to consistently
produceE1 and E2. This algorithm producesline tangents
with more consistentbehavior around degeneraciesand is
much friendlier to the fourth order Runge-Kutta algorithm,
which relies heavily on the continuity assumption.However,
this algorithm is not rotation invariant and may yield biased
result.

F. Higher Order Degeneracy

Previous researchershave pointed out that tensorfeatures
may have higher order degeneracy than just points,and may
include lines, surfacesandsubvolumes.It canbe proven that
not only is the discriminantzero at the degeneratetensors,
but also the �rst order gradient of the discriminant is also
equalto zero.We hypothesizethatthehigherorderdegeneracy
happensonly wherethesecondor higherorderof discriminant
gradientsare zeroes.One can �nd this kind of phenomenon
only undervery specialconditions.For example,we canshow
that for the single point load data, there are two types of
degeneratefeatures:�rst, a feature line directly below the
point load direction; second,a surface that spreadssymmet-
rically down from the point load. The higher order surface
degeneracy happensin this particular datasetbecauseof a
delicateequilibriumachievableonly in a purelysyntheticdata.
This equilibrium can be easily disturbedby noise or other
forces,and the featurewill fall back to the morestableform
of lines. This is con�rmed in the doublepoint load data.In
the doublepoint load data,althoughthe discriminantson the
degeneratesurface are still very small, as indicated by the
weaktransparentsurfacein Figure7, thestabletensorfeatures
are lines.

In the same�gure, we notice that near the apex of these
two weaksurfaces,the featurelines seemto breakapart.We
think that in the vicinity of thosetwo points, the appropriate
tensor feature is a small feature surface. Since our current
algorithmis not designedfor �nding suchfeatures,it appears
as an artifact. This is an areathat we plan on addressingin
the future, even thoughsuchfeaturesaregenerallyunstable.

Another generallyunstablehigher order featureis feature
subvolumes.We think that in sometype of tensordatasets,
suchasdiffusion tensordatasets,it may be more likely such
featureswill appear. The locationsof such featurescan be
found in purely isotropic regions,andwhile they may not be
of too much interest,we also plan to investigate this aspect
for the sake of completeness.

VI I I . RESULTS

We experimentedwith four datasetsto testout our degener-
atetensorextractionalgorithm.The�rst setis a2D rectangular
patch with symmetric 3D tensorsat the four corners that
have been set randomly (see Figure 1). The tensor values
within thepatchareobtainedthroughlinearinterpolation.This
syntheticdatacorrespondsto tensorson a faceof a 3D cell.
The secondis a 3D cell with symmetric3D tensorson its
eight cornerswhich arealsosetrandomly(seeFigure3). It is

resampledinto a higherresolutionfor smootherfeatureslines.
The third is the stresstensordata in a semi-in�nite volume
with two point loads (see Figure 7). The fourth contains
stresstensorsfrom a numericalsimulation of a box with a
compressive and a tensile force on its top face. The forces
are aligned a diagonal of the top face (see Figure 8). For
Figures3 and7, the colorsof the volumesaremappedto the
tensordiscriminant(Equation6) with moretransparentcooler
colorsmappedto lowervaluesandmoreopaquewarmercolors
mappedto highervalues.Degeneratetensorscanbe found in
the cool blue regions.Digital imagescan be accessedonline
at: www.cse.ucsc.edu/research/avis/hessian.html.

Figure 3 shows degeneratetensors in a 3D cell form
featurelines (renderedas tubes).Note that the featurelines
are not hyperstreamlines,rather they are placeswhere the
major and medium, or the medium and minor, or all three
hyperstreamlinesintersecteachother. The color of the tubes
aremappedto theeigendifference,wherethe typeP linesare
mappedto warmercolorsandthe type L lines aremappedto
coolercolors.Only the faint greenis visible in the vicinity of
thetubesbecausethetubesarein theblueregions.We seethat
complex featurelines can form even from a simple linearly
interpolatedrandomtensor�eld. In (a), the typeP andL lines
swirl aroundeachother, while in (b), the two typesof lines
form a complicatedstructure.

