CS 201 Schlag Fall 2007

CS 201: Quick reference guide to solving recurrences

The recipes in this handout for solving linear recurrences can be found in [BB88|. The first
section deals with linear recurrences and the other two sections present techniques which can often
be used to transform non-linear recurrences into linear ones. Additional references on solving
recurrences and the derivation of the characteristic equation are also given.

Linear Recurrences

In this section three cases are presented, each more general than the preceding case.

Case 1

Suppose first that you are given a recurrence of the form,
Tn)=bT(n—1)+bT(n—2)+...+bT(n—k) (1)

with k initial conditions(i.e. values for T(0),...,T(k — 1)).
The characteristic equation for this recurrence is,

l’k — bllﬂk_l — b2$k_2 — ... bk =0. (2)

If r1,79,...,r; are distinct roots of the characteristic equation, then the recurrence has a solution
of the form,
Tn)=c - +co-ry+...+ck-rp

for some choice of constants ci,co,...,cr. These constants can be determined from the k initial
conditions.
Example 1:

Tn)=TTn—-1)—-6T(n—2), T(0)=2,T(1)="T.

Characteristic equation:
2 —Tr+6=(x—6)(x—1)=0

General form of solution:
T(n) =c16™ + co(1)" = 16" + ¢

Constraints for constants:

Solution for constants: ¢; = 1 and ¢y = 1.
Solution: T'(n) = 6™ + 1. O



Case 2

When the roots of the characteristic equation (Equation 2) are not distinct, then the general form
of the solution includes the next highest power of n every time a root is repeated. That is, if there

are h distinct roots ri, 7o, ..., 7, and m; is the multiplicity of the i** root, r;, then the solution has
the form
mi ' mo _ m; ' mp '
T(n) = Z cl,jn]_lr? + Z czjn]_lrg‘ +...4+ Z cmn]_lr? +...4+ Z ckJ—n]_er.
j=1 j=1 j=1 j=1

There are mq + mo + ... + my = k constants which can again be determined from the & initial
conditions.
Example 2:

Characteristic equation:
23 -3 +4=(x+1)(z—-22=0

General form of solution:
T(n) =c1(—=1)" + 22" + c3n2"

Constraints for constants:
T(O) = —4 =c+c

T(l) = 2 = —c1+2c+2c3
T(Z) = 6 =c1 +4co + 8cs.

Solution for constants: ¢; = —2, co = —2 and ¢3 = 2.
Solution: T'(n) = —2-(=1)" —=2-2"+2n-2" = =2 (=1)" 4+ 2(n — 1)2™. O
Case 3

If the recurrence in Equation 1 contains some terms of the form e"p(n) where e is a constant!
and p(n) is a polynomial in n, then additional roots are added to the characteristic equation.
Specifically, when the recurrence is of the form

Tn)=bT(n—1)4+bT(n—2)+...+ b T(n—k)+elpi(n) + espa(n) + ...+ eips(n),

where e, eo,...,es are constants and pi,p2,...,ps are polynomials in n, then the characteristic
equation is

(2% — byt —bozh 2 — b))z — )BT (@ — en) BT (2 — e )BT =0,

Here d; if the degree of p;(n). The general form of the solution is the same as in the previous case,
however there are now more than k constants to resolve. The additional d; +1+doy+1+...+ds+1

not necessarily 2.7182818 ...



initial values needed to resolve these constants can be obtained by plugging into the recurrence.
This is how the coefficients of the polynomials in the recurrence influence its solution.
Example 3:

T(n)=2T(n—1)+n+2""", T(0)=0.

The two extra terms in the form e"p(n) are 1"(n) and 2"(2). Characteristic equation:
(z—2)(z -1z -2 =@ -1)%}z-2%*=0
General form of solution:
T(n) =c11" 4 conl™ + 32" + ¢4n2"

Three additional values can be obtained from the recurrence: T'(1) = 5, T(2) = 20, T(3) = 59.
Constraints for constants:

TO0)= 0 =c1+c3
T(l) = 5 =c+co+2c3+2c
T(Q) = 20 =cy+2co+4c3+ 8¢y
T(3) = 59 =c + 3co + 8¢z + 24cy.
Solution for constants: ¢; = —2, co = —1, c3 = 2 and ¢4 = 2.
Solution: T'(n) = —2 —n + 2" (n + 1). 0

