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ABSTRACT

Analysisof degeneratéensorss a fundamentaktepin nding the
topological structuresand separatricesn tensor elds. Previous
work in this areahave beenlimited to analyzingsymmetricsecond
ordertensor elds. In this paperwe extendthetopologicalanalysis
to 2D general(asymmetric)secondordertensor elds. We shav

thatit is not sufcient to de ne degeneraciebasedon eigervalues
alone,but one mustalsoincludethe eigetvectorsin the analysis.
We alsostudythebehaior of theseeigervectorsasthey crossfrom

onetopologicalregion into another
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1 INTRODUCTION

Mary differentphysical processesanbe describecby 2nd order
tensor elds. Two commonexamplesarestresgensordn materials
andgeomechanicsnddiffusiontensorsn medicalimaging. These
typesof tensorsaregenerallysymmetrictensorsvherethereareno
rotationalcomponentskor thesethereareafew visualizationtech-
niguesavailablesuchastensorellipsoids[9, 7], texture renderings
[16, 6], volumerendering8, 2, 14], andtensortopologyl5, 13,17].
However, thereis a large classof mathematicahnd physical pro-
cesseshatcannotbhe adequatelyepresentetly symmetrictensors.
Thisis particularlytruein physicalprocessewith strongrotational
componentsuchasgeneraldeformationtensorswith both plastic
andelasticdeformationsandvelocity gradientensorsn compress-
ible ows. For these thereis a morelimited setof tools available
suchashyperstreamlinef3], andaxistripod glyphs[11].

The stateof the art in visualizing generalasymmetrictensor
elds isto decomposéheminto asymmetridensoreld andarota-
tional vector eld andthentry to visualizethesesimultaneoushor
separatelithercontinuouslyor with discreteglyphs[3, 11]. How-
ever, theseapproachegan hardly deliver the effect of the asym-
metrictensor eld asawholeentity. For example,the userhasthe
dauntingtaskof somehav integratingtherotationalcomponentsle-
pictedby ribbonsalongthe major, mediumandminor hyperstream-
linesoverthe spatialdomainof the dataset.

The stratgy proposedn this paperis to studythe topology of
asymmetrictensor elds directly without having to explicitly de-
composdhem rst. This paperwill focusontheanalysisandvisu-
alizationof 2D generatensorsof ranktwo.
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2 OVERVIEW

We classify a 2D generaltensoras beingin a real or a comple
domain.If thetensorasall realeigevalueswe saythatit is in the
realdomain. If it hastwo comple eigervalues,we sayit is in the
comple domain.

In generaltensor elds, we alsode ne a dggenerateensoras
onewith atleasttwo repeateatigevalues.Ourinvestigationsshav
that degeneratetensorsin a typical asymmetrictensor eld only
have codimensiorone ratherthantwo asin symmetricdensorg17].
This meanghe degeneratdeaturesform linesin 2D tensor elds.
In fact,wefoundthedegeneratéensordorm theboundarybetween
therealandthe complex domains.

Thus, unlike symmetrictensors,interpretationof the degener
atefeaturesis very different. Thatis, while the eigervectorsare
indeterminatefor double degeneratesymmetrictensors,the same
eigervectorsare determinatgand aligned)for doubledegenerate
generaltensors! Also notethatin the real domain,the tensorhas
a stretchingeffect. While in the complex domain,the tensorhasa
swirling effect. This canbe seenin Figurel whichis the rst such
visualizationof generatensortopologythatwe areawareof.

Figure 1: Composite vectors of a randomly generated asymmetric
2D tensor eld. Warm color shows the complex domain and cool
color shows the real domain. The tensors in the real domain are
denoted by the two eigenvectors, while those in the complex domain
are represented by the major dual-eigenvector J1. The warmer the
color, the closer the ow forms a perfectly circular path. The deep
red regions are where the critical points can be found. The patterns
appear to be similar to wedge and trisector points, but their behavior
and interpretation are entirely different. The deep blue regions are
where one can nd symmetric tensors with no rotational components.



