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Chapter 4

Introduction to Information Theory

Introduction

This chapter presents some theory behind statisti-
cal data compression, based on foundations from the
previous chapters. In Chapter One, we covered the im-
portant points and properties required of probability
distributions. Random variables X or Y have proper-
ties one can calculate, such as the mean, variance and
standard deviation. The mean is denoted px or py,
also denoted X or Y. The variance of X is denoted as
0% or Var(X). The standard deviation is denoted ox.

In Chapter Two, data compression was demon-
strated by using a prefix code on 2-bit symbols such
that the data compressed to 1.75 bits per symbol. The
demonstration used an FVL code. In Chapter Three,
the Shannon-Fano algorithm and the Huffman algo-
rithm provide a design method for VL. Codes. A criti-
cal factor to compression with these algorithms is the
best estimate of the symbol probabilities. Moreover,
the best compression is achieved by data compression
algorithms when at least one symbol is very popu-
lar. On the other hand, the probablity distributions
themselves may not be cooperative. Very little com-
pression is achieved when the statistical events to be
compressed are equally likely.

Although the idea of short codewords for frequent
symbols was known prior to Shannon [Sha 48], it was
Shannon who provided the theoretical basis for the
field of information theory. Information theory is a
field whose initial development is largely attributed
to Claude Shannon [Sha 48], and others such as Nor-
bert Weiner [Wie 48] (logarithmic measure), [Wie 49]
(credited in [Sha 48]), Robert Fano [Fan 61] (credited
in [Sha 48]), David Huffman [Huf 52], Gilbert [Gil 52]
and McMillan [McM 53].1

The mid-1940s through the mid-1950s laid down a
mathematical basis not only for data compression but

L Although the statistician R. A. Fischer in 1925 introduced
in the technical sense a definition of “information” [Kul 83],
Fischer’s information applies to statistical estimation and differs
from Shannon’s definition of information.
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also the problem of handling a “noisy” channel or com-
munications link.

Definition 1 (Channel) Shannon defined a channel
as a communication medium, which could be commu-
nication by radio, telephone lines, telegraph lines, etc.

Today, we can view a communication channel as any
analog or digital communication media such as a SCSI
or modem connection, ethernet, satellite link, connec-
tions on a printed circuit board, and even a magnetic
tape or hard drive storage device. The “static” or
“noise” on a channel such as a telephone line or radio
link can alter the values of the bits in code strings. Our
treatment assumes a noiseless channel, or the absense
of noise, since error correction is beyond the scope
of lossless data compression. However, a service per-
formed by data compression is to reduce the number
of bits transmitted through a noisy channel. Error de-
tection and correction codes are available for various
environments, and the choice of how to protect the
integrity of encoded data is based upon the expected
noise (burst errors, random errors, etc). We note that
the field of error detection and correction has its roots
in information theory.

4.1 The Abstract Information Source

The notion of information source was formalized in
[Sha 48]. Shannon defined an abstraction called a dis-
crete information source. In Figure 4.1, we illustrate a
six-symbol alphabet A4, with the uniform distribution,
from which several samples have been drawn at ran-
dom. In the example of 6 rolls of one die in Figure 4.1,
values 2, 4, 5, and 6 appear once, and value 3 appears
twice. Value 1 does not appear at all.

Here, we treat only discrete sources with a finite
number of symbols, although Shannon theory also
treats information in the “continuous” (analog signal)
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Figure 4.1: Example of an Information Source

domain. Shannon’s major contributions to informa-
tion theory were in the late 1940s and the 1950s, when
the analog world reigned. Today, the world is merci-
fully digital, and digital systems handle most of the
needs of data compression .

In the half-century after Shannon’s pioneering work,
the current technology converts analog signals to a se-
quence of digital values. An analog to digital (A/D)
converter? uses a clock to “sample”: the continu-
ous (analog) waveforms at a pre-determined frequency,
and digitizes each sample. Thus, analog waveforms are
transformed into sequences of digital samples. Sam-
pled analog signals has become the most popular tech-
nique for processing continous waveforms such as au-
dio and visual information, so they can be handled
and manipulated on a digital computer.

Conceptually, an information source (or simply
source), captures the statistical nature of the symbol
occurrences in an arbitrarily large sequence. Imagine
a gremlin emitting the symbols s; in a sequence S =
S1, 82, ..., Sk, €tc.

Let the symbol in each position k come from the set
(or M-ary alphabet) A of M distinct symbols a,,, where
m runs from 1 to M. Symbols a,, form the source al-
phabet. The simplest case is when each symbol of the
source alphabet occurs in the source output sequence
according to its own relative frequency (probability)
p(an). (Note that the subscript 2 in s indicates posi-
tion 2 in the sequence, and the number within paren-
theses, as in as, indicates the second member of the
symbol alphabet A.)

The simplest source is called a memoryless source,
or a zero memory source by Abramson [Abr 63], and
a zero-order Markov source by others.

Observation 1 (Beware) The reader
should beware: the terminology in [Sha 48] employs
a now obsolete definition of the order numbering of
higher-order sources. Shannon called the uniform dis-
tribution a zero-order model; but today the uniform
distribution is simply a probability distribution all of
whose probabilities are the same.

Today, a zero-order source is no more than a se-

2A/D is pronounced “A to D”.
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quence S whose symbols appear randomly drawn from
a single distribution. Statisticians call such a sequence
an independent and identically distributed (ii.d.) se-
quence. For the statistician, the symbols are drawn
from the same (identical) distribution: no symbol po-
sition is filled from some other distribution. The term
independent means the production of the next sym-
bol does not depend on (or ignores) any conditions or
events based on previously produced symbols.

The relative frequencies of symbols emitted from a
memoryless source are described by a single proba-
bility distribution D4 on an alphabet A. The con-
ditional probability that some symbol u of A has a
different probability of occurence when it follows sym-
bol q is the same as its probability for following any
of the other symbols. Therefore: a zero-order model
(or Markov source, or simply “source”) is the simplest
meaningful assumption for us to consider relative to
a code such as the Huffman code. The simplicity of
the memoryless source is because we only deal with a
single probability distribution.

Technically, the term “memoryless” means the
source has no memory of the past history of the sym-
bols emitted. A so-called “memoryless” (zero-order)
source doesn’t forget to produce each symbol a,
according to its probability value p(a,) that never
changes.

Observation 2 (Memoryless) A
memoryless source remembers its probability distribu-
tion, but forgets the values of previous symbols.

Basically, the meaning of a memoryless, or zero-
order source, is the following.

Definition 2 Successive symbols in sequence S emit-
ted from a memoryless source have the property of sta-
tistical independence. See Eq 4.1, which assumes a
single (unconditional) probability distribution D4 for
alphabet A. This means, for all symbols an,:

P(am|m—1) = plam). (4.1)

In other words, for a zero-order source, the probabil-
ity of each symbol a,, is the same no matter what sym-
bol a,,—1 precedes it. A memoryless source is assumed
to have no inter-symbol influences (or dependencies, or
conditional probabilities) on probability distribution
Da.

Definition 3 (Stationary) Sequence S  emitted
from a memoryless source is stationary. The property
of stationarity means that sequence S exhibits symbol
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histograms of almost all relatively long subsequences of
S, and these subsequence histograms are close to the
histogram of the entire sequence S itself.