Domain Transformations aka Change of Variable

A recurrence relation for T'(n) might involve previous terms which are not within a fixed range
of n. Domain transformations can sometimes be used to substitute a function for the argument
of the relation and remedy this situation. Specifically, given a recurrence relation for T'(n) in
terms of T(f(n)), T(f(f(n))), ..., T(f*(n)), the idea is to select a function, g(m), with the
property that f(g(m)) = g(m —1). Substituting g(m) for n gives a recurrence relation for T'(g(m))
in terms of T(f(g(m))), T(f(f(g(m)))), ..., T(f¥(g(m))) and these terms can be rewritten as
T(g(m — 1)), T(g(m —2)), ..., T(g(m — k)). A linear recurrence relation for S(m) in terms of
S(m—1),S(m—2),...,S(m—k) is obtained by equating S(m) with T'(g(m)). A solution for S(m),
can be transformed back into a solution for T'(n) by substituting g~'(n) for m. That is, since
T(g(m)) = S(m), T(n) = S(g~"(n)).

Example 4: " .
T(n)= 7T(§) — GT(Z)’ T(1)=2,T(2)=T.

In this case f(n) = § and by selecting g(m) = 2™ we obtain

g 2" e
Flglm)) = 2 = 2X gt = gan 1)
By equating n with 2™ we obtain
m 2™ 2m m—1 m—2



Let S(m) = T(2™). The recurrence for S(m) is
S(m)=78(m—-1)—-6S(m—2), S0)=T(1)=2,51)=T(2)=".

Note that the initial conditions for S(m) were also transformed. This recurrence was solved in
Example 1; its solution is S(m) = 6™ + 1. The inverse of g(m) = 2™ is g~!(n) = logyn. The
solution for T'(n) is

T(n) = S(g_l(n)) = S(logyn) = Glos2m 4 1 — plogab | 7.

Range Transformations

A recurrence relation may not always be linear. For example, there might be a product of terms
in the relation. A range transformation attempts to apply a function to the recurrence to make it
linear. Specifically, given a recurrence relation for 7'(n) in terms of T(n—1),T(n—2),...,T(n—k),
the idea is to find a function f(z) such that f(7'(n)) is a linear combination of f(T'(n—1)), f(T'(n—
2)),..., f(T'(n — k)). Then by equating W (n) with f(7'(n)) we obtain a linear recurrence relation
which can be solved using the methods in the first section. Since T'(n) is f~'(W(n)) a solution for
W (n) can be transformed back into a solution for T'(n).

Example 5:
T(n—1)3
T(n—2)?’

In this case by selecting f(x) = logy x we obtain

f(T(n)) = logyT(n)

logy 2 + logo(T'(n — 1)3) — logy T(n — 2)?
3logy T(n—1) —2logy T'(n —2) + 1

= 3f(T(n—1))—2f(T(n—-2)) + 1.

T(n)=2- T(0) =2, T(1) = 2.

If we let W(n) = f(T'(n)) and the we obtain the following recurrence for W(n)
W(n)=3W(mn-1)—2W(n-2)+1,
which has characteristic equation:
(x—1)(z—2)(z - 1) = (z —1)*(z —2) =0.
The general form of the solution is:
W(n) =c11" + canl™ + ¢32".

Since there are three constants, one additional initial value must be obtained from the recurrence

for solving the constants:

T(1)> 23

. (1) =2— =4.
T(0)? 22




The values for the first three terms of T'(n) must be transformed into the corresponding values for
W(n) using f().

W(0) = F(T(0)) = logy T(0) = logy2 =1
W(1) = F(T(1)) = logy T(1) = logy2 =1
W(2) = F(T(2) = log, T(2) = logyd =2

Constraints for constants:

WO0)= 1 =c+ecs
Wl)= 1 =c +ca+2c3
W(2)= 2 =c1+2c+4cs

Solution for constants: ¢; =0, co = —1, and ¢3 = 1.

The solution to W (n)’s recurrence is 2" — n.

The final step is to transform the solution for W (n) into the solution for 7'(n) using the inverse
of f(). The inverse of f(x) = logyx is f~!(y) = 2Y so the solution for T'(n) is

22"

T(n) = 7 (W () =20 = 2" = 2
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