
SOLUTIONS MIDTERMCIS 102 - Fall 05WarmuthThanks to Dima for drawing the �gures
NAME:Student ID:

This exam is 
losed book and 
losed notes.Show partial solutions to get partial 
redit.Make sure you answered all parts of the question.If your questions are not written legibly, you won't get full 
redit.Clarity and su

in
tness will be rewarded.Question 1: (out of 20)Question 2: (out of 15)Question 3: (out of 15)Question 4: (out of 15)Question 5: (out of 15)Question 6: (out of 15)Question 7: (out of 15)Total: (out of 110)Extra Credit: (out of 15)
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1. Short questions:(a) Under what assumption is the average number of 
omparisons of Qui
k sort O(n logn)?Ea
h permutation of the input array is equally likely, or equivalently, thepivot is 
hosen independently and uniformly at random from the elements inthe input array.(b) How 
an you modify Qui
k sort so that it is O(n logn) in the worst-
ase?Find the median using the O(n) median algorithm, and use the median ele-ment as the pivot in the deterministi
 partition algorithm.(
) What is the information-theoreti
 lower bound on the worst-
ase number of 
omparisonsfor sorting?The number of permutations of an input array of length n is n!. By thede
ision tree argument, the information lower bound is log2 n!, and log2 n! =
(n lg n) (as we show in problem 3).(d) Give two advantages of Heap sort?The worst-
ase running time of Heap sort is �(n lgn). Heap sort is an in-pla
e sorting algorithm, meaning it doesn't require extra spa
e.(e) What is a disadvantage of Merge sort?Merge sort requires �(n) extra spa
e.(f) Under what assumption is Bu
ket sort O(n) time on the average?If the input keys are uniformly distributed in (0::1), then Bu
ket sort runs inO(n) time on average.(g) What is the running time of Count sort?�(n + k) where n is the number of keys to be sorted, and 0::k � 1 is therange of the elements.
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2. What are the solutions to the following three re
urren
es in � notation (T (1) = 1 by default):(a) T (n) = 7T (n8 ) + n2.Applying the master theorem:a = 7, b = 8, and f(n) = n2.log8 7 < 2Case 3: f(n) 2 
(nlog8 7+�), for 0 < � � 2� log8 7.And, 7(n8 )2 < 
n2; for 1 > 
 > 7=64.Therefore, T (n) = �(n2):(b) T (n) = 4T (n2 ) +pn.Applying the master theorem:a = 4, b = 2, and f(n) = n1=2.log2 4 = 2 > 1=2Case 1: f(n) 2 O(n2��), for 0 < � � 2� 1=2.Therefore, T (n) = �(n2).(
) T (n) = 3T (n2 ) + n.Applying the master theorem:a = 3, b = 2, and f(n) = n.log2 3 > 1Case 1: f(n) = O(nlog2 3��), for 0 < � � log2 3� 1.Therefore, T (n) = �(nlog2 3).You might want to apply the below theorem.Master Theorem: Let a � 1 and b > 1 be 
onstants, let f(n) be a fun
tion, and let T (n)be de�ned on the nonnegative integers by the re
urren
eT (n) = aT (nb ) + f(n);where we interpret nb to mean either bnb 
 or dnb e. Then T (n) 
an be bounded asymptoti
allyas follows.(i) If f(n) = O(nlogb a��) for some 
onstant � > 0, then T (n) = �(nlogb a).(ii) If f(n) = �(nlogb a), then T (n) = �(nlogb a logn).(iii) If f(n) = 
(nlogb a+�) for some 
onstant � > 0, and if af(nb ) � 
f(n) for some 
onstant
 < 1 and all suÆ
iently large n, then T (n) = �(f(n)).3



