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ABSTRA CT

A schema mapping is a speci cation that describeshow data
structured under one schema (the source schema) is to be
transformed into data structured under a dierent schema
(the target schema). Schema mappings play a key role in
numerous areas of database systems, including database de-
sign, information integration, and model managemer. A
fundamental problem in this context is composing schema
mappings: given two successie schema mappings, derive a
schema mapping betweenthe source schema of the rst and
the target schema of the secondthat hasthe samee ect as
applying successiely the two schema mappings.

In this paper, we give a rigorous semartics to the composition
of schema mappings and investigate the de nabilit y and com-
putational complexity of the composition of two schema map-
pings. We rst study the important caseof schema mappings
in which the speci cation is given by a nite set of source-to-
target tuple-generating dependencies(source-to-target tgds).
We show that the composition of a nite set of full source-
to-target tgds with a nite set of tgds is always de nable by
a nite set of source-to-target tgds, but the composition of
a nite set of source-to-target tgds with a nite set of full
source-to-target tgds may not be de nable by any set (-

nite or in nite) of source-to-target tgds; furthermore, it may
not be de nable by any formula of least xed-p oint logic,
and the assaiated composition query may be NP-complete.
After this, we introduce a class of existential second-order
formulas with function symbols, which we call second-order
tgds, and make a casethat they are the \righ t* language for
composing schema mappings. To this e ect, we show that
the composition of nite sets of source-to-target tgds is al-
ways de nable by a second-ordertgd. Moreover, the compo-
sition of second-ordertgds is alsode nable by a second-order
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tgd. Our second-ordertgds allow equalities, even though the
\obvious" way to de ne them does not require equalities.
Allowing equalities in second-order tgds turns out to be of
the essence,becausewe show that second-ordertgds with-
out equalities are not su cien tly expressive to de ne even
the composition of nite sets of source-to-target tgds. Fi-
nally, we show that second-ordertgds possessgood proper-
ties for data exchange. In particular, the chase procedure
can be extended to second-order tgds so that it produces
polynomial-time computable universal solutions in data ex-
change settings speci ed by second-ordertgds.

1. Intro duction & Summary of Results

The problem of transforming data structured under one schema
into data structured under a di erent schema is an old, but
persistert, problem arising in seweral di eren t areasof database
managemer systems. In recert years, this problem has re-
ceived considerable attention in the context of information
integration, where data from various heterogeneoussources
has to be transformed into data structured under a medi-
ated schema. To achieve interoperability, data-sharing ar-
chitectures use schemamappings to describe how data is to
be transformed from one represeration to another. These
schemamappings are typically speci ed using high-level declar-
ativ e formalisms that make it possibleto describe the corre-
spondencebetweendi eren t schemasat a logical level, with-
out having to specify physical details that may be relevant
only for the implementation (run-time) phase. In particular,
declarative schema mappings in the form of GAV (global-
as-view), LAV (local-as-view), and, more generally, GLAV
(global-and-lo cal-as-view) assertions have been used in data
integration systems [15]. Similarly, source-to-target tuple-
generating dependencies (source-to-target tgds) have been
usedfor specifying data exchangebetweena relational source
and arelational target [10, 11]; moreover, nested (XML-st yle)
source-to-target dependencieshave beenusedin the Clio data
exchange system [19].

The extensive use of schema mappings has motivated the
need to develop a framework for managing these schema
mappings and other related meta-data. Bernstein [5] has
intro duced such a framework, called model management, in
which the main abstractions are schemas and mappings be-
tweenschemas,aswell asoperators for manipulating schemas



and mappings. One of the most fundamental operators in
this framework is the composition operator, which combines
successie schema mappings into a single schema mapping.
The composition operator can play a useful role eac time
the target of a schema mapping is also the source of an-
other schema mapping. This scenario occurs, for instance,
in schema ewvolution, where a schema may undergo seeral
successie changes. It also occurs in peer-to-peer data man-
agemen systems, such as the Piazza System [13], and in
extract-transform-load (ETL) processesn which the output
of a transformation may be input to another [20]. A model
managemen system should be able to gure out automati-
cally how to composetwo or more successie schema map-
pings into a single schema mapping betweenthe rst schema
and the last schemain a way that captures the interaction of
the schema mappings in the entire sequence. The resulting
single schema mapping can then be usedduring the run-time
phasefor various purp oses,such as query answering and data
exchange, potentially with signi cant performance bene ts.