We notice that as we approachthe degeneratdines from the
real domain, the angle betweenthe two eigervectorsgot smaller
andsmaller Thetwo eigervectorscompletelycoalesceanddo not
form the full rank whenthey reachthe degenerateboundaryand
crossinto the complex domain. We can also shov (seeSection
4 that thesedegeneratdines are no longerthe critical featuresin
the topology of generaltensor elds. Sincethe underlyingdatais
smooth the naturalquestionis: Whathappensswe transitioninto
thecomplex domain?How canwe analyzeandvisualizethetensor
andshaw the continuity of the dataaswe crossthe boundary?Be-
forewe discusghis,we rst review somepreviouswork relevantto
thesequestions.

3 PREVIOUS WORK

In previouswork on 2D tensortopologysuchas[4, 12], degener
agy in 2D symmetrictensords de ned aslocationswherethereare
repeateckigervalues. Becausedhe eigervectorsareindeterminate
atthesedegeneratgoints,thesearealsothelocationswherehyper
streamlinesnayintersect.

Recallthatfor a2D tensorT,

_  Too To
T= Tio Tu (1)
the conditionsfor nding degeneratgpointsin symmetrictensors
are:

Too = Ta1, Tor=Tw=0 (2)
Thiswork wasextendedo 3D symmetrictensor elds [5] where
two typesof degeneratepoints are identi ed: doubledegenerate
pointsandtriple degeneratepoints, wheretherearetwo andthree
repeateckigervaluesrespectiely. SubsequentlyZhengand Pang
[17] pointedout that doubledegeneratdensorsare stablefeatures
while triple degeneratgointsarenot. Furthermoredoubledegen-
eratetensorsform lines. More recentresults[18] improved upon
theoriginal methodof extractingdoubledegeneraciesisingamore
intuitive geometricformulation, and also using a tracing stratgy
basedntheanalyticaltangentsalongthedegeneratdeaturelines.

4 COMPOSITE EIGENVECTORS

In this section,we introducea methodologyto visualizeandana-
lyze anasymmetridensor eld in its entirety without the needto
decompos¢heminto symmetricandrotationalparts rst. Thead-
vantageis thatit focuseson the overall effect of the whole tensor
eld, andre ects the continuity of the tensorghroughoutifferent
regions.

4.1 Dimensionality of DegenerateGeneral Tensors

Thede nition of degeneratdensorsn asymmetridensor elds is
still the same- repeateckigervalues. This conditionis equivalent
to having the discriminantequalto zero.In a 3D symmetrictensor
eld, thediscriminantD 3(T) is alwaysnon-negative.

D2 (s 1)? ®3)

Thereforethedegeneratéensorsn atypicalnon-dgeneratéensor
eld cannotform a surface.Otherwise therewill beasignchange
betweerthetwo sidesof the surface. But in a generaltensor eld,
thereis no constraintthat the discriminantmustbe non-neative.

Ds(T)= (1

The reasonis that becausehe eigervaluescan be complex num-
bers,D 3 canbe negative. This factallows usto treatthe discrimi-
nantasascalar eld andthereforethe degenerat¢ensorsaresim-
ply theisosurfces. Intuitively, the featuresshouldform surfaces.
For degenerate2D generaltensors the degeneratdeaturesis one
dimensionlessandthey form lines.

4.2 Eigernvectorsand DegenerateTensors

In a symmetrictensor eld, a hyperstreamlinds a streamlineif
we considerary groupof the eigervectorsasregularvectors. The
only placeswherethesehyperstreamlinesan intersectwith each
otherareatthedegeneratéensorswherethematrix hasatleasttwo
repeateeigervalues.Thisde nition canbesimilarly extendednto
theasymmetridensors.However, the degeneratéensorarecurves
ratherthanisolatedpoints. It is not easyto naturally extend the
conceptof hyperstreamlinesnto visualizing suchdatasetssince
theeigevaluescanbecomple. Thereforat is naturalto ask: What
is the extensionof hyperstreamlinegto asymmetridensor elds?
Are degenerateéensorsstill thecritical features?