3. Show that log2 n! = �(n logn).Note that you need to show both an upper and a lower bound.log2 n! = log2 nYi=1 i = nXi=1 log2 i:Now, we follow the proof as given in Midterm Solutions Spring 03.First approximate the sum from above, by setting all elements to the largest- logn: nXi=1 log2 i � nXi=1 logn= n � lognSo, log2 n! 2 O(n logn).Now approximate the sum from below. First we split the sum into two:nXi=1 log2 i = bn+12 
Xi=1 log i+ nXi=bn+12 
+1 log i� 0 + nXi=bn+12 
+1 log iIn the sum repla
e all elements with the smallest one - log n2 .nXi=1 log2 i = nXi=bn+12 
+1 log i� n2 � log(n2 )= n2 � (logn� 1)= 12 � n � logn� n2So, log2 n! 2 
(n logn). We have shown that the upper and lower bounds are n logn.Therefore, log2 n! 2 �(n logn).
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4. Reason that the following re
urren
e is �(n logn):T (n) = 8>><>>: T (b13n
) + T (b23n
) +O(n) if n � 2O(1) otherwise.You are allowed to ignore rounding problems.Hint: Expand the re
urren
e and draw a tree.Note that the � notation involves an upper as well as a lower bound.First, we draw a re
ursion tree, see �gure 4.2, page 71 in Cormen's textbook.The root node of the tree has 
ost 
n. The root has two 
hildren, one has 
ost 
n3and the other 
2n3 . The node with 
ost 
n3 has two 
hildren, one has 
ost 
n9 andthe other 
2n9 . Similarly, the 
hildren of 
2n3 have 
osts 
2n9 and 
4n9 . This pattern
ontinues down the tree to the leaves.We sum the 
ost of ea
h row of the re
ursion tree. The 0th row, the root,has 
ost 
n. The �rst row has 
ost 
n3 + 
2n3 = 
n. The third row has 
ost
n9 + 
2n9 + 
2n9 + 
4n9 = 
n. We noti
e that the pattern is that ea
h row has 
ost 
n.We now need to determine the depth of the tree. Be
ause this tree is unbalan
ed,the depth varies. The shortest path from root to leaf is n ! n3 ! n9 ! ::: ! 1.Sin
e (1=3)kn = 1 the length of this path is k = log3 n. Sin
e this is the shortestpath, it will give us a lower bound on the solution to the re
urren
e.T (n) � log3 nXi=0 
n = 
n(log3 n + 1)Therefore, T (n) 2 
(n lgn).The longest path from root to leaf is n ! 2n3 ! 4n9 ! :::! 1. Sin
e (2=3)kn = 1 thelength of this path is k = log3=2 n. Sin
e this is the longest path, it will give us anupper bound on the solution to the re
urren
e.T (n) � log3=2 nXi=0 
n = 
n(log3=2 n+ 1)Therefore, T (n) 2 O(n lgn).We have shown that T (n) 2 
(n lgn) and T (n) 2 O(n lgn), therefore T (n) 2 �(n lgn).
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5. Prove by indu
tion that the number of leaves in a binary tree of depth d is at most 2d.The depth of a tree is the length of the longest path from the root to a leaf. The length of apath is the number of edges in the path.What is your base 
ase?What is your indu
tive hypothesis?Base 
ase: d = 0. The tree is a single node whi
h is a leaf. The number of leavesis 20 = 1.I) Indu
tive hypothesis: Assume all binary trees of depth d0 � d have at most 2d0leaves.Indu
tion: Given an arbitrary tree of depth d+1. If the tree has one subtree thenthis tree has depth at most d. By the indu
tive hypothesis, the tree has at most2d < 2d+1 leaves.If the tree has two subtrees, then both subtrees have depth � d. By the indu
tivehypothesis, these subtrees ea
h have � 2d leaves and the total number of leavesin the tree is thus at most 22d � 2d+1.II) Indu
tive hypothesis: Assume all binary trees of depth d have at most 2d0leaves.Indu
tion: Given an arbitrary tree T of depth d + 1. Let T 0 be the tree obtainedfrom T by stripping o� all leaves of depth d+1. T 0 has depth d and by the indu
tivehypothesis � 2d leaves. Any leaf in T is either a leaf in T 0 or has a parent that isa leaf in T 0. Viewed di�erently, every leaf in T 0 either 
ounts for one leaf in T (ifit survives) or at most 2 leaves in T (if it is a parent). Thus the number of leavesin T is at most twi
e the number of leaves in T 0: 22d = 2d+1.Both solutions work for binary trees in whi
h ea
h node is allowed to have 0, 1or 2 leaves.
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6. Somebody 
laims to build a max heap with n� 1 
omparisons as follows:Build-heap(A,n)For i = n down-to 2 doIf A(i) > A(bi=2
) then swap A(i) and A(bi=2
).Is this algorithm 
orre
t or 
an you �nd a simple example where it does not 
onstru
t a propermax heap?No - it is not 
orre
t.The array 0 1 0 2 is rearranged to 2 0 0 1, and this does not have the heapproperty.

