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ABSTRACT

Analysisof degeneratetensorsis a fundamentalstepin �nding the
topologicalstructuresand separatricesin tensor�elds. Previous
work in this areahave beenlimited to analyzingsymmetricsecond
ordertensor�elds. In thispaper, weextendthetopologicalanalysis
to 2D general(asymmetric)secondorder tensor�elds. We show
that it is not suf�cient to de�ne degeneraciesbasedon eigenvalues
alone,but onemustalso includethe eigenvectorsin the analysis.
Wealsostudythebehavior of theseeigenvectorsasthey crossfrom
onetopologicalregion into another.
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1 I NTRODUCTI ON

Many differentphysical processescanbe describedby 2nd order
tensor�elds. Two commonexamplesarestresstensorsin materials
andgeomechanics,anddiffusiontensorsin medicalimaging.These
typesof tensorsaregenerallysymmetrictensorswherethereareno
rotationalcomponents.For these,thereareafew visualizationtech-
niquesavailablesuchastensorellipsoids[9, 7], texturerenderings
[16,6], volumerendering[8, 2,14],andtensortopology[5, 13,17].
However, thereis a large classof mathematicalandphysical pro-
cessesthatcannotbeadequatelyrepresentedby symmetrictensors.
This is particularlytruein physicalprocesseswith strongrotational
componentssuchasgeneraldeformationtensorswith bothplastic
andelasticdeformations,andvelocitygradienttensorsin compress-
ible �o ws. For these,thereis a morelimited setof toolsavailable
suchashyperstreamlines[3], andaxistripodglyphs[11].

The stateof the art in visualizing generalasymmetrictensor
�elds is to decomposetheminto asymmetrictensor�eld andarota-
tional vector�eld andthentry to visualizethesesimultaneouslyor
separatelyeithercontinuouslyor with discreteglyphs[3, 11]. How-
ever, theseapproachescanhardly deliver the effect of the asym-
metrictensor�eld asa wholeentity. For example,theuserhasthe
dauntingtaskof somehow integratingtherotationalcomponentsde-
pictedby ribbonsalongthemajor, mediumandminorhyperstream-
linesover thespatialdomainof thedataset.

The strategy proposedin this paperis to studythe topologyof
asymmetrictensor�elds directly without having to explicitly de-
composethem�rst. Thispaperwill focuson theanalysisandvisu-
alizationof 2D generaltensorsof ranktwo.
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2 OVERVI EW

We classify a 2D generaltensoras being in a real or a complex
domain.If thetensorhasall realeigenvalues,wesaythatit is in the
realdomain. If it hastwo complex eigenvalues,we sayit is in the
complex domain.

In generaltensor�elds, we also de�ne a degeneratetensoras
onewith at leasttwo repeatedeigenvalues.Our investigationsshow
that degeneratetensorsin a typical asymmetrictensor�eld only
havecodimensionone,ratherthantwo asin symmetrictensors[17].
This meansthedegeneratefeaturesform lines in 2D tensor�elds.
In fact,wefoundthedegeneratetensorsform theboundarybetween
therealandthecomplex domains.

Thus, unlike symmetrictensors,interpretationof the degener-
ate featuresis very different. That is, while the eigenvectorsare
indeterminatefor doubledegeneratesymmetrictensors,the same
eigenvectorsare determinate(and aligned)for doubledegenerate
generaltensors! Also notethat in the real domain,the tensorhas
a stretchingeffect. While in thecomplex domain,the tensorhasa
swirling effect. This canbeseenin Figure1 which is the�rst such
visualizationof generaltensortopologythatweareawareof.

Figure 1: Composite vectors of a randomly generated asymmetric
2D tensor �eld. Warm color shows the complex domain and cool
color shows the real domain. The tensors in the real domain are
denoted by the two eigenvectors, while those in the complex domain
are represented by the major dual-eigenvector J1 . The warmer the
color, the closer the �o w forms a perfectly circular path. The deep
red regions are where the critical points can be found. The patterns
appear to be similar to wedge and trisector points, but their behavior
and interpretation are entirely different. The deep blue regions are
where one can �nd symmetric tensors with no rotational components.



We notice that as we approachthe degeneratelines from the
real domain,the anglebetweenthe two eigenvectorsgot smaller
andsmaller. Thetwo eigenvectorscompletelycoalesceanddo not
form the full rank when they reachthe degenerateboundaryand
crossinto the complex domain. We can also show (seeSection
4 that thesedegeneratelines areno longer the critical featuresin
the topologyof generaltensor�elds. Sincetheunderlyingdatais
smooth,thenaturalquestionis: Whathappensaswetransitioninto
thecomplex domain?How canweanalyzeandvisualizethetensor
andshow thecontinuityof thedataaswe crosstheboundary?Be-
forewediscussthis,we�rst review somepreviouswork relevantto
thesequestions.