For ary 2D realasymmetridensor the two eigetvaluescanei-
therbe two real or two comple conjugateeigervalues. Therefore
thetensoreld is dividedinto therealandthe complex domains.It
is not dif cult to developtechniquego analyzethesetwo domains
independentlybut the key to a good methodis to unite the visu-
alizationthroughoutthe entiretensor eld, sincethe dataarecon-
tinuousby its nature. From linear algebra,we know the quadratic
discriminantof a 2D matrixis:

D,=(1 2)2 = (T Tzz)2 + 4T12 Ty (4)

D, > 0if thetwo eigevaluesareboth realnumbersandD, <
0 if the two eigervaluesare conjugate conjugate numbers. When
D, = 0, thetwo eigervaluesareequal. This resultclearly points
outthattheboundanbetweertherealandthe complex domainare
D, = 0, wherethe matrix hastwo repeateceigealues,i.e., a
degeneratdensor

When we start introducing the asymmetricpart into a tensor

eld, notonly dowe changedegeneratdensorsnto lines, but the
role of degenerateensords signi cantly changedln a symmetric
tensoreld, degeneratéensorsarethecritical featurewherehyper
streamlineganintersectjn anasymmetridensor eld, degenerate
tensorsform the boundarybetweenthe real and the comple do-
main.

Theeigervectorsarounddegenerateéensorsalsohave signi cant
changesIn a symmetricdegeneratdensor the eigervectorsasso-
ciatedwith therepeatectigervaluesareindeterminate Any vector
in theplanespannedy two valid eigervectorsis anothewalid one.
However, in anasymmetrialegeneratéensor thetwo eigervectors
completelyoverlapwith eachother unlessthetensoris symmetric,
in which casethe eigervectorsareindeterminateThe eigervector
matrix do not spanthe full rank. In anasymmetridensor eld, if
we approactihedegenerateurve from therealside,wewill seethe
two eigervectorsgetcloserandcloserto eachother Whenthey -
nally reachtheboundarybetweertherealandthecomplex domain,
they completelyoverlapwith eachother As we stepinto the com-
plex domain,the datachangesmoothlyeven at the boundarybe-
tweentherealandthe complex domain. So, the eigervectorsmust
changeanto anotherform thatis still continuouswith the coalesced
eigervectorsat the boundary The answeris the dual-eigemector
de ned for anasymmetridensor

4.3 Dual-Eigenvectors

If arealmatrix hasa pair of complex conjucate eigervalues,their
associateckigervectorsE; and E; mustalsobe complex conju-
gates.They areusuallywritten as,



| |
Ex=A iB;k=12 (5)

Thereforethe compleﬁ cornjugateeigewectorscan beexpressed
by a pair 0}‘ real \{ectors( A ; B). However, suchexpressioris not

unique.lf A i B isapairof valid eigervectors thenmultiplying
themwith any complex numbetryieldsanothervalid pair.

A +|B
(cos( )|+ISIn( ))(A+|B)

= cos( )A sm()B + i S|n()A+cos()B
(6)
In other words, if (A B) is vahd then (A B ) =
cos( )A sin( )B ;sin( )A + cos( )B is also
valid for ary . Sowhlch'(!A I;IB ) is the mostnaturalone? In
thispaper\llvechoosethe(A ; B ) thatareperpendiculato each

otheri.e., A° B = 0. Thisleadsto,
I I I 1

cos( )A sin( )B sin( )A +cos()B =0

ol i
=) A Btan( )>+ kBk® kAk® tan( ) A B =0
7

Ohviously, this quadraticequatiorhave two distinctsolutionsin
mostcases.Thesetwo solutionsare usuallyperpendiculato each
other which representshe two differentwaysto align them. To
distinguishbletweerthelsetwo solutions,we arbitralrily ?hoosethe
onewherekA k kB k. For apairof valid (A ; B) thatis
alsoperpendiculato eachother we referto the plair a§the natural

b?sisof the asymmetridensor However, when A B = 0 and
kA k = kB k hold atthe sametime, ary real yieldsavalid and
naturalbasis. We refer to suchpointsascircular points This is
similar to the degeneratesymmetrictensorin that all vectorsare
valid eigervectors. In fact, we canshow later that suchcircular
pointsareexactlythecritical featuref thetopologyof asymmetric
tensor eld. We are also going to shaw that the naturalbasisis
closelyrelatedto the o w patterncontainedn the Jacobiarmatrix
aroundacritical point.