Since each symbol’s relative frequency is the same
regardless of when or where in the sequence any given
symbol is emitted from the source, the memoryless
source is very easy to characterize. Given a data
sequence (or computer file) S'2 of 12 bytes, where
512 = 51, ..., 812, the probability of the message is the
product of the probabilities of the symbols comprising
the message. Independence follows from a memoryless
source, and we avoid the complication of dealing with
conditional probabilities or which symbol follows the
preceding symbol.> We can reorder the factors of a
product without changing the value of the product.

p(SlQ) :p(sl, ...,812) :p(Sl) X p(SQ) X ... X p(812).
(4.2)

In Eq 4.2, the right-hand side comes from proba-
bility theory in that the probability of a sequence of
outcomes, is the product of the appropriate (depen-
dent or independent) probability for each outcome of
the sequence.

If a zero-order source alphabet A has M members,
typical member a,,, then the information source “can
be” characterized by specifying only M-1 probability
values, p(ai),...,p(am)...p(ap—1) because the M-th
probability is unity less the sum of the M-1 known
probabilities:

M-—1
> plam) =1 - plan),
" M-—1
and pay) =1- plam) (4.3)

One infers the so-called empirical probability dis-
tribution of an N-symbol zero-order sequence S from
its symbol counts Ct(a,,). For example, if Ct(a,) is
the frequency of symbol a,, in length N sequence SV,
then the relative frequency (or probability) p(a;) =
Ct(anm)/N. Any long sequence S of symbols from al-
phabet A emitted from the memoryless source is ex-
pected to exhibit relative frequency p(a.,) for symbol
am. In other words, each next symbol in the sequence
is obtained (or “drawn”) from probability distribution
D, as reflected in the relative frequencies.

3For a memoryless source, recall that symbols are drawn
from the same probability distribution.
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4.2 Self-information and Ideal Lengthy

1 Portions of this subsection, and Tables Al and A2 of
Appendix IT at the end of this Chapter were contributed
by the author’s colleague David Huffman

Definition 4 (Self-information)
The self-information of a data item or symbol a,,, de-
noted il(a,,), is the negative of the logarithm base 2
of p(am):

il(am) = —logy an bits. (4.4)

By using logarithm base 2, the value if(a,,) has the
units of bits. When the logarithm base is the natural
logarithm base e, the self-information units are called
nats. In early texts (some decades ago), the logarithm
to base 10 was also used, and the unit of measure for
the self-information was called hartleys.

When an event £ with an a priori probability p = %
occurs, by definition, one bit of “Shannon” informa-
tion has occurred. More generally, if the event has an
a priori probability p, then the corresponding informa-
tion measure is log, % bits where log, means logarithm

to the base 2.

Observation 3 Often an identity related to loga-

rithms, —log% = logx, is used to express the self-

information as il(a.,)) = log m, a form that avoids
the confusion of a minus sign preceding an ideal length

value we know is positive.

See Appendix I of this chapter for a refresher on
manipulating logarithms. Appendix II has tables of
probabilities versus self-information.

Shannon’s notion of information requires the exis-
tence of a probability distribution. The smaller the
event’s probability, i.e. the rarer the event, and hence,
the larger the surprise. The popularity of an event is
not relatated to its information content or meaning. It
was Shannon who connected the self-information with
the degree of surprise when the event occurs.

A message that is very rare, i.e., occurs very infre-
quently, has a large value of self-information. An event
of probability one is a certainty so the self-information
is 0 (no other event can occur). The nice thing about
a certain event is that is a certainty carries zero infor-
mation, so: we can encode the message in zero bits!!

Given things or events that occur with known prob-
abilities, Shannon assigns a value of self-information,
which we denote i/, to those events. For notation
if, think of the words ideal length. The notion of
“length” is appropriate here because we measure self-
information in bits, and we can also measure the size
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of a data file in bits. The word “ideal” is also true
because the self-information of an event &, (i4(£)), is
the optimal length (in the data compression sense) of
the codeword for £. Recall that Huffman coding as-
signs the most popular event or symbol the shortest
codeword, while less popular events are assigned the
longer codewords. We anticipate the inverse relation-
ship where the larger the probability, the smaller the
self-information.

The self-information function i¢ has as its domain
a probability value varying between 0 and 1. Self-
information values range respectively from an arbi-
trarily large number for rare events, to the values 0
for a certainty (probability of 1). The unit of self-
information, when the logarithm is to the base 2, is
called the bit, a contraction of binary digit. If the log-
arithm for self-information is the natural logarithm,
the logarithm base is e, and information is measured
in “natural units” or nats. Similarly, logarithm base
256 yields “bytes”.

The most common form of compressed data is the
binary code string (a sequence of bits of value 0 and
1). Technically, the self-information unit of “bit” is
not the same as a digit of the binary number system.
However, the length (in bits) of a binary code string
composed of 0s and 1s, is the number of binary values
or bit positions that comprise the code string.

Under “ideal” conditions, the number of data bits
in the compressed version (code string) for a data se-
quence is equal (to within a fraction of a bit) to the
value, in bits, of the self-information of that data. One
of Shannon’s major achievements, in non-technical
terms, is the definition of the appropriate conditions
for optimally encoding a data file: one cannot do bet-
ter than coding a symbol in such a way that the code
string length increase (in bits) is the symbol’s self-
information (in bits). Since the self-information for
symbol a,, is logs pim, the self-information value if(a,,)

is termed the ideal code length in bits for encoding a,,.
4.2.1 Units of self-information

The units of self-information scale in the “expected
way”, when changing the base of the logarithm. A
physical length of 1 inch does not change after con-
version to a length of 2.54 centimeters. Neither does
the adjusted value of self-information change when the
base of the logarithm changes. The respective loga-
rithm base 2 measures the self-information if in bits
{0, 1}. For logarithm base 16 (base 2%), the unit is the
4-bit hexadecimal digit: {0, 1, ..., 9, A, ...F}. Loga-
rithms to the base 256 use the unit of the 8-bit byte,
since log, 256 gives 8.

As long as we maintain the binary code alphabet,
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the self-information converts between units in the ex-
pected way. Thus, taking —log,ss(p) and measuring
the result in bytes gives the same self-information as
—log, (p) in bits.

To convert self-information in bits to bytes: divide
the number of bits by 8 to get bytes. To convert self-
information from base 256 (in bytes) back to bits (base
2), multiply the bytes (base 256) by 8 = log, 256 to
get bits.

If the self-information is in base 2 (in bits), to con-
vert to bytes (base 256), multiply the bits by % which
is logys 2. In other words, 256°1%5 = 2, or put another
way:

256% = 2. (4.5)

In general, given a self-information value z = log, z
bits, and we actually want the self-information of z in
base y units, then we can convert the self-information
of z to another logarithm base y (eg., base 256), as
follows:

logyr = (4.6)

_r
log 2y
Example 1 (Self-information) Let p = 5= =
278 =16"2 = 256"

The self-information of Example 1 is one 8-bit byte,
two 4-bit hex digits, or eight bits. One byte has 256
possible values, as do two hex digits, as do eight bits.
Why is this so? The answer lies in representing % in
three different number bases, as follows.

Since 51z can be viewed as 256!, or 1672, or 275,
the units of self-information change as we change the
number base. We normally use base 2, because of
the base 2 coding alphabet. Example 1 expands the
opportunities for using a code alphabet other than the

binary alphabet.

Example 2 Calculate the value of self-information
il(a) of a probability p(a) = 51z using logarithm base
256.

The self-information unit, with the logarithm to base
256, is the 8-bit byte.