3 PREVI OUS WORK

In previous work on 2D tensortopologysuchas[4, 12], degener-
acy in 2D symmetrictensorsis de�ned aslocationswherethereare
repeatedeigenvalues. Becausethe eigenvectorsareindeterminate
at thesedegeneratepoints,thesearealsothelocationswherehyper-
streamlinesmayintersect.

Recallthatfor a2D tensorT ,

T =
�

T00 T01

T10 T11

�
(1)

the conditionsfor �nding degeneratepoints in symmetrictensors
are:

T00 = T11 , T01 = T10 = 0 (2)

Thiswork wasextendedto 3D symmetrictensor�elds [5] where
two typesof degeneratepoints are identi�ed: doubledegenerate
pointsandtriple degeneratepoints,wheretherearetwo andthree
repeatedeigenvaluesrespectively. Subsequently, ZhengandPang
[17] pointedout thatdoubledegeneratetensorsarestablefeatures
while triple degeneratepointsarenot. Furthermore,doubledegen-
eratetensorsform lines. More recentresults[18] improved upon
theoriginalmethodof extractingdoubledegeneraciesusingamore
intuitive geometricformulation,andalsousinga tracingstrategy
basedontheanalyticaltangentsalongthedegeneratefeaturelines.

4 COM POSI TE EI GENVECTORS

In this section,we introducea methodologyto visualizeandana-
lyze anasymmetrictensor�eld in its entirety, without theneedto
decomposetheminto symmetricandrotationalparts�rst. Thead-
vantageis that it focuseson the overall effect of the whole tensor
�eld, andre�ects thecontinuityof thetensorsthroughoutdifferent
regions.

4.1 Dimensionality of DegenerateGeneralTensors

Thede�nition of degeneratetensorsin asymmetrictensor�elds is
still thesame– repeatedeigenvalues.This conditionis equivalent
to having thediscriminantequalto zero.In a 3D symmetrictensor
�eld, thediscriminantD 3(T ) is alwaysnon-negative.

D 3(T ) = (� 1 � � 2)2(� 2 � � 3)2(� 3 � � 1)2 (3)

Therefore,thedegeneratetensorsin atypicalnon-degeneratetensor
�eld cannotform a surface.Otherwise,therewill bea signchange
betweenthetwo sidesof thesurface.But in a generaltensor�eld,
thereis no constraintthat the discriminantmustbe non-negative.

The reasonis that becausethe eigenvaluescanbe complex num-
bers,D 3 canbenegative. This factallows usto treatthediscrimi-
nantasa scalar�eld andtherefore,thedegeneratetensorsaresim-
ply the isosurfaces.Intuitively, the featuresshouldform surfaces.
For degenerate2D generaltensors,the degeneratefeaturesis one
dimensionlessandthey form lines.

4.2 Eigenvectorsand DegenerateTensors

In a symmetrictensor�eld, a hyperstreamlineis a streamlineif
we considerany groupof theeigenvectorsasregularvectors.The
only placeswherethesehyperstreamlinescan intersectwith each
otherareatthedegeneratetensors,wherethematrixhasat leasttwo
repeatedeigenvalues.Thisde�nition canbesimilarly extendedinto
theasymmetrictensors.However, thedegeneratetensorarecurves
ratherthan isolatedpoints. It is not easyto naturally extend the
conceptof hyperstreamlinesinto visualizing suchdatasets,since
theeigenvaluescanbecomplex. Thereforeit is naturalto ask:What
is theextensionof hyperstreamlinesinto asymmetrictensor�elds?
Are degeneratetensorsstill thecritical features?

For any 2D realasymmetrictensor, the two eigenvaluescanei-
therbe two realor two complex conjugateeigenvalues.Therefore
thetensor�eld is dividedinto therealandthecomplex domains.It
is not dif�cult to developtechniquesto analyzethesetwo domains
independently, but the key to a goodmethodis to unite the visu-
alizationthroughouttheentiretensor�eld, sincethedataarecon-
tinuousby its nature.From linearalgebra,we know thequadratic
discriminantof a2D matrix is:

D 2 = (� 1 � � 2)2 = (T11 � T22 )2 + 4T12 T21 (4)

D 2 > 0 if the two eigenvaluesareboth real numbers,andD 2 <
0 if the two eigenvaluesareconjugateconjugatenumbers.When
D 2 = 0, the two eigenvaluesareequal. This resultclearlypoints
out thattheboundarybetweentherealandthecomplex domainare
D 2 = 0, wherethe matrix hastwo repeatedeigenvalues,i.e., a
degeneratetensor.