Bernstein's approach provides a rich conceptual framework
for model managemen. The next stagein the development
of this framework is to provide a rigorous and meaningful
semartics of the basic model managemen operators and to
investigate the properties of this semartics. As pointed out
by Bernstein [5], while the semartics of the match opera-
tor have been worked out to a certain extent, the seman-
tics of other basic operators, including the composition op-
erator, \are lesswell developed". The problem of compos-
ing schema mappings has the following general formulation:
given a schema mapping M 12 from schema S; to schema S,
and a schema mapping M 23 from schema S; to schema Ss,
derive a schema mapping M 13 from schema S; to schema S3
that is \equiv alent" to the successie application of M 1, and
M 23. Thus, providing semartics to the composition operator
amounts to making precisewhat \equiv alence" meansin this
context. Madhavan and Halevy [17] werethe rst to propose
a semartics of the composition operator. To this e ect, they
de ned the semartics of the composition operator relativ e to
a class Q of queries over the schema Sz by stipulating that
\equiv alence" means that, for every query qin Q, the cer-
tain answers of g in M 13 coincide with the certain answers
of g that would be obtained by successiely applying the two
schema mappings M 12 and M 3. They then established a
number of results for this semartics in the casein which the
schema mappings M 12 and M ,3 are specied by source-to-
target tgds (that is, GLAV assertions), and the class Q is
the classof all conjunctiv e queriesover Sz. The semartics of
the composition operator proposedby Madhavan and Halevy
[17]is asignicant rst step, but it suers from certain draw-
backs that seemto be causedby the fact that this semartics
is given relative to a classof queries. To begin with, the set
of formulas specifying a composition M 13 of M 12 and M 23
relative to a class Q of queries need not be unique up to
logical equivalence. Moreover, this semartics is rather frag-
ile, becausea schema mapping M 13 may be a composition
of M 12 and M 3 with respect to a class Q of queries, but
fail to be a composition of these two schema mappings with
respect to a slightly larger class Q° of queries.

In this paper, we rst introduce a di eren t semartics for the
composition operator and then investigate the de nabilit y
and computational complexity of the composition of schema

mappings under this new semartics. Unlik e the semartics
proposed by Madhavan and Halevy [17], our semartics does
not carry along a classof queriesasa parameter. Speci cally ,
we focus on the spaceof instances of schema mappings and
de ne a schema mapping M 13 to be a composition of two
schema mappings M 12 and M »3 if the space of instances
of M 13 is the set-theoretic composition of the spacesof in-
stancesof M 1, and M 23, wherethesespacesare viewed as bi-
nary relations betweensourceinstancesand target instances.
One advantage of this approach is that the set of formulas
de ning a composition M 13 of M 12 and M 23 is unique up
to logical equivalence; thus, we can refer to such a schema
mapping M 13 as the composition of M 12 and M 23. More-
over, our semartics is robust, sinceit is de ned in terms of
the schema mappings alone and without a referenceto a set
of queries. In fact, it is easyto seethat the composition (in
our sense)of two schema mappings is a composition of these
two schema mappings in the senseof Madhavan and Halevy
relative to every classof queries.

We explore in depth the properties of the composition of
schema mappings speci ed by a nite set of source-to-target
tuple-generating dependencies(source-to-target tgds). A nat-
ural question to ask is whether the composition of two such
schema mappings can also be specied by a nite set of
source-to-target tgds; if not, in what logical formalism can
it be actually expressed?On the positive side, we show that
the composition of a nite set of full source-to-target tgds
with a nite set of source-to-target tgds is always de nable
by a nite set of source-to-target tgds (a source-to-target tgd
is full if no existentially quanti ed variables occur in the tgd).
On the negative side, however, we show that the composition
of a nite set of source-to-target tgds with a nite set of full
source-to-target tgds may not be de nable by any set (-

nite or in nite) of source-to-target tgds. It should be noted
that Madhavan and Halevy [17] showed that under their se-
mantics the composition of nite setsof source-to-target tgds
may not be speci able by a nite setof source-to-target tgds,
but it doesnot appear that their paper considersthe possi-
bility that even an in nite set of tgds will not suce. We
also show that the composition of a nite set of source-to-
target tgds with a nite set of full source-to-target tgds may
not even be de nable in the nite-v ariable in nitary logic
LY ,, which implies that it is not de nable in least xed-

point logic LFP; moreover, the assaiated composition query
may be NP-complete.