Figure 7 shows the double point load stresstensors.The
yellow arrows indicate the two point loads, and the two
magentaspheresare the triple degeneratepoints.We cansee
the line of doubledegeneracy connectingthesetwo stress-free
points as Hesselinkalluded to in [9]. Other very interesting
feature lines are also extracted.The �rst is a vertical loop
that lies directly under the double degeneratefeature line
connectingthe two triple degeneratepoints. This feature is
not presentin the single point load data.The loop featureis
alsostablein the sensethat it persistseven asthe magnitudes
of the two point loadsare varied. Another visible featureis
how the blue lines below each of the point load bifurcate
and then reconnect.These two structuresand the vertical
loop are connectedtogetherby a type P featureline running
betweenthe two point loads.Looking from the top view in
(b), we seea third interestingfeaturewhich is the circular
feature line that connectsthe two point loads and the two
triple degeneratepoints. We need to further investigate the
physical signi�canceof thesefeaturesthathave not beenseen
in previous visualizationsof the data.It is worth noting that
the stresstensoris dominatedby only one single load in the
vicinity of the load point. Therefore,it is locally similar to
thesinglepoint loadstresstensorwherethedegeneratetensor
form a surfacesymmetricallyspreadingaway from the load
point. Sinceour algorithm is designedfor extracting features
lines, it producesartifactswhenthe featuresform a surfaceor
subvolume.

Figure 8 shows degeneratelines in the stresstensor �eld
with two opposingforces on the top surface of a box. The
tensorsarecalculatedatgausspointsresultingin a rectilinearly
gridded tensor �eld. The degeneratelines are much more
complex than the double point load tensor �eld. We have
separatedthetype-Pfrom thetype-L linesto reducetheclutter.
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(a) Obliqueview (b) Top view

Fig. 7. Doublepoint load data.Yellow arrows indicatepoint load directions,while the 2 magentaspheresshow the locationof the triple degeneratepoints.
Featurelines arecoloredby the eigendifferencewhile the volume is coloredby the discriminant.

Noticehow theshortlines tendto clusternearthe top surface.
The current hypothesisis that these are due to numerical
artifacts as the valuesof the stresstensorsnear the surface
areexpectedto be small. Thesesmall numbersmay possibly
be similar due to the limited precisionin the simulation.The
most important lines are thosebeneaththe two main loads.
Similarly, onecannoticesomeloop structuressimilar to those
found in Figure7. Furtheranalysesis neededto determinethe
signi�cance.

IX. CONCLUSION

We pointed out that the degeneratetensorsform stable
featurelinesin 3D realsymmetrictensor�eld. Thisknowledge
lays the foundation for future researchon topology based
methodsto visualize 3D tensor�elds. Finding thesefeature
lines is divided into two independentsteps: extracting the
degeneratepoints,andforming featurelinesfrom thesepoints.
Aside from theclassiccubicdiscriminantfor �nding degener-
atepoints,two new, moreef�cient andcomputationallyaccu-
ratemethodswerepresented.The�rst is a reformulationof the
discriminantinto seven constraintfunctions,while the second
one is basedon a more intuitive geometricinterpretationof
degeneratetensors.The taskof �nding the featurelines given
the degeneratepointsis alsoaddressedandseveral algorithms
arepresented.Oneof the key contributionshereis �nding an
analytical form for calculatingtangentsat degeneratepoints.
The tangentsareusedto tracethe restof the featurelines.

We testedour algorithmson severaldatasetsincludingran-
domly generatedtensor�elds which allowed us to stresstest
our algorithms,several analyticaldatasets,suchasthe single
and double point load data sets,to validate our results,and
several computationaldatasets,suchasthe �o w pastcylinder
with hemisphericalcap, to test its practical use.The results
revealnew information– for thecaseof thedoublepoint load
dataset, as well as additionalareasof investigation suchas
studying the correlationbetweenthe interestingpatternswe
saw in therealdatasetsandtheunderlyingphysics.Thesenew

insightswill be useful in seedinghyperstreamlines,topology
simpli�cation, and tracking topology in time-varying data.
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