When we start introducing the asymmetricpart into a tensor
�eld, not only do we changedegeneratetensorsinto lines,but the
role of degeneratetensorsis signi�cantly changed.In a symmetric
tensor�eld, degeneratetensorsarethecritical featurewherehyper-
streamlinescanintersect;in anasymmetrictensor�eld, degenerate
tensorsform the boundarybetweenthe real and the complex do-
main.

Theeigenvectorsarounddegeneratetensorsalsohavesigni�cant
changes.In a symmetricdegeneratetensor, theeigenvectorsasso-
ciatedwith therepeatedeigenvaluesareindeterminate.Any vector
in theplanespannedby two valid eigenvectorsis anothervalid one.
However, in anasymmetricdegeneratetensor, thetwo eigenvectors
completelyoverlapwith eachother, unlessthetensoris symmetric,
in which case,theeigenvectorsareindeterminate.Theeigenvector
matrix do not spanthe full rank. In an asymmetrictensor�eld, if
weapproachthedegeneratecurvefrom therealside,wewill seethe
two eigenvectorsgetcloserandcloserto eachother. Whenthey �-
nally reachtheboundarybetweentherealandthecomplex domain,
they completelyoverlapwith eachother. As we stepinto thecom-
plex domain,the datachangesmoothlyeven at the boundarybe-
tweentherealandthecomplex domain.So,theeigenvectorsmust
changeinto anotherform thatis still continuouswith thecoalesced
eigenvectorsat the boundary. The answeris the dual-eigenvector
de�ned for anasymmetrictensor.

4.3 Dual-Eigenvectors

If a realmatrix hasa pair of complex conjugateeigenvalues,their
associatedeigenvectorsE1 and E2 must also be complex conju-
gates.They areusuallywrittenas,



Ek =
�!
A � i

�!
B ; k = 1; 2 (5)

Therefore,thecomplex conjugateeigenvectorscanbeexpressed
by a pair of realvectors(

�!
A ;

�!
B ). However, suchexpressionis not

unique.If
�!
A � i

�!
B is apairof valid eigenvectors,thenmultiplying

themwith any complex numberyieldsanothervalid pair.

�!
A � + i

�!
B �

= (cos(� ) + i sin(� )) (
�!
A + i

�!
B )

=
�

cos(� )
�!
A � sin(� )

�!
B

�
+ i

�
sin(� )

�!
A + cos(� )

�!
B

�

(6)

In other words, if (
�!
A ;

�!
B ) is valid, then (

�!
A � ;

�!
B � ) =��

cos(� )
�!
A � sin(� )

�!
B

�
;
�

sin(� )
�!
A + cos(� )

�!
B

��
is also

valid for any � . Sowhich (
�!
A � ;

�!
B � ) is themostnaturalone? In

thispaper, wechoosethe(
�!
A � ;

�!
B � ) thatareperpendicularto each

other, i.e.,
�!
A � �

�!
B � = 0. This leadsto,

�
cos(� )

�!
A � sin(� )

�!
B

�
�
�

sin(� )
�!
A + cos(� )

�!
B

�
= 0

=)
�!
A �

�!
B tan( � )2 +

�
kB k2 � kAk2 �

tan( � ) �
�!
A �

�!
B = 0

(7)

Obviously, this quadraticequationhave two distinctsolutionsin
mostcases.Thesetwo solutionsareusuallyperpendicularto each
other, which representsthe two differentways to align them. To
distinguishbetweenthesetwo solutions,we arbitrarily choosethe
onewherek

�!
A � k � k

�!
B � k. For a pair of valid (

�!
A ;

�!
B ) that is

alsoperpendicularto eachother, we referto thepair asthenatural
basisof the asymmetrictensor. However, when

�!
A �

�!
B = 0 and

k
�!
A k = k

�!
B k hold at thesametime, any real � yieldsa valid and

naturalbasis. We refer to suchpointsascircular points. This is
similar to the degeneratesymmetrictensorin that all vectorsare
valid eigenvectors. In fact, we can show later that suchcircular
pointsareexactlythecritical featuresof thetopologyof asymmetric
tensor�eld. We are also going to show that the naturalbasisis
closelyrelatedto the�o w patterncontainedin theJacobianmatrix
aroundacritical point.