Fora2 2 matrixwith two comple conjuga]teei'gervalues,we
de ne its dual-eigervectos asitsI naturalbasis( A ; B ). Sincewe
usuallychoosekl'A k kB Kk, A is referredasthe major dual-

eigervectorand B is referredasthe minor dual-eigervector

4.4 Analysisof 2D Linear Flows

Here,we discusssomeimportantpropertiesof 2D linear o ws and
revealits connectiorto dual-eigemectors.Givena2D tensorT asa
Jacobiararounda critical point, its traceis therateof o w coming
outof it. To concentrat®nits o w property we rst makeit trace-
lessby remaving the averageaway from its diagonalcomponents,
andcalculateits deviator D . Then,we calculateits singularvalue
decompositio{SVD):Dy = U D VT, whereU andV aretwo
orthogonalmatricesandD is a diagonalmatrix with non-n@ative
componentsWithout lossof generality We de ne thetwo column
vectorsin U asJ; andJ.. We chooseghemin suchaway thattheir
associatedingularvaluesof thedeviator D, satisfy: 1 2. Al-
thoughthis de nition andcalculationseemsrbitrary we canshav
thatit hasmary interestingoroperties.

Firstof all, in the complex domain,the o w is eithera swirling
sourceor aswirling sink. Thatmeanghetendeny is eitherto ow

outor ow in. With the averageof the diagonalcomponentse-
moved,the o w is completelyclosed.Any particlein this o w will
follow a closedelliptical path. We canshaw thatJ; andJ, arethe
long andthe shortaxesof this ellipse,andtheratio between » and

1 representds eccentricity Therefore they area goodrepresen-
tation of trBe ow IB the complex domain. Most importantly we
canshov " "1J1;" “2J2 formthenaturalbasisof theasymmet-
ric 2D tensorT. They arethe simply the dual-eigemectorsafter
normalization.

Secondlyin therealdomain,we canshaw thatJ; andJ, arethe
angularbisectorsof the true eigervectors,E; andE,, of T. That
is why we call themdual-eigemectors. FurthermoreJ: equally
bisectsthe smalleranglebetweerE, andE, while J, bisectsthe
larger anglebetweenthem. If we approachthe degeneratecurve
from the real side,E;1 andE, getcloserandcloserto eachother
until nally, they alsocollapseanto theirangularbisector:J;. Since
the de nition of J; is continuousacrossthe degeneratdines, it
meansghatthe eigervectorsE; andE; in the realdomainis con-
tinuouswith thedual-eigemectorJ; .

4.5 Eigenvectorsand Dual-Eigervectors

We can prove that the relationshipbetweenthe eigervectorsand
the dual-eigemectors, ignoring scalmg can be %ummarlzedas

llows: IB the real domain,E1 = 11+ Ex =
p “1J; zJ andin trBecompIe( domain,E; = " T1J1 +
2J2;E2 = T T1J1 1T T2J2. Theseshaw thatthereis in-

deeda closerelationshipbetweenthe eigervectorsandtheir dual-
eigervectors. Therefore,we usethe eigervectorsto representhe
tensorin the real domain,and usethe dual-eigemectorsto repre-
sentthetensorin thecomplex domain.

Ei;i 2 f1;2g; if T(X) isin real domain
Ji; if T(X) isin complex domain

(8)

Fromour analysisandEquation8, we know Vi andV-. areboth
continuousvector elds. More importantly they arealsocontinu-
ousthroughtheboundarybetweertherealandcomplex domainsat
the degeneratecurves. Justasthe topologyof a symmetrictensor

eld is de ned over its eigervectors,we de ne the topology of a
generaltensor eld over thesecompositevector elds Vi andVs.
It is clearthatthe eigervectorsdo not have critical featurein the
real domain, exactly the reasonwhy we choosethe eigervectors
over the dual-eigemectorsin this case.We canshawv thatthe crit-
ical featuresof V; areonly foundin the complex domainandare
characterize@s o wswith perfectlycircularpath,i.e.,they arethe
circularpointsgivenin the previous section.We canalsoshav the
criteriato nd suchpointsareasfollows:

Vi(X) =

Too = Tua, Toa+ Tio=10 9)

SinceJ: andJ; arealsothe eigervectorsof D, D , whereD,
is the tracelesgleviator of T, the topologicalanalysisaroundsuch
critical featuresare also similar. The major dual-eigemector J;
alsoformstrisectorsandwedgesoints. Althoughthey comefrom
very differentde nitions, it is interestingo comparethis de nition
to thecriterionof locatingthedegeneratgointsin arealsymmetric
tensoreld,

Too = Ta1, Toa=Tw =20 (10)

Fromthesewo equationsit is easyto seethatadegeneratsym-
metric tensoris automaticallya circular tensor The streamlines



following the compositeeigervectorscanonly intersectwith each
othersatthesecircularpoints. Thisis veryimportantin understand-
ing therelationshipbetweerasymmetri@andsymmetricdensoreld
topology If we startwith a generaltensor eld andgraduallyre-
duceits anti-symmetricpart, the critical featuresare containedn
the complex domain. As the tensor eld becomesnoreandmore
symmetric the complex domainbecomesmallerandsmaller But
thecritical points,i.e.,thecircularpoints,arestill containedn such
domains Finally, the complex domainswith thedegeneratéound-
ary andthecircularpointscontainedwithin theregion shrinkto in-
dividual degeneratgoints. Thedegeneratgoint canbe considered
asa“black hole” thateatsup the old spaceandthe“singularity”.

4.6 Circular Discriminant

Equationd givesthecriterionthatwe canuseto identify thecircular
pointsin asymmetrictensor elds. In this section,we show that
althoughour topologicalanalysison asymmetridensor elds start
with completelydifferentorigins, they have somevery interesting
connectionsvith the establishedymmetrictensortopology

If T issymmetric Equation2 canalsobewrittenasthequadratic
discriminantasin Equation4. D, is alwaysnon-neative for sym-
metrictensorslt equalgto zeroif andonly if T is degenerate.

If T is asymmetricwe cande ne a similar scalar circular dis-
criminant thatis alsonon-ngative all thetime, but equalsto zero
if andonlyif T is acritical featurej.e.,thecircularpoint.

2= (T Tzz)z + (T2 + T21)2 (12)

Wenotethat , asde nedin Equationll,is rotationalinvariant
forary 2 2generamatrixT. If T isin therealdomain,then

S 2t (12)
27 Tsin( )2
where istheanglebetweerthetwo eigervectorsE; andE,. Such
relationshipclearly explains why the regular discriminantD , is
equalto the circular discriminant , whenT is symmetric. This
is becauseheir only differenceis the denominatosin( )2, and
is90 for symmetrictensorsAt rst glance Equation12 seemdo
pointoutthat , would becomezeroswhen ; = ;. Thiscon-
icts with our previous conclusionthat » equalsto zeroonly at
the circular points, not the degeneratecurves. This is becausén
anasymmetrictensor eld, when 1 = ,, thetwo eigervectors
coalescandtherefore = 0. This makesEquation12 breakdown
atthe degeneratéboundarycure. But, the equivalentEquation11
still holdsevenat suchplaces.
If T isin thecomplex domain,then

ST & (13)
tan( )2
Note that ; and . arethe comple conjugate eigevalues,
and the squareof their differencehasa negative sign.  is de-
ned astheanglebetweerthetwo eigervectorsin its naturalbasis.
tan( =2) = kBk=kAKk. Similarly, Equationl3alsobreaksdown at
thedegenerateurves,butits limit whenapproachinghis boundary
canbe computedhroughthe equivalentEquationll. It alsopoints
out » isequaltozerowhen = 90 ,whichleadsto kAk = kBKk,
i.e.,thevery de nition of circularpoint.