) 1
il(a) = —logysg 256 = +logyss 256 =1 (4.7)

The value of 1og,54(256) is 1, which means 1 byte of
self-information. But just as the self-information unit,
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when using — log,(p), results in the self-information
dimension of bits. On the other hand, the use of
—logase(p) yields a self-information result for prob-
ability p in 8-bit bytes. In other words, to represent
the self-information of 51 in bits, we can convert 1
byte to 8 bits, or: we can “do it the hard way”, and
calculate the self-information if(5i=) in bits using the

256
logararithm base 2 as follows:

o1 1 .
M(Q_SG) = —log, 256 = +log, 256 = 8 bits (4.8)

Again looking at the situation in base 16:

1
—logg 256 = + 108556 256 — logys 1 =1 byte (4.9)

In another example, we can calculate the self-
information as —log,4(p) in hexadecimal, and do a
“hex-to-bits” conversion to obtain the self-information
in bits?.

The base 256 digit is two hex digits, which is also
8 bits. Normally, the base represents the size of the
code alphabet. For example if we are coding to 8-bit
bytes, then —log,-(p) gives the number of bytes for
coding an event of probability p in the ideal case.

If the digits of the code alphabet are hexadecimal
digits, the self-information is calculated by the base-
16 logarithm. If we assign 4 bits for each hexadec-
imal digit, which we could (the self-information of
16 equally likely events is 4 bits) the hexadecimal
self-information is converted to the same number of
bits obtained by calculating the self-information using
base-2 logarithms.

More Examples:

1. An event (or symbol) whose probability is 1, has
one bit of self-information.

2. A symbol of probability {~ has 4 bits of self-
information.

3. A two-symbol (binary) data string S where
p(s1) = 1 and p(s2) = g has probability o
and ideal length (self-information) of —log, 35 =
log, 32 = 5 bits.

4.3 Entropy of a source

In the field of statistics, a discrete random wvariable
Y has two properties:

4Given that one byte equals 8 bits.
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1. Random variable Y takes on discrete numerical
values, ¥, and

2. Y has a probability distribution: each value y,, of
Y has an assigned probability p(y.,), such that:

M
Z p(ym) = 1.

m=1

(4.10)

The mean of random variable Y is denoted Y. The
symbols y,, of a random variable Y have probability
P(¥m) within distribution Dy, and therefore have a
value of self-information, i4(y,,).

Observation 4

For most purposes, the self-information is measured
in bits, because of the popularity of the binary code al-
phabet. The self-information il(y,,) corresponding to
P(ym) of Y of a memoryless source is a random vari-
able.

Definition 5 The entropy H of a discrete memo-
ryless source whose symbols belong to alphabet A,
and whose distribution is Dy, is the expected value
E(il(an)) (or mean value) of the self-information of
distribution D 4.

The statistical ezpectation E(Y) (or mean Y') of ran-
dom variable Y is calculated in one of two ways. The
first assumes we have a sequence S of N values s,
where S = 51,82,..-ySk,---y SN -

e The average value is determined by adding the N

values of S, Egil Sk, then dividing the resulting
sum by M:

N

?:%Zsk.

k=1

e Given the probability p(ym), or (which is the

same) relative frequency %, of each value y,,

of Y, one calculates the mean, Y, as a weighted
sum of the values of the variable Y, using weights

P(ym):

M
Y= pym) X ym-

m=1

(4.11)

The “weight” assigned to each value is its probability
(or which is the same, its relative frequency). The
entropy, H, of a given distribution D, is denoted H (D).
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M
H(Dy) =Y plam) x —log, planm).

m=1

(4.12)

Given a discrete memoryless source comprised of the
set of source symbols a,, of alphabet A, each of re-
spective probability p(a,,), the source entropy H in
bits per symbol is directly calculated as a product
by Eq 4.12. The first factor p(a,,) is the proportion
of occurrences of symbol a,,, and the second factor
il(ay) = —log, p(am) is a numerical value for a,,’s
self-information.

The summation of Eq 4.12 produces the mean (av-
erage) of the self-information. For the right hand side
of Eq 4.12, the first factor behind the sum is the
“weight” of the second factor: the self-information,
such that the left-hand side, the entropy H of the
probability distribution Dy, is the weighted sum of
the self-information of distribution D,y.

Given the symbol counts (frequencies) of a data file
S, the relative frequencies, also known as the empir-
ical probabilities, are used to calculate the empirical
entropy of file S under the memoryless source assump-
tion through Equation 4.12.

The self-information value (in bits) is weighted by its
relative frequency: the entropy is a weighted sum of
the self-information. Since the weights associated with
the objects sum to unity, the unit of the entropy value
is bits per symbol if the objects associated with the
relative frequencies are called symbols. If compressing
raw bytes of file S, one could also use the term bits per
byte to represent the units for the entropy calculation,
as well as the result of compressing file S with some
algorithm.

Some Conclusions

1. The notion of entropy is a key concept in infor-
mation theory. Entropy depends upon some un-
derlying assumptions. Here, we have only treated
the entropy for a memoryless source. Higher or-
der sources are treated later.

2. The source entropy is the average amount of
self-information per symbol. Coding performance
reaches the ideal code length if we can as-
sign codes to symbols according to the optimum
choice.

3. The optimum choice for each symbol a,, is to
assign its ideal length il(a,,) as the code length
cl(an,). For prefix codes that use integer-length
codewords, the optimal assignment is not always
possible.
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4.3.1 Entropy of Binary Sourcesj

1 This subsection contributed by David Huffman

The simplest case for computing the entropy is the
binary distribution of two possible and statistically in-
dependent events or outcomes. An example event &
is a coin toss having the probability p of coming up
“heads” and the probability 1—p of coming up “tails”.
The notion independence here corresponds to the in-
tuitively correct notion that the outcome of one toss of
the coin is independent of the results of the outcomes
of earlier tosses.

Two equivalent forms for calculating the binary en-
tropy H are expressed as Eqs 4.13 and 4.14:.

(4.13)

1 1
H =plog, — + (1 —p)logy, ———
g2p ( ) g2(1_p)

H = —[plog, p+ (1 — p)log, (1 — p)]. (4.14)

In Eq 4.13 we see the information values (the
self-information) log, % and log, (li—p)’ respectively
weighted by their relative frequency. Intuitively; self-
information logQ% occurs portion p of the time. In
Eq 4.14, the negative value between square brackets is
created as a negative value, and then converted to a
positive value by the leading minus sign. Note that in
each case, the calculation is an inner product of a first
two-component vector representing a binary probabil-
ity distribution and a second two-component vector
representing the self-information.

The general shape of the binary entropy function
(generally denoted H(p) in the literature) appears in
Figure 4.2. The the mazimum value of H occurs when

the two symbols are equally likely: p = (1 —p) = 3.

