CMPS132 Computability and Complexity Winter 07
Warmuth
Solutions for Sample Final Problems

1. We are asked to show that the language Acégpif the set of encodings of Turing machines that
accept the empty string is undecidable. The basic idea of the proof is a reduction from the undecidable
Halting Problem. Giver(T ), x with the question does Turing machifiéhalt onx, we construce(T’)
whereT’ is a Turing machine that first simulat&son x, and if this halts, checks to see if its input is
the empty string. If it is, it accepts. We have tfidtaccepts empty string if and only T halts on
X. This shows that Acceph( is at least as hard as the Halting problem, and so is undecidable. (See
proof of Theorem 12.4 on page 344 in the textbook.)

2. The decision problem of determining whether a given boolean formula is satisfiable or ndiRs in
Thus, if P = NP, it means that it can be determined in polynomial time; in particular, there is a
polynomial-time algorithm that will determine whether a given formula is satisfiable or not. Let
isSaf) denote the algorithm, whergis a formula.

Assume that the given formulpis over the set of variables, ... ,x,. Then, the following algorithm
finds a satisfying truth assignment (or announcesglisnsatisfiable).

1. fori=1tondo

2 if isSat@|x—true) then @ — @y —true
3 else ifisSat @y —faise) then @ — @y —faise
4, elserejectend if
5. end for

6. accept

By our supposition, each call teSatcostsp(n) in time for some polynomial functiop. There are at
most 21 calls to it. Thus, the total cost is no more tharpn), which is clearly polynomial.

The identical question faXP can also be solved with the above algorithm. However there is a much
simpler solution that exploits non-determ.:

Assume the non-determ. TM acceptd.. We construct a two-tape non-determ. TW for accepting
L*. M’ iterates the following. If the input left on tape one is empty then it accepts:

Remove an initial segment of the input and move it to tape two. IRwm tape two. Erase tape two
(keep markers to facilitate erasing tape two).

M’ acceptd_« because a word lies io« iff it can be split into pieces that are all accepted\by

3. We will construct an algorithm that would accept input strings that afe*im polynomial time.
The algorithm uses dynamic programming and will iteratively compute values for a one-dimensional
boolean-valued tabl&. Intuitively, if T(i) is true, thenxy---X; is in L*; in particular, if T(|x|) is

true, thenx (the input string) is irL*. Our argument is that all the valuesTncan be computed in
polynomial time.

DefineT to be as follows:
. true ifi=0
T(i)= { i—1 . _ ‘ o
ViZo(T(HAXjpa---x €L)) ifi>0

The values off can be computed using the following algorithm:



1. T(0) « true

2. fori=1to |x| do

3 T(i) « false

4. for j=0toi—1do
5 T(0) —THV(TH)A K% € L))
6. if T(|x|) then acceptelsereject

To see that the algorithm runs in polynomial time, note that the membership test can be done in
polynomial time. (This is becausec P.) Membership test need not be done any more tkidnimes

(this is somewhat of an over-estimate, but it suffices for our purpose of showing that the algorithm
runs in polynomial time). Thus, the overall cost is clearly polynomial.

. HAMILTONIAN PATH (HP) is in NP because a Hamiltonian path (i.e., a solution) can be guessed in
polynomial time (as some permutation of the set of vertices), and it can also be verified in polynomial
time (check that adjacent vertices in the path have an edge between them).

Given an instancé of HAMILTONIAN CYCLE (HC) as G; = (V1,E1), we construct an instandg
of HP asG; = (V», E») as follows:

(a) InitializeV- to beVy, andE; to bek;.
(b) Arbitrarily pick a vertex fromvs; let this bev.

(c) Make a copy ofv, including making copies of edges that are incidenworiet V' denote the
copy. The new vertex is added td/,, and the new edges are added$o

(d) Add two edgegv,u) and(V,u") whereu andu’ are new vertices. The new verticesndv are
added td/,, and the new edgds, u) and(V,U’) are added té&,.

The construction (transformation) is clearly polynomial in time.

Supposd; has a Hamiltonian cyclg. Without loss of generality, we can assume thaegins and
ends inv (the vertex that was copied during transformation). Thus, (v, Xz, ... ,Xy,|,V), where
X2,... , Xy, are vertices chosen frow — {v} without repetition. Then the pati, v, xz, ... ,Xy,|,V,U)
is a Hamiltonian path oB,.