2

5 DISTANCE MEASURE FOR GENERAL TENSORS

In this section,we proposea hew schemeo measurehe distance
betweerntwo generamatriceghatareJacobiansf linear o w. Pre-
viousworkssuchasearthmover'sdistancg10] usedn o w feature

comparison®nly considereatigervaluesandignoredtheinforma-
tion of the eigervectorsfor 2D matrices.Not only is it dif cult to
extendthe measurento 3D, but it is alsopossibleto obtaina zero
distancemeasurdrom two different o w patterngesultingin faulty
comparisorof o w features.Figure2 shaws several linear vector
eld thathaszeroearthmover's distance.Fromleft to right, their
10 1 2 1 2
01 o1 2 g
three Jacobiansare all uppertriangular matrices, thereforetheir
eigervaluesaresimply their diagonalcomponentgl; 1). Because
theireigevaluesarethe sametheir distancesrezerosandconsid-
eredequialentby earthmover's distance.But their visual differ-
encecanhardlybeingored.

Aside from featurecomparisonsa properly justi ed distance
measurds alsousefulin othersituations. For example,Ye et al.
[15] recentlyneededh distancemeasurdetweertwo Jacobiamma-
tricesof 3D ows in orderto vary the seedingtemplateusedto
generatestreamlines.

Onevery importantdesignpropertyof sucha distancemeasure
is that it mustbe invariantto rotations. A matrix M ;1 and itself
after ary orthogonaltransformationis consideredequivalentand
their distancemustbe zero. If all suchequivalentmatricesform an
object. A naturalway to de ne the distancebetweerntwo matrices
is the distancebetweentheir equivalentgroup, i.e., their minimal
distanceafterary rotations.For ary two matricesM ; andM », we
have,

Jacobianare . These

RTM,RK?:suchthat RTR = |
(14)

D(M1;M2) = mRin kM 1

Note that such a distanceautomaticallycombinesthe eigen-
vectorsinto accountandis independenof rotationaswell. Any
rotation on M1 and M, doesnot changethe distancemeasure
D(M1;M3) atall. To ignorethe scalingeffect, one cannormal-
ize M1 andM beforecomputingtheir distance. The rst order
conditionfor anoptimalR foranN N generalmatricess:

Theorem5.1. If M1; M, is optimally aligned, then [M{ ; M »]
mustbea symmetrianatrix.

wherethenotation[A; B] = AB B A isthecommutatobetween
thetwo matricesA andB. Thistheoremshaws thatthe rst-order
conditionfor R to beoptimalisthat[M { ; RT M,R] is asymmetric
matrix. A proof of this theoremis providedin the Appendix.

Solvingsuchasystemanalyticallyfor generaN N matricess
not simple. But it canbe solved completelyin somespecialcases.
Two symmetricmatricesS; andS; aresaidto be properlyaligned
if theireigervectorsarethesameandtheassociateéigervaluesare
orderedn thesameway. Two generamatricesM ; andM , aresaid
to beoptimally alignedif D(M1;M2) = kM1 M2k,

(1) For2 2 generaltensorsjt canbe shavn thatM ; andM»
areoptimally alignedif theircorrespondingymmetricpartsS; and
S, areproperlyaligned.

(2)ForN N generatensorsif M1 is symmetricthenM ; and
M areoptimally alignedif M 1 andthesymmetricpartof M 2, S,
areproperlyaligned.

For matriceswith adimensiorhigherthan2 andin its mostgen-
eralform, we may have to resortto numericalmethods.In our ex-
perimentsasimplegradientdescenbr Newton-Raphsomlgorithm
canachievze goodcorvergencespeed.

Whendealingwith 2 2 matriceswe needto addthefollowing
constrainto Equation14: det(R) = 1. This makesthe equivalent
matriceslimited to only the regular right handcoordinatesystem.
With this additional constraint,we can differentiateleft vortices
from right vortices. Otherwise with Equation14 alone,the vector
elds in Figure2(b) andFigure2(c) areconsideredhe same.Note



(a) IsotropicSink

(b) ClockwiseVortex

(c) CounterClockwiseVortex

Figure 2: Three linear ow eld that have the same eigenvalues. Therefore, the earth mover's distance between them are zeros.

thatthe needfor the additionalconstraintonly exists for matrices
with evennumberof dimensionsFor matriceswith oddnumberof

dimensionsuchas:3 3 matricessuchconstraintdoesnot make

ary difference.