Ent r opy
1
0.8
0.6
0.4
0.2
0.2 0.4 0.6 0.8 1

Figure 4.2: Entropy of Binary Source, H versus p
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Example calculations of H(p) for a binary dis-
tribution

Example 3 Let one of the probabilities p of a binary
distribution be p = 0.25. What is the binary entropy

H(0.25)?
Forp =1, H(p) =

1 3 4 3
—log, 4 + - log, 3= 0.5+ 1(2 —log, 3)

4 4
=0.5+0.75 x (2 — 1.585) = 0.8113  (4.15)
If p= %:
1 2 3
H(p) = 3log3+3logy 5
— 09183 (4.16)
Ifp= %, and 1-p = %:
11 100
H(p) = ——log, —
(v) 100 8211 ©
89 e, 100
100 82 g9
— 0.4999. (4.17)

Given M symbols or events in M-ary alpha-
bet A with a priori distribution D4 probabilities
p(al)ap(a’Q)a .. 7p(a’m)7 s 7p(a’M) such that:

M
Z p(am) = ]->

(4.18)
m=1
The distribution’s resulting entropy H 4 is:
M
H, = plam)log
m=1 ’ p(am)
M
= - Z p(am)logs p(an) (4.19)
m=1

The maximum possible entropy Has4x from Eq 4.19
occurs when all values p(a,,) equal 4-. In the maxi-
mum entropy case, each of the M terms, following the
style of Eq 4.13, is log,(17), or Va,, il(a,;,) = log, M.
The entropy is at a maximum. The entropy at its
mazimum is the sum of the symbols’ self-information,
log, (47), weighted by the symbols’ probability 77
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1
HMAX = M 10g2 M
_ oy
o M
m=1
= log, M. (4.20)

And so we have derived the formula Hpyax =
log, M.

See Figure 4.2 as the example case M = 2. Ob-
serve from Figure 4.2 that the maximum binary en-
tropy value Hs of a binary source occurs when p(0) =

p(1) = 3.

4.3.2 Entropy H for a ternary sources

Ifp= %, then:
1 2 3
H(p) = 510g23+ glog2 3
= 0.9183. (4.21)
If
D= {%55h
= {585 (4.22)
then Hp =
3 2 1
6 log, 2 + G log, 3 + 6 log, 6 (4.23)
. 1.
(1) Bring out common factor §:
1
= 6(3 log, 2 + 2log, 3 + log, 6) (4.24)

(2) Replace 3log, 2 by “3”; and (3) replace log, 6 by
(log, 3) + (log, 2) = log, 3 +1

(3+2logy, 3 +1log, 3+ 1) (4.25)

=

(4) Replace 3+1 by 4, and (5) replace 2 log, 3+log, 3
by 3log, 3.

1
= 6(4 + 3log, 3) (4.26)
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. 1.
(6) Multiply out :

1 2 1
= 6(4 + 3log, 3) = 3 + 3 log, 3) (4.27)
= 1.459 bits per symbol. (4.28)
IfDy={2,% i1 = (4 11} then
4 3 1
H(D;3) = glog2§ +2x 610g26
= 1.252 bits per symbol. (4.29)

4.3.3 Relationship of Entropy to Ideal
Code Length

A finite sequence of N symbols, where NV is relatively
large, is expected to have a self-information equal to
N times the average information per symbol. If the se-
quence is encoded so that each symbol coded increases
the binary code string by its self-information if(a,)
bits, then the coded sequence should be N x H (D) bits
in length. The value N x H(D) bits is called the Ideal
Code Length, denoted ICL, of the finite sequence.

Thus, another way of viewing entropy H is as the
ideal length of a symbol sequence S divided by the
number N of symbols in the sequence. The entropy
number is the ideal (best) per-symbol codelength for
compressing sequence S. Similarly, a symbol a,, hav-
ing probability p(a;,) has self-information if(p(an,))
= —log, p(a,,) in bits, which is the self-information
or the ideal length in bits for encoding the symbol a,,.

4.4 Compression Performance Mea-
sures by Symbol Count

4.4.1 Calculating the Ideal Code Length

In the previous section, the ideal code length, ICL,
was introduced as a compression performance measure
for data file S = s1,82,...,5¢...5n. A first step to
calculating the ICL, is to calculate the probability of
data file S as the product of symbol probabilities sy,
comprising sequence S:

N
p(S) =[] s« (4.30)
k=1
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A sequence S is also comprised of symbols a,,, each
unique symbol of alphabet 4 having its own probabil-
ity p(a,,) based on the frequency Ct(a,,), divided by
the number of symbols N in S:

Ct(am)
N

plam) = (4.31)

Using the probability values from Eq 4.31, we can
also calculate the value p(S) as:

M

p(S) = [[ Ct(am) x plam)

m=1

(4.32)

Having calculated probability p(S), an estimate of
the ideal code length ICL in bits for file S is:

ICL = —log, p(S). (4.33)

Using the identity that the logarithm of the result
of a product of factors is equivalent to summing the
logarithm of each factor; the ideal code length (or ICL)
in bits for S is calculated a second way:

N

ICL = Z —log, p(sk).
k=1

(4.34)

Eq 4.32 applies to higher-order compression mod-
els as well, provided that the probability value for
each p(sy) is the same probabiity determined by the
stochastic process by which file § is modeled. This
section (comprised of several subsections) expands on
the notion expressed in Eq 4.32.

4.4.2 Practical Assumptions for ICL

Suppose we have a text data file S composed of
a symbol sequence drawn from the ASCII alphabet.
What is the “entropy” of the file? Although a finite-
length file violates a condition (i.e., file length N going
to 00) Shannon used in his proofs, we can determine a
type of entropy for the file by making certain practical
assumptions.

First, assume the sequence S of symbols was pro-
duced by a memoryless source, i.e., the probability for
the next symbol depends only on the single distribu-
tion. In other words, the symbols all come from the
same (or identical) probability distribution. There is
no “higher-order” finite state machine that remembers
things like if a “q” is produced, that the probability
that a “u” will follow is increased.
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Although the assumption is unrealistic, we need to
be aware of the consequences of any simplifying as-
sumptions. Having assumed a single probability dis-
tribution (a table of symbols and their corresponding
probabilities), we still don’t know what the probabili-
ties are.

Second, we assume the source symbol probabilities
p(an) are the relative frequencies we observe from
data file S itself. We can now calculate how long
the string would be were we to replace each symbol
by its ¢deal length in bits, and then sum the numbers
representing each such length.

These estimates can be calculated using Eq 4.31 af-
ter counts are made, and Eq 4.32 for p(S). The value
of ICL can be calculated as — log, p(S).

Another calculation, given the result of Eq 4.31, is to
read file S, convert each symbol read to its probability
p(ag), and use Eq 4.34 to compute the value of ICL(S).

4.4.3 ICL for the Binary Alphabet

Suppose file S contains only two symbol values, Os
and 1s, and that there are 128 symbol occurences: 32
Os and and 96 1s. Converting count ratios to empiri-
cal probabilities; p(0) = 0.25 and p(1) = 0.75. Using
Eq 4.13, H = 0.25log, 4 + 0.75log, 3.

Note: See Eq 4.15, for the result H(0.25, 0.75) =
0.8113 bits per symbol.

The ideal length for 0, in positive form is: i£(0) =
log, 128. We eliminate the minus sign by using iden-
tity —log2% = log, z that flips the sign by flip-
ping the numerator and the denominator. Similarly,
il(1) = log; 22 The ideal code length of this file is 32

instances of length log, 128 and 96 instances of length
log25g 128 Thus:

128 128
ICL(32,96) = 32log, - +96log, = (4.35)

Converting the log of a fraction to a difference by
the rule log% = logx — logy, we now have:

ICL(32,96) = 32log, (128) — 321og, (32)
+96 log, (128) — 96 log, (96)  (4.36)

Adding 321log,(128) to 96 log,(128) forms the single
term 128log,(128). After all this work, this special
case produced a result with desireable symmetry that
shall be generalized:
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ICL(32,96) = 1281og, (128) —32log, (32) —96 log, (96)
(4.37)

Substituting 7 for log,(128), 5 for log, 32, and
6.58496 for log, 96 in Eq 4.37:

ICL(32,96) = 896 — 160 — 632.156 = 103.844 bits.
(4.38)

The binary entropy H»(32,96) for counts 32 and 96
is the per-symbol code length, and is obtained overall
length ICL by the total number of symbols 128:

96

32
= log,(128) — — log,(32) — 128

H,(32,96) 8

log,(96).
(4.39)

4.4.4 ICL: M-ary Alphabet

The so-called ideal length of a (data) string S™, N
symbols long, or the “self-information using the string
S’s own counts”, can be determined by a closed form
formula that we call NlogN.