Supposd; has a Hamiltonian patit Sinceu andu’ are degree-one vertices, any Hamiltonian path
must begin with one of the two and end in the other. Without loss of generality, supposebgins
with u; then the path is of the form= (u,v,y2,... ,yp,,V,U), whereys, ... ,yy,| are vertices chosen
fromV, — {v,V,u,u’} without repetition. Then, the cycl@,y>,... Y\, ,V) is a Hamiltonian cycle of
G; becaus#&/, — {v,V,u,u’} is equal tov; — {v}.

. A decision problent is NP-complete if and only if the following two conditions are satisfied.

e L is in NP; that is, given an instance ¢f, it can be solved using a nondeterministic Turing
machine in polynomial time.

e L is NP-hard; that is, any probler®® in NP can be reduced tb in polynomial time; this is
denoted a® < L. (Note that in practice, it is sufficient to show tHahas a polynomial-time
reduction from arNP-hard problem.)

. (Exercise 15.19 on page 434 in the textbook)= {e(T)$x$1' | T acceptxint steps or lessis in

NP because given an input, a NDTM can guess a computatidnasid verify whetheil acceptsx

in t steps or less by simulating on x. Sincet is encoded in unary, the simulation can be done in
polynomial time.



To show that. is NP-hard, we directly show that there is a reduction from ewéB/language. We
show agenerictransformation, which can further be “instantiated” for edthlanguage.

Note that arNP language can be characterized by a NDTM that accepts it. In the discussion below,
we fix for a particulamNP languagel.; and for a particular NDTMT that acceptd.,, but these can

be changed for otheéXP languages. Note further that every stringn L; can be accepted by in

p(|x|) steps or less, whengn) is some polynomial function. Although we do not know wipas, we

do know that it exists and it is a polynomial function. Not knowimegxactly is not a problem as we
only need to show that a transformatiexists(as opposed to actually describing how to construct a
transformed problem instance).

Given a stringk, we outpute(T)$x$1P1X); let X' denote the output string. This can be done in poly-
nomial time, because we append a copy of the encodifig(obnstant length once has been fixed)
and the string 8X) which is of polynomial length.

If xisinLj, thenT acceptscin p(|x|) steps or less. Thug,isin L.
Suppose& is in L. This means thaf accepts (in polynomial time), which means thatis in L;.
. TSP (Traveling Salesperson Problem) ifNR because a tour (i.e., a solution) can be guessed in

polynomial time (as some permutation of the set of vertices), and the tour can be verified in polynomial
time (compute the length of the tour and compare it against the bound).

To show that TSP islP-hard, we show a polynomial-time reduction from HC (Hamiltonian Cycle).

Given an instancg of HC asG; = (Vi, E1), construct an instande of TSP asG; = (V2, E2,w») and
B, as follows:

Vo =V
E, = clique of sizeV;|
1 if(uv)eE
wa(u,v) Ty et
2 if(uv)€Es
B, = |V

The transformation can be done in polynomial time.

Supposé; has a Hamiltonian cycle. The total length of the Hamiltonian cyc|&is which satisfies
the boundB,.

Supposd; has a successful tour. A successful tour can only use edges whose length is 1. This means
that all the edges used in the tour exist&in Thus, the tour is a Hamiltonian cycle Gf.

. The difference betwedaCLIQUE and CLIQUE is that the size of a clique sought is specified as part
of the problemand not as part of aimstance The approach we will take to show tHatCLIQUE is

in P is to systematically guess a subset of $izend test whether the subset is a clique. The algorithm
follows. Assume that the graph is given@s= (V,E).

1. for each subsét’ CV of sizek do

2 found« true

3 for each pair of vertice&u,v) in V' whereu # v do
4, if (u,v) ¢ E then found« false

5 if foundthen accept

6. reject



Assuming that adjacency list is used to record edges, each test to see if an edge Exastadat can

be done irO(|E|) time. For a given subset, there are no more #faests, which is a constant relative
to the size of the input. The number of subsetSjsthek-th binomial coefficient oh, which equals
n(n—1)(n—2)...(n—k+1)/k(k—1)(k—2)...1, which isO(n*). (The numbers are not necessarily
“tight”, but it is sufficient for our purpose of showing that the algorithm runs in polynomial time.)
Overall, the running time of the algorithm@(|V [¥|E|), which is clearly polynomial in the length of
the input.