To ameliorate these negative results, we introduce a class
of existential second-order formulas with function symbols,
called second-order tgds, which expresssource-to-target con-
straints and subsumethe classof ( rst-order) source-to-target
tgds. We make a casethat second-ordertgds are the right
language both for specifying schema mappings and for com-
posing such schema mappings. To this e ect, we show that
the composition of nite sets of source-to-target tgds is al-
ways de nable by a second-ordertgd. Moreover, the compo-
sition of second-ordertgds is alsode nable by a second-order
tgd, and we give an algorithm that, given two schema map-
pings speci ed by second-ordertgds, outputs a second-order
tgd that de nes the composition. We also shaw that second-
order tgds possesgyood properties for data exchange. In par-
ticular, the chaseprocedure can be extended to second-order
tgds sothat it producespolynomial-time computable univer-



sal solutions in data exchange settings speci ed by second-
order tgds. As a result, in such data exchange settings the
certain answers of conjunctiv e queries can be computed in
polynomial time.

It should be pointed out that arriving at the right concept
of second-ordertgds is a rather delicate matter. Indeed, at
rst onemay considerthe classof second-orderformulas that
are obtained from rst-order tgds by Skolemizing the existen-
tial rst-order quantiers into existentially quantied func-
tion symbols. This processgivesrise to a class of existen-
tial second-orderformulas with no equalities. Therefore, the
\obvious" way to de ne second-ordertgds is with formulas
with no equalities. Interestingly enough, however, we show
that second-ordertgds without equalities are not su cien tly
expressive to de ne the composition query of nite sets of
(rst-order) source-to-target tgds.

Our second-ordertgds are not too strong a fragment of second
order logic, and also not too weak a fragment. If they were
weaker (by not having equalities), then, as we just noted,
they would not be su cien tly expressiwe to capture the com-
position query of nite setsof rst-order tgds. At the same
time, they are not so strong that we cannot carry out the
chaseprocesse cien tly. To appreciate this point, let us con-
sider the computation of the certain answers of conjunctiv e
queries. As we noted earlier, if the data exchange setting is
de ned by second-ordertgds, then the certain answers of ev-
ery conjunctiv e query can be computed in polynomial time
(by doing the chase). By contrast, when the source schema
is described in terms of the target schema by means of arbi-
trary rst-order views, there are conjunctiv e queriesfor which
computing the certain answersis an undecidable problem [1].
Thus, our second-ordertgds form a fragment of second-order
logic that in someways is more well-behaved than rst-order
logic.

2. The Semantics of Comp osition

In this section, we de ne basic concepts and the meaning of
composing two schema mappings.

A schemais a nite sequenceR = hRy;:::;Rgi of relation
symbols, each of a xed arity. An instance| (over the schema
R) is a sequencerR};:::;RLi such that each R! is a nite

relation of the samearity as R;. We call R} the R;-relation
of I . We shall often abusethe notation and useR; to denote
both the relation symbol and the relation R! that interprets
it.

with no relation symbols in common. We write hS;Ti to
denote the schema hSy, :::, Sn, T1, :::, Tmi. If | is an
instance over S and J is an instance over T, then we write
hl ;Ji for the instance K over the schema hS; Ti such that
S =sland T =T, for1 i nandl j m.

Definition  2.1. A schema mapping (or, in short, map-
ping) isatriple M = (S;T, ), whereSandT are schemas
with no relation symbols in common and ¢ is a set of for-
mulas of somelogical formalism over hS; Ti.

If M = (S;T; «) is a schema mapping, then an instance

of M is an instance H;Ji over hS;Ti that satises every
formula in the set .