For a 2 � 2 matrix with two complex conjugateeigenvalues,we
de�ne its dual-eigenvectors asits naturalbasis(

�!
A ;

�!
B ). Sincewe

usuallychoosek
�!
A k � k

�!
B k,

�!
A is referredas the major dual-

eigenvectorand
�!
B is referredastheminordual-eigenvector.

4.4 Analysisof 2D Linear Flows

Here,we discusssomeimportantpropertiesof 2D linear�o ws and
revealits connectionto dual-eigenvectors.Givena2D tensorT asa
Jacobianarounda critical point, its traceis therateof �o w coming
outof it. To concentrateon its �o w property, we �rst make it trace-
lessby removing theaverageaway from its diagonalcomponents,
andcalculateits deviator D v . Then,we calculateits singularvalue
decomposition(SVD): D v = U � D � V T , whereU andV aretwo
orthogonalmatricesandD is a diagonalmatrix with non-negative
components.Without lossof generality, We de�ne thetwo column
vectorsin U asJ1 andJ2 . Wechoosethemin suchawaythattheir
associatedsingularvaluesof thedeviatorD v satisfy:� 1 � � 2 . Al-
thoughthisde�nition andcalculationseemsarbitrary, wecanshow
thatit hasmany interestingproperties.

First of all, in thecomplex domain,the �o w is eithera swirling
sourceor aswirling sink. Thatmeansthetendency is eitherto �o w

out or �o w in. With the averageof the diagonalcomponentsre-
moved,the�o w is completelyclosed.Any particlein this �o w will
follow a closedelliptical path.We canshow thatJ1 andJ2 arethe
longandtheshortaxesof thisellipse,andtheratiobetween� 2 and
� 1 representsits eccentricity. Therefore,they area goodrepresen-
tation of the �o w in the complex domain. Most importantly, we
canshow

� p
� 1J1 ;

p
� 2J2

�
form thenaturalbasisof theasymmet-

ric 2D tensorT . They are the simply the dual-eigenvectorsafter
normalization.

Secondly, in therealdomain,wecanshow thatJ1 andJ2 arethe
angularbisectorsof the trueeigenvectors,E1 andE2 , of T . That
is why we call them dual-eigenvectors. Furthermore,J1 equally
bisectsthesmalleranglebetweenE1 andE2 , while J2 bisectsthe
larger anglebetweenthem. If we approachthe degeneratecurve
from the real side,E1 andE2 get closerandcloserto eachother
until �nally , they alsocollapseinto theirangularbisector:J1 . Since
the de�nition of J1 is continuousacrossthe degeneratelines, it
meansthat theeigenvectorsE1 andE2 in the realdomainis con-
tinuouswith thedual-eigenvectorJ1 .

4.5 Eigenvectorsand Dual-Eigenvectors

We can prove that the relationshipbetweenthe eigenvectorsand
the dual-eigenvectors, ignoring scaling, can be summarizedas
follows: In the real domain, E1 =

p
� 1J1 +

p
� 2J2 ; E2 =p

� 1J1 �
p

� 2J2 ; andin the complex domain,E1 =
p

� 1J1 +
i
p

� 2J2 ; E2 =
p

� 1J1 � i
p

� 2J2 . Theseshow that thereis in-
deeda closerelationshipbetweenthe eigenvectorsandtheir dual-
eigenvectors. Therefore,we usethe eigenvectorsto representthe
tensorin the real domain,andusethe dual-eigenvectorsto repre-
sentthetensorin thecomplex domain.

Vi (X ) =
�

E i ; i 2 f 1; 2g; if T(X) is in real domain
J1 ; if T(X) is in complex domain

(8)

Fromour analysisandEquation8, we know V1 andV2 areboth
continuousvector�elds. More importantly, they arealsocontinu-
ousthroughtheboundarybetweentherealandcomplex domainsat
the degeneratecurves. Justasthe topologyof a symmetrictensor
�eld is de�ned over its eigenvectors,we de�ne the topologyof a
generaltensor�eld over thesecompositevector�elds V1 andV2 .
It is clear that the eigenvectorsdo not have critical featurein the
real domain,exactly the reasonwhy we choosethe eigenvectors
over thedual-eigenvectorsin this case.We canshow that thecrit-
ical featuresof Vi areonly found in the complex domainandare
characterizedas�o wswith perfectlycircularpath,i.e., they arethe
circularpointsgivenin theprevioussection.We canalsoshow the
criteriato �nd suchpointsareasfollows:

T00 = T11 , T01 + T10 = 0 (9)

SinceJ1 andJ2 arealsotheeigenvectorsof D v D T
v , whereD v

is thetracelessdeviator of T , thetopologicalanalysisaroundsuch
critical featuresare also similar. The major dual-eigenvector J1

alsoformstrisectorsandwedgespoints.Althoughthey comefrom
verydifferentde�nitions, it is interestingto comparethisde�nition
to thecriterionof locatingthedegeneratepointsin arealsymmetric
tensor�eld,

T00 = T11 , T01 = T10 = 0 (10)

Fromthesetwo equations,it is easyto seethatadegeneratesym-
metric tensoris automaticallya circular tensor. The streamlines



following thecompositeeigenvectorscanonly intersectwith each
othersatthesecircularpoints.This is veryimportantin understand-
ing therelationshipbetweenasymmetricandsymmetrictensor�eld
topology. If we startwith a generaltensor�eld andgraduallyre-
duceits anti-symmetricpart, the critical featuresarecontainedin
the complex domain. As the tensor�eld becomesmoreandmore
symmetric,thecomplex domainbecomessmallerandsmaller. But
thecritical points,i.e.,thecircularpoints,arestill containedin such
domains.Finally, thecomplex domainswith thedegeneratebound-
aryandthecircularpointscontainedwithin theregionshrinkto in-
dividualdegeneratepoints.Thedegeneratepointcanbeconsidered
asa “black hole” thateatsup theold spaceandthe“singularity”.

4.6 Cir cular Discriminant

Equation9 givesthecriterionthatwecanuseto identify thecircular
points in asymmetrictensor�elds. In this section,we show that
althoughour topologicalanalysison asymmetrictensor�elds start
with completelydifferentorigins, they have somevery interesting
connectionswith theestablishedsymmetrictensortopology.

If T is symmetric,Equation2 canalsobewrittenasthequadratic
discriminantasin Equation4. D 2 is alwaysnon-negative for sym-
metrictensors.It equalsto zeroif andonly if T is degenerate.

If T is asymmetric,we cande�ne a similar scalar, circular dis-
criminant, that is alsonon-negative all thetime, but equalsto zero
if andonly if T is acritical feature,i.e., thecircularpoint.

� 2 = (T11 � T22 )2 + (T12 + T21 )2 (11)

Wenotethat� 2 asde�ned in Equation11,is rotationalinvariant
for any 2 � 2 generalmatrixT . If T is in therealdomain,then

� 2 =
(� 1 � � 2)2

sin(� )2
(12)

where� is theanglebetweenthetwo eigenvectorsE 1 andE2 . Such
relationshipclearly explains why the regular discriminantD 2 is
equalto the circular discriminant� 2 whenT is symmetric. This
is becausetheir only differenceis the denominatorsin(� )2 , and�
is 90� for symmetrictensors.At �rst glance,Equation12 seemsto
point out that � 2 would becomezeroswhen� 1 = � 2 . This con-
�icts with our previous conclusionthat � 2 equalsto zeroonly at
the circular points,not the degeneratecurves. This is becausein
an asymmetrictensor�eld, when� 1 = � 2 , the two eigenvectors
coalesceandtherefore� = 0. ThismakesEquation12breakdown
at thedegenerateboundarycurve. But, theequivalentEquation11
still holdsevenatsuchplaces.

If T is in thecomplex domain,then

� 2 =
� (� 1 � � 2)2

tan( � )2
(13)

Note that � 1 and � 2 are the complex conjugate eigenvalues,
and the squareof their differencehasa negative sign. � is de-
�ned astheanglebetweenthetwo eigenvectorsin its naturalbasis.
tan( � =2) = kB k=kAk. Similarly, Equation13alsobreaksdown at
thedegeneratecurves,but its limit whenapproachingthisboundary
canbecomputedthroughtheequivalentEquation11. It alsopoints
out � 2 is equalto zerowhen� = 90� , which leadsto kAk = kB k,
i.e., theveryde�nition of circularpoint.

