SOLUTIONS MIDTERM

CIS 102 - Fall 05
Warmuth
Thanks to Dima for drawing the figures

NAME:
Student ID:

This exam is closed book and closed notes.
Show partial solutions to get partial credit.
Make sure you answered all parts of the question.
If your questions are not written legibly, you won’t get full credit.
Clarity and succinctness will be rewarded.

Question 1: (out of 20)
Question 2: (out of 15)
Question 3: (out of 15)
Question 4: (out of 15)
Question 5: (out of 15)
Question 6: (out of 15)
Question 7: (out of 15)
Total: (out of 110)
Extra Credit: (out of 15)




1. Short questions:

(2)

Under what assumption is the average number of comparisons of Quick sort O(nlogn)?

Each permutation of the input array is equally likely, or equivalently, the
pivot is chosen independently and uniformly at random from the elements in
the input array.

How can you modify Quick sort so that it is O(nlogn) in the worst-case?

Find the median using the O(n) median algorithm, and use the median ele-
ment as the pivot in the deterministic partition algorithm.

What is the information-theoretic lower bound on the worst-case number of comparisons
for sorting?

The number of permutations of an input array of length n is n!. By the

decision tree argument, the information lower bound is log, n!, and log, n! =
Q(nlgn) (as we show in problem 3).

Give two advantages of Heap sort?

The worst-case running time of Heap sort is O(nlgn). Heap sort is an in-
place sorting algorithm, meaning it doesn’t require extra space.

What is a disadvantage of Merge sort?

Merge sort requires ©(n) extra space.

Under what assumption is Bucket sort O(n) time on the average?

If the input keys are uniformly distributed in (0..1), then Bucket sort runs in
O(n) time on average.

What is the running time of Count sort?

©(n + k) where n is the number of keys to be sorted, and 0.k — 1 is the
range of the elements.



2. What are the solutions to the following three recurrences in © notation (7°(1) = 1 by default):
(a) T'(n) =7TT(%) +n*.

Applying the master theorem:
a=7,b=28,and f(n)=n’
logg 7 < 2

Case 3: f(n) € Q(n'es7"¢), for 0 < € < 2 — logg 7.
And, 7(%)° < cen?, for 1> ¢ > 7/64.
Therefore, T'(n) = O(n?).

(b) T(n) = 47(3) + v/

Applying the master theorem:
a=4,b=2,and f(n)=n'/2.
log,4=2>1/2

Case 1: f(n) € O(n* ), for 0 <e <2—1/2.
Therefore, T(n) = O(n?).

(¢) T(n) =3T(%) + n.

Applying the master theorem:
a=3,b=2,and f(n) =
log, 3 >1

Case 1: f(n) = O(n'&23¢), for 0 < ¢ < log, 3 — 1.
Therefore, T'(n) = ©(n'°&23).

You might want to apply the below theorem.

Master Theorem: Let ¢ > 1 and b > 1 be constants, let f(n) be a function, and let T'(n)
be defined on the nonnegative integers by the recurrence

)+ f(n),

Then T'(n) can be bounded asymptotically

T(n) = aT (2
) = a1 ("
where we interpret ¥ to mean either |7 | or [F].
as follows.

(i) If f(n) = O(n'&27¢) for some constant € > 0, then T'(n) = O(n'°& ).
(i) If f(n) = O(n'°# %), then T'(n) = O(n'°% *logn).
)
a

(111) If f(n) = Q(n'°8»2*¢) for some constant e > 0, and if af (%) < ¢f(n) for some constant
< 1 and all sufficiently large n, then T'(n) = O(f(n))



3. Show that log, n! = ©(nlogn).

Note that you need to show both an upper and a lower bound.

logyn! =log, [[i = log,i.
i=1 i=1
Now, we follow the proof as given in Midterm Solutions Spring 03.

First approximate the sum from above, by setting all elements to the largest
- logn:

ZlogQi < Zlogn
i=1 i=1

= n-logn

So, log,n! € O(nlogn).
Now approximate the sum from below. First we split the sum into two:

Ln+1

n TJ n
Zloggi = Z log i+ Z log i
i=1 i=1

i=[ 2 | +1

< 0+ Z log

i=[ 2 +1

In the sum replace all elements with the smallest one - log 7.

Zlogzi = Z log i
i=1 ZZL"THJ—H
n
< log(=
< 0g(3)
= —-(logn—1)

N = SN S

1 mn
-n-10en — —
&Ny

So, log, n! € Q(nlogn). We have shown that the upper and lower bounds are n logn.
Therefore, log, n! € ©(nlogn).



4. Reason that the following recurrence is ©(nlogn):

T([4n)) +T([Zn)) + O(n) ifn>2

O(1) otherwise.

You are allowed to ignore rounding problems.
Hint: Expand the recurrence and draw a tree.
Note that the © notation involves an upper as well as a lower bound.

First, we draw a recursion tree, see figure 4.2, page 71 in Cormen’s textbook.

The root node of the tree has cost ¢n. The root has two children, one has cost cE
and the other CQT". The node with cost c— has two chlldren, one has cost cg and

the other ('7. Similarly, the children of r " have costs cZt 5. and ('_ . This pattern

continues down the tree to the leaves.

We sum the cost of each row of the recursion tree. The 0" row, the root,
has cost cn. The first row has cost c3 + c%" = ¢n. The third row has cost
cg + c%" + c%" + c%" = cn. We notice that the pattern is that each row has cost cn.

We now need to determine the depth of the tree. Because this tree is unbalanced,
the depth varies. The shortest path from root to leafisn — 3 — 5 — ... — 1.
Since (1/3)fn = 1 the length of this path is k& = log;n. Since this is the shortest

path, it will give us a lower bound on the solution to the recurrence.