We write Inst(M ) to denote the set of all instancesh ;Ji of
M . Moreover, if H;Ji 2 Inst(M ), then we say that J is a
solution of I under M . O

Seweral remarks are in order now. In the sequel,if M =
(S;T; &) is a schema mapping, we will often refer to S
as the source schema and to T as the target schema The
formulas in the set  expressconstraints that an instance
h ;Ji over the schema hS; Ti must satisfy. We assumethat
the logical formalisms considered have the property that the
satisfaction relation between formulas and instances is pre-
serval under isomorphisms, which meansthat if an instance
satis es a formula, then every isomorphic instance also sat-
ises that formula. This is a mild condition that is true
of all standard logical formalisms, such as rst-order logic,
second-order logic, xed-p oint logics, and in nitary logics.
An immediate consequenceof this property is that Inst(M )
is closed under isomorphisms; that is, if H ;Ji 2 Inst(M ) and
H % J9% is isomorphic to h ;Ji, then alsoh % J% 2 Inst(M ).

At this level of generality, someof the formulasin s may be
just over the sourceschema S and others may bejust over the
target schema T ; thus, the set  may include constraints
over the source schema S alone or over the target schema T

alone. We note that, although the term \schema mapping"

or \mapping" has beenused earlier in the literature (for in-

stance, in [17, 18]), it is a bit of a misnomer, as a schema
mapping is not a mapping in the traditional mathematical

sense,but actually it is a schema (although partitioned in

two parts) together with a set of constraints. Nonetheless,
a schema mapping M = (S;T; &) givesrise to a mapping
such that, given an instance | over S, it assaiates the set
J of all instances over T that are solutions for | under M .
Note also that the terminology \J is a solution for I " comes
from [10, 11], where J is a solution to the data exchange
problem assaiated with the mapping M and the sourcein-

stancel .

If P1 and P, are two binary relations, then, by de nition, the
composition P, P, of P; and P, is the binary relation

Pi P2=1(x;y):(92)((x;2) 2 P1” (z;y) 2 P2)g:

Clearly,if M = (S;T; &) isascemamapping, then Inst(M )
is a binary relation between instances over S and instances
over T. In what follows, we de ne the concept of a composi-
tion of two schemamappings M 12 and M »3 using the com-
position of the binary relations Inst(M 12) and Inst(M 23).

Definition 2.2. Let M 12:( Sl, Sz, 12) and M 23:( Sz,
S3, 23) be two schema mappings such that the schemas
S1;S2; Ss have no relation symbol in common pairwise. A
schema mapping M = (S1;Ss; 13) is a composition of M 1
and M 23 if

Inst(M ) = Inst(M 12) Inst(M 23);
which meansthat Inst(M ) = fhli;l3i j there exists |, such
that h ;120 2 Inst(M 12) and H ;130 2 Inst(M 23)g.

Since Inst(M 12) and Inst(M »3) are closed under isomor-
phisms, their composition Inst(M 12) Inst(M 23) is alsoclosed



under isomorphisms. Consequerly, the class Inst(M 12)
Inst(M »3) can beidentied with the following query®, which
we call the composition query of M 12 and M »3: given two
instances 11 and I3, is h1;lsi 2 Inst(M 12) Inst(M 23)?
Note that, according to De nition 2.2, asserting that M =
(S1;S3; 13) is a composition of M 12 and M 23 amounts to
saying that the composition query of M 12 and M 23 is ex-
actly the set of instances over hS;; Ssi that satisfy 13. In
other words, this meansthat the composition query of M 1,
and M »3 is de nable by the formulas in the set 3.

It is well known and easyto seethat every query is de nable
by an in nitary disjunction of rst-order sertences. Specif-
ically, for each nite structure satisfying the query, we con-
struct a rst-order formula that de nes the structure up to
isomorphism and then take the disjunction of all these for-
mulas. This in nitary sertence de nes the query. Moreover,
every query is de nable by a set of rst-order formulas. In-
deed, for eadh nite structure that doesnot satisfy the query,
we construct the negation of the rst-order formula that de-
nes the structure up to isomorphism and then form the set
of all such formulas. Note that this is an in nite set of rst-

order formulas, unlessthe query is satis ed by all but nitely

many non-isomorphic instances. It follows that a composi-
tion of two schema mappings always exists, since, given two
schema mappings M 12 and M 23, we can obtain a composi-
tion M = (S1;Ss3; 13) of M 12 and M 3 by taking 13 to
be the singleton consisting of the in nitary formula that de-
nes the composition query of M 12 and M ,3. Alternativ ely,
we could take 13 to be the (usually innite) set of rst-

order formulas that de nes the composition query of M 1,
and M »3. Furthermore, this composition is unique up to
logical equivalencein the sensethat if M = (S1, Sz, ) and
M %= (S;, Sz, 9 are both compositions of M 1, and M 3,
then and °are logically equivalent. For this reason, from
now on we will refer to the composition of M 12 and M »3,
and will denoteit by M 12 M 23.