The simplest case, discussed first, is the memoryless
model with a single probability distribution. In a first
pass of data file S, we accumulate the symbol counts
Ct(ap,) for each member a,, of the alphabet.

The NlogN formula assigns to each symbol a,, of
alphabet A, where m = 1, 2, ..., M, an ideal length
il(am), where the ideal length based on its relative
frequency. Let Ct(a,,) be obtained on a first pass of

file S, and EM, = N, since S is comprised of N

symbols. Withml\Tlsymbols, p(am) = Ct(an)/N.
M
Ct(am)
ICL(S) = ) x —1 . (44
CL(S) 22;»Cﬁ(a ) x —log, — (4.40)

In Eq 4.40 has the form of an inner product: each
value of m has a product, and each of the m products
are summed. The factor to the right of the times (x)

sign is il(an ), the self-information of symbol a,,. We
Ct(am)

can 51mp11fy Eq 4.40 by converting — log, to
+ log, Ct(am) and then to: log, N—loggCt(am) The
result is Eq 4.41.

x [logy N—log2Ct(an,)] (4.41)

M
ICL(S j{:
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Eq 4.41 has Ct(a,,) multiplying two sums indexed
by m, so we can break the equation into two summa-
tions:

M M
ICL(S Z x[log, N Z
" " (4.42)

The first summation just sums the symbol counts in
S, which we know to be N, and we have: N log, N
The second summation cannot be further simplified,
and the final equation is:

M
Nlog, N — Z Ct(apm) x log2Ct(am)]

m=1

(4.43)

If we calculate the self-information for each symbol,
il(a,,) which is the result of the log,() function, we
can use Eq 4.44 to calculate the ICL:

M

> Ctlam) x ib(am).

m=1

ICL(S) = (4.44)

The factor to the left of the x is the number of
instances that self-information value if(a,,) appeared
in file §. There are M products to be summed, one
for each symbol. The M individual products repre-
sent, respectively, the number of bits that each of the
M symbols has contributed to the ideal code length
ICL(S) of the code string Cd(S), and their sum is the
value ICL(S).

4.4.5 The
(ECL)

Enumerative Code Length

The previous section on the ICL assumes we al-
ready know the total counts for each symbol in the
file. We present a method using the Laplacian es-
timator to estimate the probability for each symbol
for an M-ary symbol alphabet. The technique is also
known as “Laplace’s Law of Succession”, so named
by the British mathematician Venn . The following
description is based on Laplace’s 1814 treatise Essai
philosophique sur les probabilit’es.

The basic idea is to determine the probability from
counting outcomes from past observations. The ex-
ample used by Laplace is the rising of the sun each
morning. In Laplace’s day, people assumed that the
0Old Testament of the Bible, beginning with Adam and
Eve, constituted the life time of the Earth. Laplace

CE 263 Winter 1999

placed the origin of time, hence the origin of the first
sun rise, at approximately 5,000 years or 1,826,213
days earlier. Therefore, he reasoned as follows:

The probability the sun would rise again the next
morning was 1,826,218/1,826,214. In other words,
the chance that the sun would not rise the next morn-

(am)xlogsCt(am)ling was 1 out of 1,826,214.

Laplace also mentioned that his belief in laws that
regulated days and seasons implies the probability the
sun would continue to rise each morning was much
closer to 1 than his example indicates.

The Laplacian estimator is initialized to a count of
1 for each symbol, and the total count initialized to
value M. Thus the 1n1t1al probability for each symbol
is its count ratio: H This technique is attributed to
the French mathematician Pierre Simon, Marquis de
Laplace, and a pioneer of probability theory.

A data file to be compressed is read one symbol at
a time. After handling each next symbol value, that
symbol’s count is incremented by one, as is the to-
tal count incremented by 1. Each symbol now has an
updated probability via the new count ratios, which
dynamically forms the estimates for the next symbol
probability. We can convert the count ratio of the
next symbol to its self-information (in bits) and dy-
namically keep a running sum of the self-information
for the data file seen so far.

In a similar vein, an adaptive Huffman code has been
devised that uses the dynamically generated counts us-
ing Laplace’s method, to maintain a code tree. When
the counts suggest a change in the code tree, the sys-
tem changes the Huffman codeword set. In arithmetic
coding, one can use the counts directly in the coding
operation.

Consider an alphabet A, where the number of sym-
bols M = |A| is 3 and A = {a,b,c} is the symbol set.
Consider compressing stringS =a a a b acabb
a b c. In a one-pass technique the probability distri-
bution is known before the next symbol is encoded.

The Laplacian estimator initializes the counts of
each symbol to 1, even though none have been seen.
This technique falls under the category of a “cumula-
tive count” technique. The technique has been stud-
ied by John Cleary and Ian Witten in [CW 84], and
identified as an enumerative technique, since we count
instances.

The coding of the first symbol a should ideally, un-
der the Laplacian estimator, increase the Enumerative
(Code) Length (ECL) for data string S by value log, 3

(or —log, %), since the count of a is 1 and the total

count is 3. For the second a, the ratio is %, so the

ECL code length increase for the Laplacian estimator
is: logs2 = 1 bit. Similarly, for the third a in a row,
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the code length increase is log, %

Is it feasible to reassign probabilities for each next
symbol of the data being encoded? Although in this ex-
ample, a Huffman code would assign symbol a length
1, and symbols b and c length 2, an arithmetic code®
works in rational (non-integral) lengths and would as-
sign a length as close to log, 3 as the precision of the
number system allows. Also, arithmetic coding can
use the probabilities directly in the encoding and de-
coding operations, so the probabilities can be changed
before each new symbol without going through a Huff-
man coding algorithm.

Continuing the example, after encoding the symbol
a three times at the beginning of symbol sequence S,
the total count is 6 (the 3 initial counts plus 3 more
for the three symbols seen). The individual count is
4 for symbol a (the initial count of 1, plus the three
times a was seen). The other individual symbol counts
remain at 1 for b, and 1 for c. So when symbol b
is seen next, the respective probability distribution is
{2,%,%}. The first occurrence of symbol b, following
its encoding, adds code length log, 6 to the code string.
Then its individual count is incremented from 1 to 2,
and the total count is incremented to 6.

In this way, we are determining probability distribu-
tions and code length increases “on the fly”, i.e., as we
see symbols for the first time: a one-pass technique.
or fully adaptive technique. There are two alternatives
for determining the enumerative code length ECL of
string S under the Laplacian estimator model for ob-
taining the symbol statistics: (1) sum the code length

1

increases by adding lngm to the current sum when

symbol a(,,) of probability p(a,,) is seen, or (2) count
symbol instances as they occur and determine the
probability of the string itself by a closed-form for-
mula called Logfac.

Ezample. Rewrite the string as follows

S = a'a?a®batct a®b* Pt (4.45)

The superscript i indicates the it* time the symbol
has been seen. If we consider the product of the prob-
abilities of the first four symbols, we have £ x 2 x 2 x .
Notice that the denominator of each fraction increases
by 1 from one symbol to the next. String S has
length N = 12 symbols, so the denominators run from
3,4,...,14, and so the denominator for the fraction rep-
resenting the probability of S is proportional to 14!