6 IMPLEMENTATION I SSUES

In this section we discusghe computationaissueswith regardsto
obtainingthe minimal distancebetweertwo Jacobiammatrices.

6.1 Numerical Methodsfor Minimizing Distance

Equationl4 de nesourdistanceo measurg¢hedifferencebetween
two Jacobiarmatrices. Due to the simplicity of this de nition, it
canbe easily extendedinto higherdimensions.However, we can
only solve this minimizationproblemanalyticalwhen(i) the matri-
cesare2 2; (ii) oneof thematricess symmetric.

For 3 3 Jacobiansn 3D ow, we have to resortto numeri-
cal method. In our implementationwe useboth gradientdescent
and the Newton-Raphsoralgorithmto iteratively updateR. For
the startingpoint, we chooseR thatproperlyalignsthe symmetric
partsof the two matricesM 1 andM,. If the matricesare2 2
or oneof themis symmetric,suchR canbe provento be optimal.
In more generalcaseswe have to further updateits valuesto the
globalminimum.

In this constrainedptimizationproblem,our free variablesare
the three degreesof freedomsin choosingR. However, it is not
simpleto develop a stableiterative methodbasedon implicit con-
straints. Our solutionis to rst parameterizdR. Thereare mary
waysto represenanorthogonamatrix R. Here,we chooseo rep-
resenR = exp(K ) whereK is ananti-symmetrianatrixandexp
is thematrix exponential1]. It canbeproventhatthisis equivalent
to sayingR is orthonormal This propertyensuresghatR is always
in the neighborhooaf | . An interestingpropertyis of exp(K ) in
3 3casess tr|1atit canberepre%entedsarotationaroundtheaxis
(K12;K20;Ko1) foranangleof K2 + K2 + K3,.

The secondssueis to take rst andsecondorderderiativesof
D = kM; exp( K)M2, exp(K)k? with respecto the three
freevariablesin K atK = 0. WhereM 2., is the nth iterationof

M. Thisis tediousif we chooseEuleranglesasR's parameters.

But it is very simpleif we represenR in this matrix exponential
form. Notethatexp(K ) = | + K + K 2=2+ O(K ®). wecanalso
represenD as,

K + K2=2)M2an (I + K + K222) + O(K 3)Kk?
(15)

D=kM; (I

It is mucheasierto evaluatedifferentordersof gradientsof D
with respectto K in this form. After we obtainthe new K us-
ing gradientdescentor Newton-Raphsoralgorithm, we can eas-
ily getR = exp(K) using the formula for rotation along an
axis. It is worth noting that we resetR to the identity matrix
at every step, after assigningthe previous R to M2: Mo+ =
exp( K)M2, exp(K) andK = 0. The Newton-Raphsorver
sionof this methodusuallycorvergeswithin threeto six iterations.

7 RESULTS

In this sectionwe applythetechniquesve introducedn this paper
onseveraldatasets.

We chooserandomlygeneratedensor elds for its e xibility to
generatemary differentdataset@andgreatcoverageof topological
information. An asymmetridensoris randomlygeneratedt each
grid pointof a4 4 coarsegrid. Then,they areinterpolatednto a
30 30 ne grid usinghigh-orderinterpolationto obtaina smooth
dataeld. After thisstep,we usebilinearinterpolationto obtainthe
tensorcomponentsvithin eachcell.

Figure3 shavsresultsin suchdatasetsisingLIC to representhe
compositeeigervectors. We choosetwo setsof tensor elds. For
eachset,we shaw the resultsfrom both the major andthe minor
compositeeigervectors. The colorsaremappedo the distanceof
a tensorfrom being symmetric. The warmerthe color, the more
the ow patternformsa circular path. The deepredis the critical
featureof asymmetridensortopologywherewe can nd circular
points. Thedeepblueregionsarewherewe can nd thesymmetric
tensors.