Since the composition query is always de nable both by an
in nitary disjunction of rst-order formulas and by an in nite
set of rst-order formulas, it is natural to investigate when
the composition of two schema mappings is de nable in less
expressive, but more tractable, logical formalisms. It is also
natural to investigate whether the composition of two schema
mappings is de nable in the same logical formalism that is
used to de ne these two schema mappings. We embark on
this investigation in the next section.

3. Comp osing Source-to-T arget TGDs

Let S be a sourceschema and T a target schema. A source-
to-target tuple-genemting dependency (source-to-target tgd)
is a rst-order formula of the form

8x( s(x)! 9y T(X;¥));

where s(x) is a conjunction of atomic formulas over S and

1(X;Yy) is a conjunction of atomic formulas over T. We as-
sumethat every variable in x appearsin s. A full source-to-
target tuple-genemating dependency (ful | source-to-target tgd)

!Recall that a query is a class of nite structures that is
closed under isomorphisms [6].

is a source-to-target tgd of the form
8x( s(x)!  T(x));

where s(x) is a conjunction of atomic formulas over S and

T (x) is a conjunction of atomic formulas over T. We again
assumethat every variable in x appearsin s. Source-to-
target tgds have been used to formalize data exchange [10,
11]. Moreover, they have beenusedin data integration sce-
narios under the name of GLAV assertions[15].

Note that every full source-to-target tgd is logically equiva-
lent to a nite set of full source-to-target tgds ead of which
has a single atom in its right-hand side. Specically, a full
source-to-target tgd of the form 8x( s(x) ! ~K; Ri(xi)) is
equivalent to the set consisting of the full source-to-target
tgds 8x( s(x)! . In contrast, this
property fails for arbitrary source-to-target tgds, since the
existential quanti ers may bind variables used acrossdi er-
ent atomic formulas.

Example 3.1. Consider the following three schemas Si,
S; and S3. Schema S; consists of a single binary relation
symbol Takes, that assaiates student nameswith the courses
they take. Schema S, consists of a similar binary relation
symbol Takes; and of an additional binary relation symbol
Student that assaiates eadh student name with a student id.
Schema S3 consistsof one binary relation symbol Enrollment
that assaiates student ids with the coursesthe students take.
Consider now the schemamappings M 12> = (S1; S2; 12) and
M 23 = (Sz; Ss; 23), Where

f 8n8c¢(Takes(n;c) ! Takesi(n;c));
8n8c(Takes(n;c) ! 9sStudent(n;s)) g
f 8n8s8c(Student (n; s) » Takes;(n; ¢)
I Enrollment (s;c)) g

12

23

These three formulas are source-to-target tgds. The second
formula in 12 is an example of a source-to-target tgd that
is not full, while the other two formulas are full source-to-
target tgds. The rst mapping, assaiated with the set 12
of formulas, requires that \copies" of the tuples in Takes
must exist in Takes; and, moreover, that each student name
must be assaiated with somestudent id (s) in Student. The
secondmapping, assaiated with the formula in 23, requires
that pairs of student id and coursemust exist in the relation
Enroliment , provided that they are assaiated with the same
student name.

Dene |; by letting Takes® = f(Alice; Math) ; (Alice; Art )g.
Dene |, by letting Takes)? = Takes! and Student'? =
f (Alice; 1234)y. Here 1234 is Alice's student id. Dene I3
by letting Enrollment '3 = f (1234 Math) ; (1234, Art )g. It is
easy to verify that Hi;l12i 2 Inst(M 12) and that h,;lsi 2
Inst(M 23). Hence, N 1;13i 2 Inst(M 12) Inst(M 23). One
of the main problems that we study in this paper is how to
nd, and in what language, a schema mapping M = (Si,
S3, 13) that is a composition of M 12 and M 23, according
to De nition 2.2. In other words, we will be looking for 13
(involving only S; and Sz) such that an instance h1;13i is
in Inst(M 12) Inst(M 23) if and only if h1;13i satises 13.
[l