5 DI STANCE M EASURE FOR GENERAL TENSORS

In this section,we proposea new schemeto measurethedistance
betweentwo generalmatricesthatareJacobiansof linear�o w. Pre-
viousworkssuchasearthmover'sdistance[10] usedin �o w feature

comparisonsonly consideredeigenvaluesandignoredtheinforma-
tion of theeigenvectorsfor 2D matrices.Not only is it dif�cult to
extendthemeasureinto 3D, but it is alsopossibleto obtaina zero
distancemeasurefrom two different�o w patternsresultingin faulty
comparisonof �o w features.Figure2 shows several linear vector
�eld thathaszeroearthmover's distance.Fromleft to right, their

Jacobiansare
�

1 0
0 1

�
,

�
1 2
0 1

�
and

�
1 � 2
0 1

�
. These

three Jacobiansare all upper triangularmatrices,thereforetheir
eigenvaluesaresimply their diagonalcomponents(1; 1). Because
theireigenvaluesarethesame,theirdistancesarezerosandconsid-
eredequivalentby earthmover's distance.But their visual differ-
encecanhardlybeingored.

Aside from featurecomparisons,a properly justi�ed distance
measureis alsouseful in othersituations. For example,Ye et al.
[15] recentlyneededadistancemeasurebetweentwo Jacobianma-
trices of 3D �o ws in order to vary the seedingtemplateusedto
generatestreamlines.

Onevery importantdesignpropertyof sucha distancemeasure
is that it must be invariant to rotations. A matrix M 1 and itself
after any orthogonaltransformationis consideredequivalent and
their distancemustbezero.If all suchequivalentmatricesform an
object. A naturalway to de�ne thedistancebetweentwo matrices
is the distancebetweentheir equivalentgroup, i.e., their minimal
distanceafterany rotations.For any two matricesM 1 andM 2 , we
have,

D (M 1 ; M 2) = min
R

kM 1 � RT M 2Rk2 ; such that RT R = I

(14)

Note that such a distanceautomaticallycombinesthe eigen-
vectorsinto accountand is independentof rotationaswell. Any
rotation on M 1 and M 2 doesnot changethe distancemeasure
D (M 1 ; M 2) at all. To ignorethe scalingeffect, onecannormal-
ize M 1 andM 2 beforecomputingtheir distance. The �rst order
conditionfor anoptimalR for anN � N generalmatricesis:

Theorem5.1. If M 1 ; M 2 is optimally aligned, then [M T
1 ; M 2 ]

mustbea symmetricmatrix.

wherethenotation[A; B ] = AB � B A is thecommutatorbetween
thetwo matricesA andB . This theoremshows that the�rst-order
conditionfor R to beoptimalis that[M T

1 ; RT M 2R] is asymmetric
matrix. A proofof this theoremis providedin theAppendix.

Solvingsuchasystemanalyticallyfor generalN � N matricesis
not simple. But it canbesolvedcompletelyin somespecialcases.
Two symmetricmatricesS1 andS2 aresaidto beproperlyaligned
if theireigenvectorsarethesameandtheassociatedeigenvaluesare
orderedin thesameway. Two generalmatricesM 1 andM 2 aresaid
to beoptimallyalignedif D (M 1 ; M 2) = kM 1 � M 2k2 .

(1) For 2 � 2 generaltensors,it canbeshown thatM 1 andM 2

areoptimallyalignedif theircorrespondingsymmetricpartsS1 and
S2 areproperlyaligned.

(2) For N � N generaltensors,if M 1 is symmetric,thenM 1 and
M 2 areoptimallyalignedif M 1 andthesymmetricpartof M 2 , S2 ,
areproperlyaligned.

For matriceswith adimensionhigherthan2 andin its mostgen-
eral form, we mayhave to resortto numericalmethods.In our ex-
periments,asimplegradientdescentor Newton-Raphsonalgorithm
canachievegoodconvergencespeed.

Whendealingwith 2 � 2 matrices,weneedto addthefollowing
constraintto Equation14: det(R) = 1. This makestheequivalent
matriceslimited to only the regular right handcoordinatesystem.
With this additionalconstraint,we can differentiateleft vortices
from right vortices.Otherwise,with Equation14 alone,thevector
�elds in Figure2(b) andFigure2(c) areconsideredthesame.Note



(a) IsotropicSink (b) ClockwiseVortex (c) Counter-ClockwiseVortex

Figure 2: Three linear �o w �eld that have the same eigenvalues. Therefore, the earth mover's distance between them are zeros.

that the needfor the additionalconstraintonly exists for matrices
with evennumberof dimensions.For matriceswith oddnumberof
dimensionssuchas:3 � 3 matrices,suchconstraintdoesnotmake
any difference.

6 I M PL EM ENTATI ON I SSUES

In this section,we discussthecomputationalissueswith regardsto
obtainingtheminimaldistancebetweentwo Jacobianmatrices.