Note thatfor boththe majorandthe minor compositeeigervec-
tors, they areboth continuousto the major dual-eigemectorat the
degenerateurves. The major andthe minor compositeeigervec-
tors arethe samewithin the comple« domain,sincethey areboth
the majordual-eigemectorsin the complex domain.We canimag-
ine thatthe minor dual-eigemectorsareon the axisthatis perpen-
dicularto the page. However, the major andthe minor composite
eigervectorsbecomemoreandmoredifferentwhenthey aredeeper
into therealdomain.Whenthey reachtheblueregioni.e.,thesym-
metrictensorsthey areperpendiculato eachother

Figure 4 is a 3D multi-value multivariatedataset. It coversa
region from the MassachusettBay to the CapeCod areaoff the
U.S. Eastcoast.Over 200 physicalandbio-geochemicaVvariables
are measured.Forecastsand simulationswere conductedfor the
periodfrom August17 Octobers, 1998. The areaof studyin
the MassachusettBay wasdividedinto a53 90 grid, andthere
are600 valuesabouteachvariableat eachlocationin the grid. We
examineda 2D sliceof singlerealizationof the o w velocityin this



dataset, which we refer to asthe Massachusetts  Bay data
set. Warmercolorsin this gure correspond$o complex domains,
which hasmoreswirling behaior; coolercolorsmeantherealdo-
main,which hasmorestretchingbehaior.

8 CONCLUSION AND FUTURE WORK

In summarythecritical featuresn generakensortopologyarenot
degeneratdensorsary more,they arede ned by the topologyon
thevector eld Vi andV,, andcharacterizethy Equation9.

For 2D asymmetridensor elds, our next taskis to develop al-
gorithmsto extract the topology describedabore. The visualiza-
tion shouldalso encodeinformationthat areignoredabore, such
asthe averageof the diagonalcomponentsvhich shavs whether
the directionthe particleis o wing in or out. We planto getuser
evaluationandfeedbackrom both o w andtensorcommunities.

Ultimately, we planto extendthis work to 3D generaltensors.
From the simple relationshipbetweenthe eigervectorsand their
dual-eigemectors,it is possibleto extend the ideasinto 3D. But
how to locatethemin a numericallystableandef cient manneris
still an openproblem. Our researchexperienceshaws thatit will
be a very dif cult problem. But the outcomeis alsovery reward-
ing, sinceit automaticallycombineghe o w featuresscientistsaand
engineerareinterestedn from agenerakensor eld.
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A PROOF OF THEOREM 5.1

TheoremA.1. If M1; M, are optimally aligned, then[M{ ; M »]
mustbea symmetrianatrix.

Proof. Letusconsidemll thepathsof R(t) suchthatR(t)T R(t) =
I andR(0) = |. We know that the tangentspacefor orthog-
onal matricesat the identity matrix is the spaceof all the anti-
symmetricmatrices:R%0) = K, whereK cantake the value of
ary anti-symmetrianatrix. We de ne thedistancebetweerM ; and
RTM3R as,

kM1 RTM2RK?
= o M{ R"MJR M;
kM1k2+kM2k2

D(t)
RTM2R (16)
2tr M{RTM2R

Dene F(t) = tr M{RTM2R . It is obvious that the mini-
mumof D (t) is themaximumof F (t). Therefore,

tr MJRTM2R °

= tr M{RYM,+ MJM;R®

tr M{KTM,+ M{ MzK
tr M{KM, +tr M{ MK 7)
tr MaM{K +tr M{ MK

tr M{M, M:M] K

0

F9%0)

Here we usethe importantpropertytr( AB) = tr(BA). We
deneH = [M{M;] = M{M, M;M{. BecauseM; and
M areoptimally aligned,F %0) = tr(HK) = 0 musthold for all
anti-symmetrick .

O _ _P _P
F (0): H(HKLT i_|(|‘|K)u =y Hj Kji (18)
- i<j (Hj i)Kji =0
SinceK; areall freevariablesthisimpliesthatH;  Hj; =

0 musthold for all i < j. In otherwords,H = [M{:M,] =
M{ M, MM/ isasymmetricmatrix.
O
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(a) First SetMajor (b) First SetMinor

(c) SecondSetMajor (d) SecondSetMinor

Figure 3: Two sets of LIC images showing the composite eigenvectors of randomly generated asymmetric tensor elds .



(a) MassachusettiBay Major (b) Massachusett3ay Minor

Figure 4: Two sets of LIC images showing the composite eigenvectors of the Massachusetts Bay data set.