In this section, we will investigate the de nabilit y and com-



putational complexity of the composition of two schema map-
pings M 1> and M 23 in which the dependencies 12 and 23
are nite sets of source-to-target tgds. We will rst show
that if 12 and 23 are nite sets of full source-to-target
tgds, then the composition of M 1, and M 23 is also de nable
by a nite set of full source-to-target tgds. Furthermore, if

12 is a nite set of full source-to-target tgds and 3 is a
nite set of source-to-target tgds (not necessarilyfull), then
the composition of M 12 and M »3 is de nable by a nite set
of source-to-target tgds. In turn, this implies that the as-
saciated composition query is polynomial-time computable.
In contrast, if both 1, and .3 are nite sets of arbitrary
source-to-target tgds (not necessarily full), then the compo-
sition of M 12 and M 23 may not evenbe rst-order de nable,
and the assaiated composition query may be NP-complete.

3.1 Positiv e Results

Our rst positive result shows the good behavior of the com-
position of mappings, ead of which is de ned by nite sets
of full source-to-target tgds.

Pr oposition 3.2. Let M 12 = (S1;S2; 12) and M »3 =
(S2; S3; 23) be two schema mappings such that 1, and

23 are nite sets of full source-to-target tgds. Then the
composition M 12 M 23 is de nable by a nite set of full
source-to-target tgds. Consequently the composition query of
M 12 and M 23 is a polynomial-time query.

Pr oof. (Sketch) Without loss of generality, we may as-
sume that ead full source-to-target tgd in 1> has a single
atom in its right-hand side. The composition M 12 M 23 is
the schema mapping (S1;Ss; 13), where 13 is constructed
as follows. For every full source-to-target tgd in 23 of the
form 8x((R1(x1) * 2" Re(xk)) ! S(x0)), and for every full
source-to-target tgd in 12 of the form 8z( (z) ! Ri(z)),
replace eah atom Ri(xi) in the rst tgd by the formula

(zi=x;), where (zi=x;) is the result of letting x; play the
role of z; in After all possible such replacemerts have
beenperformed, this processassaiates with ead full source-
to-target tgd in 23 a nite set of full source-to-target tgds
from S; to Sz. Then 13 is the union of all these sets, and
it is a nite set, since .3 is a nite set. It is clear that
if hiq;lsiisin Inst(M 12) Inst(M 23), then hy;l3i satis es

13. As for the converse, it is not hard to verify that if hl 1; 13i
satises 13, and if 1, is the result of chasing 11 with 12,
then H1;l2i 2 Inst(M 12) and h2;13i 2 Inst(M 23), and so
Hq;lsi 2 Inst(M 12) Inst(M 23). O

A special caseof this proposition appearedin [4, Lemma 2.3].
An inspection of the proof of Proposition 3.2 shows that the
same construction yields the following result.

Pr oposition 3.3. Let M 12 = (S1;S2; 12) and M »3 =
(S2; Ss3;  23) be two schemamappings suchthat 1, is a -
nite set of full source-to-target tgds and .3 is a nite set of
source-to-target tgds. Then the composition M 12 M 23 is de-
nable by a nite set of source-to-target tgds. Consequently,
the composition query of M 1> and M »3 is a polynomial-time
query.

3.2 Negativ e Results

We now presert a series of negative results assaiated with
the composition of schema mappings speci ed by source-to-
target tgds.

Pr oposition  3.4. There exist schema mappings M 12 =
(S1, S2, 12) and M 23 = (S2, S3, 23) suchthat 17 is a
nite set of source-to-target tgds, 23 is a nite set of full
source-to-target tgds, and the following hold for the composi-
tion M 12 M »3:

1. M 12 M 3 is not de nable by any nite set of source-to-
target tgds, but it is de nable by an in nite set of source-
to-target tgds.

2. M 12 M 3 is denable by a rst-or der formula. Con-
sejuently, the composition query of M 12 and M 23 is a
polynomial-time query.

Pr oof. (Sketch) The two schema mappings that we use
to prove the proposition are the schema mappings M 1> and
M 23 of Example 3.1. Consider, for each k 1, the following
source-to-target tgd:

kK : 8n8ci:::8c(Takes(n;ci) ™ ::: " Takes(n; cy) !
9s(Enrollment (s;c1) ~ ::: ™ Enrollment (s;c)))

It is easyto verify that the composition M 12
by the schema mapping M = (S1;Ss3; 13), Where

M »3 is given
13 is the

easyto seethat 13 is not equivalent to any nite subset of
it. In fact, by using techniques from [10], we can show that

13 is not equivalent to any nite setof source-to-target tgds.
The details are omitted.