6.1 Numerical Methods for Minimizing Distance

Equation14de�nesourdistanceto measurethedifferencebetween
two Jacobianmatrices.Due to the simplicity of this de�nition, it
canbe easilyextendedinto higherdimensions.However, we can
only solve thisminimizationproblemanalyticalwhen(i) thematri-
cesare2 � 2; (ii) oneof thematricesis symmetric.

For 3 � 3 Jacobiansin 3D �o w, we have to resortto numeri-
cal method. In our implementation,we useboth gradientdescent
and the Newton-Raphsonalgorithm to iteratively updateR. For
thestartingpoint, we chooseR thatproperlyalignsthesymmetric
partsof the two matricesM 1 andM 2 . If the matricesare2 � 2
or oneof themis symmetric,suchR canbeprovento beoptimal.
In moregeneralcases,we have to further updateits valuesto the
globalminimum.

In this constrainedoptimizationproblem,our freevariablesare
the threedegreesof freedomsin choosingR. However, it is not
simpleto developa stableiterative methodbasedon implicit con-
straints. Our solution is to �rst parameterizeR. Therearemany
waysto representanorthogonalmatrixR. Here,wechooseto rep-
resentR = exp(K ) whereK is ananti-symmetricmatrixandexp
is thematrixexponential[1]. It canbeproventhatthis is equivalent
to sayingR is orthonormal.This propertyensuresthatR is always
in theneighborhoodof I . An interestingpropertyis of exp(K ) in
3� 3 casesis thatit canberepresentedasarotationaroundtheaxis
� � � � � � � � � � � !
(K 12 ; K 20 ; K 01 ) for anangleof

p
K 2

01 + K 2
12 + K 2

02 .
Thesecondissueis to take �rst andsecondorderderivativesof

D = kM 1 � exp(� K )M 2;n exp(K )k2 with respectto the three
freevariablesin K at K = 0. WhereM 2;n is thenth iterationof
M 2 . This is tediousif we chooseEuleranglesasR's parameters.
But it is very simple if we representR in this matrix exponential
form. Notethatexp(K ) = I + K + K 2=2 + O(K 3). wecanalso
representD as,

D = kM 1 � (I � K + K 2=2)M 2;n (I + K + K 2=2) + O(K 3)k2

(15)

It is mucheasierto evaluatedifferentordersof gradientsof D
with respectto K in this form. After we obtain the new K us-
ing gradientdescentor Newton-Raphsonalgorithm, we can eas-
ily get R = exp(K ) using the formula for rotation along an
axis. It is worth noting that we resetR to the identity matrix
at every step,after assigningthe previous R to M 2 : M 2;n +1 =
exp(� K )M 2;n exp(K ) andK = 0. The Newton-Raphsonver-
sionof thismethodusuallyconvergeswithin threeto six iterations.

7 RESULTS

In thissection,weapplythetechniqueswe introducedin thispaper
onseveraldatasets.

We chooserandomlygeneratedtensor�elds for its �e xibility to
generatemany differentdatasetsandgreatcoverageof topological
information. An asymmetrictensoris randomlygeneratedat each
grid pointof a 4 � 4 coarsegrid. Then,they areinterpolatedinto a
30 � 30 �ne grid usinghigh-orderinterpolationto obtainasmooth
data�eld. After thisstep,weusebilinearinterpolationto obtainthe
tensorcomponentswithin eachcell.

Figure3 showsresultsin suchdatasetsusingLIC to representthe
compositeeigenvectors. We choosetwo setsof tensor�elds. For
eachset,we show the resultsfrom both the major andthe minor
compositeeigenvectors.Thecolorsaremappedto thedistanceof
a tensorfrom beingsymmetric. The warmerthe color, the more
the �o w patternformsa circularpath. Thedeepred is thecritical
featureof asymmetrictensortopologywherewe can�nd circular
points.Thedeepblueregionsarewherewecan�nd thesymmetric
tensors.

Notethat for boththemajorandtheminor compositeeigenvec-
tors, they arebothcontinuousto themajordual-eigenvectorat the
degeneratecurves. The major andthe minor compositeeigenvec-
tors arethe samewithin the complex domain,sincethey areboth
themajordual-eigenvectorsin thecomplex domain.We canimag-
ine that theminor dual-eigenvectorsareon theaxis that is perpen-
dicular to the page.However, the major andthe minor composite
eigenvectorsbecomemoreandmoredifferentwhenthey aredeeper
into therealdomain.Whenthey reachtheblueregion i.e.,thesym-
metrictensors,they areperpendicularto eachother.