. . — ! .
To be exact, the denominator is %, or in our

case, 14!+2!. Since our denominator is 3 x4 x - - - x 14,
when we replace this value by 14!, we also need to
“cancel” the factor of 2 in 14! that our denominator

5Treated in a future chapter.
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does not have.

Next consider the numerator for p(S), the proba-
bility of string & under the Laplacian estimator for
the one-pass statistics. Having handled the first three
symbols of S, (3 instances of symbol a), the numerator
has progressed as: 1 x 2 x 3, which represent the su-
perscripts of the symbols shown in the example string
S above. Letting Ct(a), Ct(b), and Ct(c) denote the
total counts for symbols a, b, and c, the value of the
numerator for p(S) is the product Ct(a)!Ct(b)!Ct(c)!,
which in the case of the example is: 6!4!2!.

The Logfac formula for the general case of the Lapla-
cian estimator provides the associated code length
ECL for a memoryless model. Let alphabet A con-
tain M symbols: A = {ai,...am,...an}.

ECL(S) = log,[(N + M —1)1]
M
—log,[(M — 1)1 = 3 log,[Ct(am)]

m=1

(4.46)

where Ct(a) is the number of times symbol a was seen.
If we ignore the corrective term “—log,((M — 1)!)”,
which should be relatively small when total count N
is much larger than M. Thus, the estimate is slightly
higher, and hence is conservative.

If the zero-order (memoryless) model applies to a
relatively short sequence S, however, and the number
of alphabet symbols M is of the same magnitude as
the sequence length, then ignoring the corrective term
may yield too large an estimate ECL.

Stirling’s formula for the log factorial function, log-
fac(n) = log, n!, is adjusted in Equation 4.47 for base-
2 logarithms, log,n!, and may be used to simplify
the calculation for cases where the counts are large.
The base of the natural logarithm, e, is used below in
Eq 4.47.

log, n! = x [(n + 0.5)log,(n) + 0.9189 — n]

(4.47)

1
log, (2)

The formal derivation of Stirling’s formula actually
approximates log.n!, takes the result, and raises e to
that power. Since logen! is the sum of the logs of n,
n —1, ..., 1, the approximation integrates log, zdz
from 1 to n, then determines upper and lower bounds
for the area under the log, z curve.

In Stirling’s formula there is an approximation er-
ror because for each integer n, there is a small neg-
ative error in the formula that varies between % and
1.0. However, as n tends to infinity, this term tends
to 1log, 2w, or 0.9189. Thus, the published versions
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of Stirling’s formula use this asymptotic limit as the
correction term. See [Ham 80], pp 158-163.

Since Shannon’s definition of source entropy of infi-
nite sequences is based on asymptotic properties, i.e,
the Law of Large Numbers, the value of ECL(S) must
converge to the ideal code length ICL(S).

4.5 Codewords and the Kraft Length

With the binary alphabet {0, 1} as the code alpha-
bet, we can define the code space as the set of finite-
length binary strings whose length does not exceed
1019 symbols, i.e., does not exceed the number of
particles in the universe.

Data compression maps information in some source
domain to the range of the code space such that, in
the code space realm, fewer bits are used to represente
the same data.

Ideally, data compression seeks to make the code
string as short as possible; so why not encode each
symbol with a single bit? The problem is decoding:
there are only two binary strings of length 1: 0 and 1.
We can encode an alpabet with one out of two choices,
symbols {a, b} with respective codewords 0 and 1,
but we cannot encode a third symbol ¢ without using
the continuation space (positions behind the first 0 or
1) for the symbols assigned to 0 and 1. We can revoke
the assignment of b to 1, and map b to 10 and c to
11, and our use of the code space is now satisfactory.

Thus, we face a limitation to the mapping of an al-
phabet to the code space. This limitation has been
studied by Kraft, and the result is called the Kraft
Inequality.

The rule called the Kraft Inequality, on the set of
allowable code lengths ¢f(a,,) for encoding symbols
Gm, 18 quite simple for the binary code alphabet.

Observation 5 Note: a value associated with nota-
tion cf, denoting code length, represents a non-ideal
value for the ideal length that uses notation if.

Each symbol a,,’s binary string length cf(a,,) takes

up code space 27¢¢(@m) and the so-called code space
cannot exceed unity. The number base is 2 for the
length exponents denoted —cf(a,,) because the binary
code alphabet uses base 2.

Equation 4.48 defines the Kraft Inequality:
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M
1> )" gmetlam), (4.48)
m=1

where the right-hand side of the inequality is called
the Kraft Sum.

Observation 6 For Eq 4.48, the number of symbols
in the code alphabet is 2.

Were we to have a ternary (3-symbol) code alphabet,
the Kraft sum to be satisfied is Eq 4.48 with value 2
replaced by 3:

M
1> )" gmetlam), (4.49)
m=1

Observation 7 Code alphabet sizes greater than 2
admit unused code words.

The binary code tree has as many leaves as we need.
Consider a ternary code tree. It can have 3 leaves. If
one leaf is replaced by another 3-leaf tree, there are
now 5 leaves. If a leaf on the 5-leaf tree is replaced by
a 3-leaf tree, and we remove one of the 5 leaves and
replace it with a 3 leaf tree, the net gain is 2 leaves.
Now we have 7 leaves. If our symbol alphabet has 6
symbols, the ternary code word assigned to one of the
leafs is never used.

For example, if the code alphabet has 4 symbols and
the data alphabet has 5 symbols, then some leaves of
the 4-symbol code tree are not used.

The reader can verify, by assigning a leaf of a bi-
nary tree corresponding to each length of a proposed
set of lengths for a Kraft Sum, that if the inequality
of Eq 4.48 is not met, then at least one symbol must
share a common leaf of the tree and an “overlapping
use” of the code space has occurred, and the code can-
not be unambiguously decoded. In other words, at
least one of the symbols will never be decoded. When
the Kraft Sum is less than unity, there is some coding
inefficiency since some “code space” is going unused:
a code tree leaf is available to accomodate another
symbol of the alphabet, but is not being used.

We now use code space arguments to demonstrate
that the self-information is the ideal code length. Con-
sider a memoryless source of known distribution, and
a message consisting of a sequence of N symbols, de-
noted S”, emitted from the source. To uniquely de-
code the N-symbol message, the decoder must distin-
guish “our” message from all others, thus the Kraft
Inequality must be met.
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Next, we need the optimum way to split up the code
space: what portion of the full code space must each
symbol receive? To minimize the average code length
(for best compression), we minimize the following sum:
the code length cf(a,,) assigned to each symbol a,y,
weighted by its relative frequency p(ay,).

For minimum average code length:

M
Z plam) X cl(am). (4.50)

m=1

For each symbol position j, ¢f(s(j)) is replaced by the
code length increase assigned to the symbol a(i) that
occupies that position in SY. The lengths cl(a(i))
must satisfy the Kraft Inequality Eq 4.48.

The Kraft Inequality just states a condition that al-
lows decodability, but does not assign probabilities
to those lengths. A related question is: if we know
the probabilities, and could choose a length for each
symbol that minimizes the code string length, how do
we calculate the optimal length values? The answer:
Shannon’s self-information.