Finally, it is easyto verify that the composition M 12 M 23
of the two schema mappings is de nable by the rst-order
formula 8n9s8c(Takes(n;c) ! Enrollment (s;c)). [

We have just given an example in which the composition is
de nable by an innite set of source-to-target tgds, but it is
not de nable by any nite setof source-to-target tgds. There
is alsoa di eren t example in which the composition is not de-
nable even by an in nite set of source-to-target tgds. This
is stated in the next result, which amplies the limitations
of the language of source-to-target tgds with respect to com-
position. A proof appearsin Section 4, after we develop the
necessarymachinery.

Pr oposition  3.5. There exist schemamappingsM 12=( S
Sz, 12) and M 23=( Sz, Sz, 23) suchthat 1> consists of a
single source-to-target tgd, 23 is a nite setof full source-to-
target tgds, and the composition M 12 M »3 cannot be de ned
by any nite or innite set of source-to-target tgds.

In the example given in Proposition 3.4, the composition
query is polynomial-time computable, since it is rst-order.
In what follows, we will show that there are schemamappings
M 12 and M 23 such that 12 isa nite setof source-to-target
tgds, 23 consistsof a single full source-to-target tgd, but the



composition query for M 12 M 23 is NP-complete. Further-
more, this composition query is not de nable by any formula
of the nite-v ariable in nitary logic L} , , which is a powerful
formalism that subsumesleast xed-p oint logic LFP (hence,
it subsumes rst-order logic and Datalog) on nite structures
(see[2]).

Theorem 3.6. There exist schemamappingsM 1, = (S,
Sz, 12) and M 23 = (S2, S3, 23) suchthat 12 is a nite
set of source-to-target tgds, 23 consists of one full source-to-
target tgd, and the following hold for the composition M 12
M 23:

1. The composition query of M 12 and M 23 is NP-complete.

2. The composition M 12 M 3 is not de nable by any for-
mula of L} | , and hence of least xe d-point logic LFP.

Pr oof. (Sketch) Later (Proposition 3.8), we shall show
that the composition query of schema mappings de nable by
nite sets of source-to-target tgds is always in NP. As we
now describe, NP-hardness can be obtained by a reduction
of 3-Colorability to the composition query of two schema
mappings. The schema S; consists of a single binary rela-
tion symbol E, the schema S, consists of two binary relation
symbols C and F, and the schema S; consists of one binary
relation symbol D. The set 12 consists of the following two
source-to-target tgds:

8x8y(E(x;y) ! 9u9v(C(x;u)~ C(y;V)))
8x8y(E(x;y) ! F(xy)):
23 consists of a single full source-to-target tgd:
D (u;Vv)):
Let |3 be the instance over the schema Sz with
D = f(r;0);(g:r); (b;r); (r; b); (g b); (b;9)g:

In words, D contains all pairs of di erent colors among the
three colorsr, g, and b. Let G = (V;E) be a graph and let
1 be the instance over S; consisting of the edgerelation E
of G. It is not hard to verify that G is 3-colorable if and
only if H1;13i 2 Inst(M 12) Inst(M 23).

Finally,
8x8y8u8v(C(x;u)  C(y;v) N F(x;y) !

The above reduction of 3-Colorability to the composition
query of M 1> and M 23 belongsto a classof weak polynomial-
time reductions known asquanti er-fr ee reductions, sincethe
instance hl 1; | 3i of the composition query canbe de ned from
the instance G = (V;E) using quanti er-free formulas (see
Immerman [14] for the precisede nitions). Dawar [7] showed
that 3-Colorability is not expressiblein the nite-v ariable
in nitary logic Ly , . It follows that the composition query
of M 12 and M 23 is not expressiblein L} , . O

Note that the formula
8x8Y(E(X;y) ! 9uov(C(x;u) * C(y;V)))

is the only source-to-target tgd in 12 in the proof of Theo-
rem 3.6 that is not a full source-to-target tgd. Although two
existential quanti ers occur in this source-to-target tgd, it is
equivalent to the set of the two source-to-target tgds