If it is not 
orre
t then give an about 3 line algorithm for building a max heap in O(n) timeand 
omparisons. You 
an use the standard heap pro
edures as subroutines and you don'tneed the prove the bound.BUILD-MAX-HEAP(A)1. heapsize[A℄ length[A℄2. for i blength[A℄=2
 downto 13. do MAX-HEAPIFY(A; i)
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7. Suppose that you have a subroutine Median(A,p,q) available that returns the value of themedian of the elements in the array A(p::q). Assume that the subroutine runs in linear time.Use it to 
onstru
t a simple algorithm for solving the general sele
tion problem in worst-
aselinear time. That is, write a high-level algorithm Sele
t(A,p,q,i) that sele
ts the ith-smallestelement in the array A(p..q).The algorithm is only a few lines and it should use the subroutine Median.Give a re
urren
e for the algorithm.SELECT (A; p; q; i)1. Find median x using the bla
kbox O(n) median algorithm.2. Partition A about x and return index k, su
h that A[k℄ = x. (Partition modi�esA so that all keys less than x have index less than k and all keys greater than xhave index greater than k.)3. If k = i then return x.4. Else if i < k, then 
all SELECT (A; p; k � 1; i).5. Else i > k, so 
all SELECT (A; k + 1; q; i� k).Find median and partition both take time �(n). At ea
h step of the re
urren
ewe remove half of the elements from A. Therefore, the re
urren
e equation is:T (n) = T (n2) + �(n)And the solution to this equation is O(n) of 
ourse (You 
an use the mastertheorem to prove it).If keys are not distin
t then the solution has to be modi�ed slightly. We onlysket
h how to do this at a high level:Partition A into three regions: a < x region, an = x region, followed by a > xregion.If i falls in the = x region, then return x.If i falls in the < x region, then re
ursively �nd the ith largest in the < x region.If i falls in the > x region, then re
ursively �nd the i � qth largest in the > xregion, where q is the total size of both the < x and = x region.The 
ru
ial point is that the size of region we re
urse on is at most n2 .
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8. Extra Credit: Re
all the adja
en
y list representation for undire
ted graphs: for ea
h vertexkeep a list of the adja
ent verti
es.Assume you are given an adja
en
y list representation of a graph in whi
h the lists are notordered. Give a high-level algorithm that sorts the adja
en
y lists in O(n+ e) time, where nis the number of verti
es and e the number of edges. You only need to tell us whi
h sortingalgorithm you want to use and with what parameters. Also reason why the algorithm produ
esthe sorted lists in O(n+ e) time.Hint: Edges are tuples. This problem is very similar to a homework problem where you needto sort n numbers in the range 0 :: n2 � 1.
1 2

3

45

1 5 2 /

2 1 5 3 4 /

3 2 4 /

4 2 5 3 /

5 4 1 2 /

1 2 5 /

2 1 3 4 5 /

3 2 4 /

4 2 3 5 /

5 1 2 4 /Figure 1: Your alg. is to eÆ
iently 
onvert the unsorted adja
en
y list representation (left) of agraph to the one in whi
h all lists are sorted (right).Create a array new of n list and initialize it to nil. O(1) per vertex.for i = 1 to n doPass over adja
en
y list i and move 
urrent node j to the end of list new(j)Rename moved node to i. O(1) per vertex and edge.|||||||||O(n+ e) in total.The above pro
edure produ
es the sorted adja
en
y lists of the transpose graph.In the undire
ted 
ase, the graph and its transpose are the same and you aredone. For a dire
ted graph you need to do the above twi
e, i.e. move the edgesba
k to the original array by the same method. The �gure below illustrates whatthis algorithm does on our adja
en
y list.
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1 5 2 /

A B

2 1 5 3 4 /

C D E F

3 2 4 /

G H

4 2 5 3 /

I J K

5 4 1 2 /

L M N

1 2 5 /

C M

2 1 3 4 5 /

B G I N

3 2 4 /

E K

4 2 3 5 /

F H L

5 1 2 4 /

A D JFigure 2: The elements of the original lists (left) are moved into the sorted lists (right). The lettersbelow the elements keep tra
k of where the elements moved to.
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