Therefore, T'(n) € Q(nlgn).

The longest path from root to leaf is n — 2* — ¥ — ... — 1. Since (2/3)Fn =1 the
length of this path is £ = log;/, n. Since this is the longest path, it will give us an
upper bound on the solution to the recurrence.

10g3/2 n

T(n) < Y en=cn(logg,n+1)
=0

Therefore, T'(n) € O(nlgn).

We have shown that 7'(n) € Q(nlgn) and T'(n) € O(nlgn), therefore T'(n) € O(nlgn).



5. Prove by induction that the number of leaves in a binary tree of depth d is at most 2.

The depth of a tree is the length of the longest path from the root to a leaf. The length of a
path is the number of edges in the path.

What is your base case?
What is your inductive hypothesis?

Base case: d = 0. The tree is a single node which is a leaf. The number of leaves
is 29 = 1.

I) Inductive hypothesis: Assume all binary trees of depth ¢’ < d have at most 2¢
leaves.

Induction: Given an arbitrary tree of depth d+ 1. If the tree has one subtree then
this tree has depth at most d. By the inductive hypothesis, the tree has at most
2¢ < 24+1 leaves.

If the tree has two subtrees, then both subtrees have depth < d. By the inductive
hypothesis, these subtrees each have < 2? leaves and the total number of leaves
in the tree is thus at most 22¢ < 2¢+1,

IT) Inductive hypothesis: Assume all binary trees of depth d have at most 2
leaves.

Induction: Given an arbitrary tree T of depth d + 1. Let 7" be the tree obtained
from T by stripping off all leaves of depth d+1. 7" has depth d and by the inductive
hypothesis < 2¢ leaves. Any leaf in 7T is either a leaf in 7" or has a parent that is
a leaf in 7. Viewed differently, every leaf in 7" either counts for one leaf in 7' (if
it survives) or at most 2 leaves in 7" (if it is a parent). Thus the number of leaves
in T is at most twice the number of leaves in 7": 22¢ = 2¢+1,

Both solutions work for binary trees in which each node is allowed to have 0, 1
or 2 leaves.



6. Somebody claims to build a max heap with n — 1 comparisons as follows:
Build-heap(A,n)
For i = n down-to 2 do
If A(i) > A(|i/2]) then swap A(i) and A(|i/2]).
Is this algorithm correct or can you find a simple example where it does not construct a proper
max heap?
No - it is not correct.

The array 0 1 0 2 is rearranged to 2 0 0 1, and this does not have the heap
property.

If it is not correct then give an about 3 line algorithm for building a max heap in O(n) time
and comparisons. You can use the standard heap procedures as subroutines and you don’t
need the prove the bound.

BUILD-MAX-HEAP(A)

1. heapsize[A] < length[A]

2. for i < |length[A]/2] downto 1
3. do MAX-HEAPIFY (4, i)



7. Suppose that you have a subroutine Median(A,p,q) available that returns the value of the
median of the elements in the array A(p..q). Assume that the subroutine runs in linear time.
Use it to construct a simple algorithm for solving the general selection problem in worst-case
linear time. That is, write a high-level algorithm Select(A,p,q,i) that selects the ith-smallest
element in the array A(p..q).

The algorithm is only a few lines and it should use the subroutine Median.

Give a recurrence for the algorithm.

SELECT (A, p,q,1)

1. Find median z using the blackbox O(n) median algorithm.

2. Partition A about z and return index k, such that A[k] = z. (Partition modifies
A so that all keys less than = have index less than k£ and all keys greater than z
have index greater than £.)

3. If £ = then return =x.

4. Else if i < k, then call SELECT (A, p, k — 1,1).

5. Else i > k, so call SELECT (A, k+1,q,i— k).

Find median and partition both take time O(n). At each step of the recurrence
we remove half of the elements from A. Therefore, the recurrence equation is:

n

T(n) =73

) +6(n)

And the solution to this equation is O(n) of course (You can use the master
theorem to prove it).

If keys are not distinct then the solution has to be modified slightly. We only
sketch how to do this at a high level:

Partition A into three regions: a < = region, an = x region, followed by a > =z
region.

If 7 falls in the = z region, then return z.
If 7 falls in the < x region, then recursively find the ith largest in the < x region.

If ¢ falls in the > z region, then recursively find the i — ¢th largest in the > z
region, where ¢ is the total size of both the < x and = z region.

The crucial point is that the size of region we recurse on is at most 3.



8. Extra Credit: Recall the adjacency list representation for undirected graphs: for each vertex
keep a list of the adjacent vertices.

Assume you are given an adjacency list representation of a graph in which the lists are not
ordered. Give a high-level algorithm that sorts the adjacency lists in O(n + e) time, where n
is the number of vertices and e the number of edges. You only need to tell us which sorting
algorithm you want to use and with what parameters. Also reason why the algorithm produces
the sorted lists in O(n + e) time.

Hint: Edges are tuples. This problem is very similar to a homework problem where you need
to sort » numbers in the range 0 .. n? — 1.

Figure 1: Your alg. is to efficiently convert the unsorted adjacency list representation (left) of a
graph to the one in which all lists are sorted (right).

Create a array new of n list and initialize it to nil. O(1) per vertex.

for i =1 to n do
Pass over adjacency list i and move current node j to the end of list new(j)
Rename moved node to .

O(1) per vertex and edge.

O(n + e) in total.

The above procedure produces the sorted adjacency lists of the transpose graph.
In the undirected case, the graph and its transpose are the same and you are
done. For a directed graph you need to do the above twice, i.e. move the edges
back to the original array by the same method. The figure below illustrates what
this algorithm does on our adjacency list.
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Figure 2: The elements of the original lists (left) are moved into the sorted lists (right). The letters

below the elements keep track of where the elements moved to.

10