The minimization problem posed by Eq 4.50 above
has been studied by Shannon, and by mathematicians
in another context. If there are two probability distri-
butions of M symbols, pl(a,,) and p2(a,,), then the
inner product

M
- Z pl(am)x—10g, p2(am) > pl(am)x—log, pl(am)

m=1

(4.51)

is at a minimum when, for all m: p(a,) = q(an).
What Shannon is pointing out is the importance of
the notion of entropy relative to the definition of self-
information. It means the self-information is special
because it is a unary function of the probability value
and will minimize the code length when used to en-
code data whose statistics or probability distribution
is known.

In other words, if the inner product of Eq 4.51 on the
left-hand side is not done with distribution Doo’s self-
information, we do not achieve the minimum possible
code length.

Actually the logarithm can be to any base and the
relationship “p = q” for the minimum still holds. In
[CT 91], Eq 4.51 is proved by Lagrangian multipli-
ers. Note that the minimizing value set of —log, g(m)
of Eq 4.51 are also called the ideal lengths: i¢(m) =

—log, p(m).
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A specialization of Jensen’s Inequality, which relates
in general to any convez function, focuses on loga-
rithms. The logarithm is convex because as z in-
creases, the derivative of log, = is negative so the path
traced by log,  with increasing x curves to the right.
We note that the set of numbers {27/} form a proba-
bility distribution (sum to one, no probability outside
the range {0, 1}). This particular application and spe-
cialization, based on Jensen’s Inequality, is sometimes
called Gibb’s Inequality.

This theorem applies to Information Theory by not-
ing that value 27%(@m)) corresponds to value p(ay,).
Since the code designer decides the values of if(a,) for
the code, we have the freedom to choose the lengths
il assigned to each symbol so long as they satisfy the
Kraft Inequality Eq 4.48.

Another way of looking at Eq 4.51, is to notice that
the inner product to be minimized is the product of a
probability from a first distribution D1, where D1 pro-
vides probabilities pl(a,,), and the self-information il
of p2(a,,) comes from a second distribution D2.

The weighted sum of the self-information i¢1(a,)
from D1 is at a minimum when, multiplied by its own
value of pl(ay,). Similarly, when p2(a,,) and i¢2(a,)
both come from distribution D¢, then its weighted
sum of self-information (i.e., its entropy) is also at its
minimum, according to Gibbs.

The minimum average code length for data strings
SN from the set of symbols {ay, ..., am, -..an} is at-
tained for each symbol a,, when:

plam) =27, (4.52)
or else (by taking logs), when:
il(am) = —log, plam). (4.53)

Question 1 (The math is very interesting,)
but: “What good is it?”

Basically, the “good” comes from the nice feeling
that there is an achievable best limit to compression.
A mathematician may find that the notion of self-
information, as defined by Shannon, is a “beautiful”
concept. Many “pure” mathematicians enjoy mathe-
matical beauty for its own sake.

Shannon proved mathematically that the very best
you can do, for lossless data compression, is to en-
code data according to its symbol probabilities, us-
ing code length increases that correspond to the self-
information. So engineers, applied mathematicians,
and computer scientists enjoy “providing the best

51 Information Theory



product with the available resources (time, equipment,
team members)” as a reward. Moreover, a coding
technique called arithmetic coding, can use rational
approximations to the ideal length if for very efficient
coding relative to the entropy.

Prior to Shannon, people knew they needed to en-
code frequent symbols with short codes and infrequent
symbols with longer codes, but Shannon quantified
(or “nailed down”) the limiting values, given the con-
straint that the decoder at the receiver be able to ex-
actly re-create the original data sequence given the
lossless transmission of the code string.

Since Y, p(an,) sums to 1, then 3 27%#(@m) also
sums to 1, since the terms in each sum are the same:
the base-2 antilog of —if(a,,) is p(a,,). Therefore,
if the set of lengths cl(a,,) that satisfy the Kraft
Inequality are equal to the self-information lengths
il(ap,) then the mean per-symbol of the code string
Y mPlam) % cl(am) may be as close to the theoreti-
cal minimum as the precision of the approximation to
cl(a.,) permits.

4.6 Independence and the Memoryless
Source

One important assumption for the memoryless
source is that the symbol sequence emitted from the
source demonstrates independence from one symbol
to the next. An implication of a memoryless source
is that a sequence S so emitted has a probability
whose value is the product of the probabilities of each
symbol that appears in the sequence.

Consider the case where the product of the proba-
bilities of the symbols comprising N-symbol sequence
SN is expressed in the form 2%, where i/ is the self-
information. Then to take up exactly that 2% of the
code space, we would need a binary string of length i¢.
If we view i/ as having an integer part and fractional
part, we would need perhaps one bit more than the
fractional part to encode the message.

4.7 Efficiency Calculations

Consider file S of length N, and the Huffman algo-
rithm applied to alphabet A according to the symbol
frequencies Ct(an,).

Question 2 How do we determine the efficiency
(and/or the inefficiency) of our Huffman code?
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The basic idea is to calculate the ideal length, IL(S)

which is based on the empirical entropy H.(S), in turn

based on the empirical probabilities, %, calculated

from the symbol frequency histogram of S. We con-
sider H,(S), calculated in bits, as the ideal. For com-
parison, we can calculate the actual code length CL(S)
by associating the code word length, c¢l(a,,), with its
symbol count Ct(ay,).

M

CL(S) = Y Ct(am) x cl(am)

m=1

(4.54)

Observation 8 The mean (average) per-symbol code
length of compressed file CL(S), of N coded symbols,
may be calculated by summing each symbol’s (an,’s)
code word length cf(an,).

CL(S) is measured in bits) when the code word
length, cl(a.,), is given in bits.

Given a Huffman code applied to data file S of length

N, and the set of empirical probabilities p(a,,) =

% from file S, let H, denote the empirical en-

tropy of the data.

Let CL(S) be the Huffman code length. Under these
conditions, the coding inefficiency (CI)is calculated as
follows:

oI = CL/NT—H (4.55)

In the following, we calculate the entropy H for a
given probability distribution D. The set of probabil-
ities p for D are also used for the Huffman algorithm
to generate a code tree.

Example 4 Consider the following set of probabilities
9 6 6 1

. . . 3 24 8
for distribution Dga.1: {57,571 51> 51 510 51 )+

Example 4 above is taken from the Huffman cod-
ing chapter, section Example Designs of Huffman
Codes, first example. The equation for entropy H be-
low uses the probabilities of Example 4 for the entropy
calculation.

We use the form of each term as plogy . In the

calculation below, the first factor p is represented in

common denominator form: g7. In the second factor,
n

the fraction L is represented as - with any common
factors of n and m removed. See the fractions in the
distribution D of Example 4 above, before changing
to the least common denominator.
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From Eq 4.55, we have;

24 9 9
Dpx1 = =1 log, riaa 5 log, 6
8 27 6
5410 2Z +2x 5—410g29
+ﬁ log, 54. = 2.170. (4.56)

From Chapter Three, the average code length of the
Huffman code for Dg, is:

121

£ X (4430 + 174+ 134 7) = == = 2.241bits

The coding inefficiency for Dg,1, using Eq 4.55, is:

2.241—-2.170
22412170 — (0,0327.

Next, consider the Huffman code of Example 2 from
Chapter 3 that has the followmg distribution. Dggo =

48’48’48’48’48’48’48’48’48

The entropy calculation Hg,o is:

9 16
Hgxo = 8 10%2 4+ 13 log, 3
8 6
48 log, 6 + — 48 log, 8
3
48 log2 12+ — 18 log, 16 + 3 x — 18 log2 24
—=2.881. (4.57)

From the Huffman code for Dg,o of Chapter 3, the av-
erage (per-symbol) code length is 2.917 bits per sym-
bol.

