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3. (24.5-4)
Let G=(V,E) be a weighted, directed graph with source vertex s and let G be initialized by
INITIALIZE-SINGLE-SOURCE(G, s). Prove that if a sequence of relaxation steps sets 7z[s] to a
non-NIL value, then G contains a negative-weight cycle.

Proof:

RELAX(u, v)
1. if d[v]>d[ul+w(u,v)

2. d[v] < dlu]+ w(u,v)
3. 7T[vl<u

Examination of the above pseudocode for RELAX(u,v) shows that whenever the algorithm sets the
predecessor 7z[v] for some vertex v, it also reduces that vertice's d-value d[v]. Thus if z[s] is at

some point set to a non-NIL value, then d[s] is reduced from its initial value of 0 to a negative
number. But d[s] is necessarily the weight of some existing path from s to s, by the lemma below.

This path is the required negative weight cycle in G. /17
/MW—’\W
® Lemma:

Let veV[G] and suppose that after INITIALIZE-SINGLE-SOURCE(G, s), some sequence of
relaxation steps causes d[v] to be set to a finite value. Then G contains an s-v path of weight dfv].

Proof:

We use induction on the length 7 of the relaxation sequence. If n=0, then the only d-value which is
finite is that of the source s. Indeed, there is a path in G from s to s of weight d[s]=0, namely the
trivial path, and so the base case is verified.

Let n>0, and assume that for any vertex u, if d[u] achieves some finite value during a sequence of
fewer than n relaxations, then there exists an s-u path in G of weight d[u]. Now consider a sequence
of n relaxations in which d[v] becomes finite. Then an edge of the form (u, v) must have been
relaxed during this sequence, and on)( that relaxation step d[v] was set to d[u]+w(u,v). Since we
suppose that this number is finite, d{u] must have been finite before that relaxation step was executed.
Thus d[u] became finite during a sequence of fewer than n relaxations, and by our induction
hypothesis, there must exist an s-u path in G of weight d[u]. That path, followed by the edge (u, v),

constitutes a path in G from s to v of weight d[v]=d[u]+wu,v). i
4. (12.2-1)

Suppose that we have numbers between 1 and 1000 in a binary search tree and want to search for the
number 363.  Which of the following sequences could not be the sequence of nodes examined?

2,252,401, 398, 330, 344, 397, 363.
924, 220, 911, 244, 898, 258, 362, 363.
925,202, 911, 240, 912, 245, 363.
2,399, 387, 219, 266, 382, 381, 278, 363.
935, 278, 347, 621, 299, 392, 358, 363.

O R0 o
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