CMPS 101 Midterm 1 Review Problems

1.

Let f(n) and g(n) be asymptotically non-negative functions which@eéned on the positive integers.
a. State the definition off (n) =O(g(n ))
b. State the definition off (n) = w(g(n ))

State whether the following assertions are trudatse. If any statements are false, give a related
statement which is true.

a. f(n)=0(g(n)) implies f(n) =0(g(n)).
b. f(n)=0(g(n)) if and only if g(n) = Q(f (n)).
c. f(n)=0(g(n) if and only if 'ﬂl“ (n)/g(n))=L, where0< L <.

Prove that®( f (n))-©(g(n))=6(f(n)-g(n )) In other words, ifh (n) =6(f(n)) and h,(n)=6(g(n)),
thenh (n)-h,(n) =O6(f (n)-g(n)).

Use limits to prove the following (these are somehe exercises at the end of the asymptotic growth
rates handout):

a. If P(n) is a polynomial of degrek >0, then P(n) = ®(n* )

b. For any positive real numberg and g: n“=o(n”) iff a<p, n“=0(n’) iff a=p4, and
n* =o(n’) iff a>p.

c. For any positive real numbeasandb: a" =o(b") iff a<b, a"=0(b") iff a=b, anda" =w(b" )
iff a>b.

d. f(n)+o(f(n))=06(f(n)).

Use Stirling’s formula: ni=~/27n (gj -(1+ ew n)), to prove thatog(n') = ®(nlogn .)

2n n
Use Stirling’s formula to prove that (=0 4 :
n Jn

. Consider the followingsketch of an algorithm called ProcessArray which perforsogne unspecified

operation on a subarraf{ p---r . ]

ProcessArray, p, ) (Preconditions1< p andr <lengtfA])

1. Perform 1 basic operation
2. if p<r
p+r
3. «—
| { 2 J

4. ProcessArray(A, p, Q)
5 ProcessArray(A, g+1, r)

a. Write a recurrence formula for the numbE(n of) basic operations performed by this algorithm
when called on the full array1---n , ]i.e. by ProcessArraf( 1, n). (Hint: recall our analysis of

MergeSort.)
b. Show that the exact solution to this recurrencg(is) = 2n—1, whenceT (n) =0(n )

c. Use the Master Theorem to show thgh)=0(n . )



8. Consider the following algorithm which does nothimg waste time:

WasteTimef)) (pre:n>1)
1. if n>1

2. fori «1ton®
3. waste 2 units of time
4, fori<1to7

5 WasteTimgn/2))

6 waste 3 units of time

a. Write a recurrence formula which gives the amodninge T(n) wasted by this algorithm.
b. Use the Master Theorem to find an asymptotic smiutd this recurrence.

9. Prove that all trees omvertices haven—1 edges. Do this by (a) induction on the numbevesfices,
and (b) by induction on the number of edges.

10.Use the Master Theorem to find asymptotic solutiomghe following recurrences.
a. T(n)=2T(n/4)++/n
b. T(n)=7T(n/3)+n?
c. T(N)=7T(n/3)+n

11.Define T(n) by the recurrence formula:
7 1<n<3
T(n) =
2T([n/3))+5 n>3

a. Use the iteration method to determine an es@lation to the above recurrence.
b. Use the solution you found in part (a) to deire an asympotic solution.
c. Use the Master Theorem to determine an asytiogiution.