Coding inefficiency Cl is covered in Eq 4.55. Having
just calculated 2.881 bps as the ideal, the coding inef-
ficiency for the Huffman code of Example 2 of Chapter
3 is:

2.917 — 2.881
Ol = == = 0.0125. (4.58)

Consequently, for this example, the Huffman code is
not bad: only 1.15% worse than the ideal.
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4.8 Coding to the Entropy

It is not accidental that in the previous (and in
mostly all other such) examples that the minimum
possible average code length is not less than the en-
tropy. It is possible to contrive the probabilities such
that we “code to the entropy”, where the average per-
symbol code length of a Huffman code is equal to the
entropy.

Notice that the entropy H is the inner product of
the symbol probability vector with the symbol self-
information vector. On the other hand, the average
code length is the inner product of the symbol prob-
ability vector with the vector of the symbol codeword
lengths.

Observation 9 Here’s the “key” to probability distri-
butions that yield “coding to the entropy” for Huffman
code words.

The calculations for the entropy H, and the average
code length are the same when the codeword length for
am, el(an,) equals the self-information if(a,,) for each
symbol a,,..

Huffman codeword lengths are integers, therefore
only probability distributions that produce integer val-
ues for i/(p) can be “coded to the entropy”. So any
distribution, all of whose probabilites are of the form
27 where i is some integer, have Huffman code tables
whose average code length per symbol and entropy H
are the same value.

4.9 Stationary and
Sources

Nonstationary

A sequence of data values drawn from a stationary
information source is a common assumption in infor-
mation theory. The source is stationary if one ex-
amines relatively long subsequences of data and the
probabilities of each symbol are relatively close to
their long-term average values. A stationary sequence,
then, means that one lacks sufficient evidence that the
“underlying” probability distribution from which the
symbols are drawn has changed.

Although the concept of an imaginary information
source enables one to state and prove theorems, the re-
ality of data compression must deal with an individual
sequence in itself. Either a data sequence S exhibits
stationarity or not. We need to deal with practical
options and assumptions. We can always assume sta-
tionarity by learning the zero-order symbol frequencies
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through counting techniques, and using those to com-
press the data file. If most of the probabilities p(a,,)
of the M symbols are close to value ﬁ, then at least
some compression will be achieved.

On the other hand, if a data sequence exhibits a
change in the relative frequencies of the symbols for a
sufficiently long subsequence of data file S, then data
file S exhibits non-stationary behavior. Changes in
the relative frequencies of symbols within file S indi-
cate the file could possibly be compressed even further
with the following techniques:

e Use an adaptive probability estimation technique
that works by counting symbol instances and
“forgetting” the older counts. In a sense, use the
analogy of a sliding window into the past history
of the counts.

e Devise a higher-order compression model to gen-
erate context-dependent probability distributions
based upon the already encoded neighboring val-
ues of the next event to be encoded (decoded).

These topics are covered in greater depth in subse-
quent chapters.

Appendix I. Refresher on logarithms

The self-information is defined in terms of taking
logarithms to the base 2. In working with formulae
that include the log function, several identities are
useful. Let z, y, and z be real numbers, and e be
the base of the natural logarithms. The wvalue of base
e is 2.71828...

y = 27 implies log, x = y.
If log, y = z, Then y = z*.

If log, # = 3, what is x? x = 8, since 8 = 23.
log1 =0. log 0 = —o0.

log(z/y) = logz — logy.

log(1/y) =logl —logy =0 —logy = —logy.

CE 263 Winter 1999

log(z x y) =logx + logy.
x positive; z! yields z, so log, = = 1;

To calculate log,(z) (logarithm of = using base y)
when only the natural log is available on our hand
calculator, use the following identity:
log,
log, y

log, » =

Consider number bases 2 and 256 for base y, with
x as value 0.5. The values of log. of 2 and 256 are
respectively (to 6 digits) 0.693147 and 5.54518. Be-
low we calculate the self-information to base 2 (bits)
and base 256 (bytes) of an event of probability £,
where log, 0.5 = -0.693147. Note that negative factor
—0.693147 cancels the minus sign that begins each of
the two equations, yielding a positive result.

log, 0.5 0.693147
0.69315 ~ 0.693147

—10g,(0.5) = =1.0. (4.59)

log, 0.5  0.693147
5.5452  5.54518

1
—108254(0.5) = = 0.125(= £)4.60)

Note that log, gives a result in bits and log,s4 gives
a result in bytes. The self-information of 3 is thus 1
bit or % byte, which is the same.

Appendix II1.
Self-Information

Examples of

This appendix presents Tables A.1 and A.2. Table
A.1 presents a table of examples, where 2°n means
2" or 2 raised to the power n, and ~ means “ap-
proximately”.

Table A.1. Probability values related to
some rational self-information values

a priori Self-information
probability (bits)

1.000 | 0
27(-0.01) ~ 0.993 | 1/100
27(-1/20) ~ 0.966 | 1/20
27(-1/10) ~ 0.933 | 1/10
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27(-1/8) ~ 0.917 | 1/8
2°(-1/6) ~ 0.891 | 1/6
2~(-1/5) ~ 0.871 | 1/5
2°(-1/4) ~ 0.841 | 1/4
2°(-1/3) ~ 0.794 | 1/3
2°(-1/2) ~ 0.707 | 1/2
1/4 |2
1/8 | 3
1/16 | 4
1/32 | 5
1/64 | 6
1/256 | 8
1/1024=1/2"(10) | 10
1/27(1/20) | 20
1/27(1/100) | 100
0 | Infinity

Note that the less likely the event, the larger the
number representing the information. The logarith-
mic measure assures that when a succession of inde-
pendent events occurs the total information received
is the sum of the measures of information for the in-
dividual events. Table A.1 uses probabilities that are
powers of two, so one can easily see the logarithmic
relationship of information in bits and the powers of
two.

In Table A.2, the value of self-information for other
rational numbers are tabulated to four fractional dec-
imal places.

Table A.2. Self-information values
related to some rational probabiliies

a priori Self-information
probability (bits)
99/100 0.0145
19/20 0.0740
9/10 0.1520
7/8 0.1926
5/6 0.2630
4/5 0.3219
3/4 0.4150
2/3 0.5850
1/3 1.5850
1/4 2.0000
1/5 2.3219
1/6 2.5850
1/8 3.0000
1/10 3.3219
1/20 4.3219
1/100 6.6439
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4.10 Problems

1.

35

Calculate the entropy of these binary sources, A
={0, 1}, whose smaller probability p(0) is:

(a) 5.
() L.
(© .
(d) 3

. In the previous problem, comment on the rate of

increase of the entropy H as the probability of the
less probable symbol increases.

Consider a source coding approach for binary
source alphabet {0, 1}, where M = 2. Unlike pre-
fix codes, arithmetic coding permits code lengths
¢f(0) and c¢f(1) to be rational. Probability esti-
mation techniques result in rational number val-
ues for the estimated probabilities p. Unless p is
a negative power of the logarithm base, its ideal
length value i€(0) = loggp(l—o) is irrational (tran-
scendental).
The Problem to Answer:

16

If i£(0)is a transcendental number, as in log, 32
for the larger binary probability of part la of
problem 1, practical applications require the code
length ¢£(0) to be either a truncation or rounding
of i£(0) for two reasons:. (1) to convert the num-
ber to a rational, and (2) while ensuring that the
Kraft Inequality is satisfied.

Which of the two alternatives (1) truncate or (2)
round would you perform? Justify your choice.
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