9. e FEEDBACKVERTEX SET (FVS) is ifNP; this is because a subset can be guessed and verified
for the desired property in polynomial time.

The transformation takes an instatgef VC asG; = (Vi, E1) andKj, and constructs an instance
I, of FVS asG; = (V,,Az) andK; as follows:

Vo = Vi
Az = {(UV),(vu)[{uv} € E1}
Ko = Ki

The transformation can clearly be done in polynomial time because we are just doubling all the
edges.
Supposé; has a vertex cover. Then, for each ar&G at least one of the “head” or the “tail” is
covered by the vertex cover. Thus, any cycle includes a vertex in the vertex cover. This means
that the vertex cover is also a feedback vertex s&.0of
Supposé; has a feedback vertex 3t This means that any cycle (& has at least one vertex
in V’. In particular, any cycle of the forrfu,v,u) has eitheu or v (or both) inV’. This means
that at least one endpoint of ed@e v} in G; is inV'. This means tha¥’ is a vertex cover of
Gi.

e DOMINATING SET (DS) is inNP; this is because a subset can be guessed and verified for the
desired property in polynomial time.
The transformation takes an instangef VC asG; = (Vi, E1) andKj, and constructs an instance
I> of DS asG; = (Ve, E2) andK; as follows:

Vo, = VlU{Xel""?Xe\Eﬂ}
EZ = {(U,V),(U,Xe),(Xe,V) ’ee El wheree = {U,V}}
Koy = Kg

wherexeg,, ... s Xeg, are new vertices not ;.

The transformation can clearly be done in polynomial time because we have essentially con-
verted each edge in the original graph into three edges in the new graph.

Supposd; has a vertex coveV’. We wish to show that every vertex W is either inV’ or
connected to a vertex i’ by an edge. For each vertexVf that is also inv;, this condition

is satisfied becausé is a vertex cover of5;. For each vertexg in {Xe,... Xeg, 1, since it

is connected to both endpoints of some edge, the condition is also satisfied VTiialso a
dominating set 06,.

Supposd; has a dominating s&t”. We first show thav” can be modified to only include
vertices that came froid; and still be a dominating set @,. Supposé/” includes a vertex

Xg . We claim in particular that replacing this vertex with one of the vertices adjacegtwuall
retainV” as a dominating set. This is because the only vertices that (possibly) benefit from

4



10.

11.

12.

13.

14.

15.
16.

havingXg in the dominating set is the two verticasandv whereg = (u,v). Since there is an
edge betweemn andv, replacingxg with eitheru or v will not change the property. From this
point on, we assume th¥t’ only includes vertices that are also\in We now claim thav” is
also a vertex cover db;. For every edgéu,v) in E, eitheru or v must be inv”; otherwise xe

is not adjacent to a vertex M” and cause¥” to not be a dominating set &,. Thus,V” is a
vertex cover ofG;.

Input: A set of pairs

(ala Bl)a (02, BZ)> ceey (ana Bn)a
where then; andf3; are words over some finite alphalzet

Question: Is there a sequence of one or more integers. . . ,ix, such that eachy is an integer
between 1 and and

Gil)ai27 cee ,Gik = Bilu Bi27 v 7Bik'
This decision problem is undecidable.

There are uncountably infinite many reals in (0,1). However the number of computable reals is only
countably infinite. This is because each computable real is enumerated by a TM and there are only
countably infinitely many TM’s.

SA is Turing-acceptable and thus there is an unrestricted grammar. The language class generated by
unrestricted grammars is the class of Turing acceptable languages.

b(n) is the maximum number of ones left on the tape by any TM wistates and tape alphal{ét 1}

that halt on input L

This function cannot be computed by a TM.

Proof: A diagonalization argument; you should know this proof!

By the Church-Turing thesis no computational device can compute this function including those that
use light to send messages.

Design a TM that implements the following alg:

Ignore the input

For n=1 step 1 do
Decide whether T halts on n using T_H
If the answer is no then halt

The above machine halts on any input iff there is a number that does not go to one
(i.e, Collatz’s conjecture is false).
Thus by feeding the above TM and input 1T, Collatz’s conjecture can be resolved.

See class notes.

See class notes.