Figure4 is a 3D multi-valuemultivariatedataset. It coversa
region from the MassachusettsBay to the CapeCod areaoff the
U.S.Eastcoast.Over 200 physicalandbio-geochemicalvariables
are measured.Forecastsandsimulationswereconductedfor the
periodfrom August17 � � October5, 1998.Theareaof studyin
theMassachusettsBay wasdivided into a 53 � 90 grid, andthere
are600valuesabouteachvariableat eachlocationin thegrid. We
examineda2D sliceof singlerealizationof the�o w velocity in this



dataset, which we refer to as the Massachusetts Bay data
set.Warmercolorsin this �gure correspondsto complex domains,
which hasmoreswirling behavior; coolercolorsmeantherealdo-
main,whichhasmorestretchingbehavior.

8 CONCL USI ON AND FUTURE WORK

In summary, thecritical featuresin generaltensortopologyarenot
degeneratetensorsany more,they arede�ned by the topologyon
thevector�eld V1 andV2 , andcharacterizedby Equation9.

For 2D asymmetrictensor�elds, our next taskis to developal-
gorithmsto extract the topologydescribedabove. The visualiza-
tion shouldalsoencodeinformation that are ignoredabove, such
as the averageof the diagonalcomponentswhich shows whether
the directionthe particleis �o wing in or out. We plan to get user
evaluationandfeedbackfrom both�o w andtensorcommunities.

Ultimately, we plan to extendthis work to 3D generaltensors.
From the simple relationshipbetweenthe eigenvectorsand their
dual-eigenvectors,it is possibleto extend the ideasinto 3D. But
how to locatethemin a numericallystableandef�cient manneris
still an openproblem. Our researchexperienceshows that it will
be a very dif�cult problem. But the outcomeis alsovery reward-
ing, sinceit automaticallycombinesthe�o w featuresscientistsand
engineersareinterestedin from ageneraltensor�eld.
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A PROOF OF THEOREM 5.1

TheoremA.1. If M 1 ; M 2 are optimally aligned, then [M T
1 ; M 2 ]

mustbea symmetricmatrix.

Proof. Let usconsiderall thepathsof R(t) suchthatR(t)T R(t) =
I and R(0) = I . We know that the tangentspacefor orthog-
onal matricesat the identity matrix is the spaceof all the anti-
symmetricmatrices:R0(0) = K , whereK cantake the valueof
any anti-symmetricmatrix. Wede�ne thedistancebetweenM 1 and
RT M 2R as,

D (t) = kM 1 � RT M 2Rk2

= tr
� �

M T
1 � RT M T

2 R
� �

M 1 � RT M 2R
��

= kM 1k2 + kM 2k2 � 2tr
�
M T

1 RT M 2R
� (16)

De�ne F (t) = tr
�
M T

1 RT M 2R
�
. It is obvious that the mini-

mumof D (t) is themaximumof F (t). Therefore,

F 0(0) = tr
�
M T

1 RT M 2R
� 0

= tr
�

M T
1 R0T M 2 + M T

1 M 2R0
�

= tr
�
M T

1 K T M 2 + M T
1 M 2K

�

= � tr
�
M T

1 K M 2
�

+ tr
�
M T

1 M 2K
�

= � tr
�
M 2M T

1 K
�

+ tr
�
M T

1 M 2K
�

= tr
��

M T
1 M 2 � M 2M T

1

�
K

�

= 0

(17)

Here we usethe importantpropertytr( AB ) = tr( B A). We
de�ne H = [M T

1 M 2 ] = M T
1 M 2 � M 2M T

1 . BecauseM 1 and
M 2 areoptimallyaligned,F 0(0) = tr( H K ) = 0 musthold for all
anti-symmetricK .

F 0(0) = tr( H K ) =
P

i (H K ) ii =
P

i;j H ij K j i

=
P

i<j (H ij � H j i )K j i = 0 (18)

SinceK j i areall freevariables,this implies thatH ij � H j i =
0 must hold for all i < j . In other words, H = [M T

1 ; M 2 ] =
M T

1 M 2 � M 2M T
1 is asymmetricmatrix.
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(a)FirstSetMajor (b) First SetMinor

(c) SecondSetMajor (d) SecondSetMinor

Figure 3: Two sets of LIC images showing the composite eigenvectors of randomly generated asymmetric tensor �elds .



(a)MassachusettsBayMajor (b) MassachusettsBayMinor

Figure 4: Two sets of LIC images showing the composite eigenvectors of the Massachusetts Bay data set.