8x8y(E(x;y) ! 9uC(x;u)); 8x8y(E(x;y)! 9vC(y;V)):

Thus, the preceding Theorem 3.6 and Proposition 3.3 yield
a sharp boundary on the de nabilit y of the composition of
schema mappings specied by nite sets of source-to-target
tgds. More precisely, the composition of a nite set of full
source-to-target tgds with a nite set of source-to-target tgds
is always de nable by a rst-order formula (and, in fact, de-
nable by a nite conjunction of source-to-target tgds), while
the composition of a nite set of source-to-target tgds hav-
ing at most one existential quanti er with a set consisting of
one full source-to-target tgd may not evenbelL} , -de nable.
Similarly, the computational complexity of the assaiated
composition query may jump from solvable in polynomial
time to NP-complete.

Let S beasdemaand |, J two instancesover S. A function
h is a homomorphism from | to J if for every relation sym-

The Homomorphism Pr oblem
over the schema S is the following decision problem: given
two instances| and J of S, is there a homomorphism from
I to J? This is a fundamental algorithmic problem because,
as shown by Feder and Vardi [12], all constraint satisfaction
problems can be identied with homomorphism problems.
In particular, 3-Sat and 3-Colorability are special cases
of the Homomorphism Pr oblem over suitable schemas. A
slight modi cation of the proof of the preceding Theorem 3.6
shows that for every schema S, the Homomorphism Pr ob-
lem over S has a simple quanti er-free reduction to the com-
position query of two schema mappings specied by nite
sets of source-to-target tgds.

Pr oposition
there are schemamappings M 12 = (S1, S2, 12) and M 23
= (S2, Ss, 23) suchthat 1> is a nite set of source-to-
targettgdsand »3 is a nite setof full source-to-target tgds,
with the property that the Homomorphism Pr oblem over
S has a quanti er-fr ee reduction to the composition query of
M 12 and M 23.

Pr oof. The schema S; is the same as the schema S =

Ri, 1 i
Pi hasthe samearity asRj, 1 i
in 12 and .3 are asfollows:

m. The dependencies

12 = f 8X1:::8xy, (Re(X1; i Xk, ) !
9y1::9yk, (H (X1ry1) ™ o™ H(Xky  Yke ) s

éxl:::8ka (Rm (X155 Xk ) !
9y1:9Yikm (H (X13y1) A i H Xk 3 Yim ) 5
8x(Ru(x) ! Tu(x));

8X(Rm(X) ! Tn(x) g

23 = f 8x18y1:::8Xk, 8yk,
((H(x1;y2) ® o™ H (X 5 Vi)
ATe(Xap i Xk ) b Pa(ys: o Yy )



8x18y1:::8Xk,, 8Ykpn
((H(X1;y2) ™ ™ H (X 3 Yikm )
ATm (X2 25 Xkm ) T Pm (Y1555 Yem ) O

of S. SinceS; is the sameas S, we havethat | is an instance
of S;. Let J° be the instance over Sz where P?° = R?, for
1 i m. (Thus, J°is the same as J except that the
relation namesre ect schema S; rather than S;.) It is easy
to verify that there is a homomorphism from | to J if and
only if H;J% isin Inst(M 12) Inst(M 23). O

The next result establishesan upper bound on the computa-
tional complexity of the composition query assaiated with
two schema mappings specied by nite sets of source-to-
target tgds. It also shows that the composition of two such
mappings is always de nable by an existential second-order
formula.

Pr oposition 3.8. If M 12 = (S1;S2; 12) and M 3 =
(S2; S3; 23) are schemamappings such that 1> and 23
are nite sets of source-to-target tgds, then the composition
query of M 12 and M »3 is in NP. Consejuently, the compo-

sition M 12 M 23 is de nable by an existential second-order
formula.
Pr oof. (Sketch) To establish membership in NP, it suf-

ces to show that if hq;13i 2 Inst(M 12) Inst(M 23), then
there is an instance |, over S; that has size polynomial in
the sizesof 11 and I3, and is such that Hq;l.i 12 and
ho;l3i F  23. This can be proven by taking |, to be a ho-
momorphic image of a canonical universal solution asde ned
in [10]. The details are omitted.

The fact that the composition query of M 12 and M 23 is in
NP implies, by Fagin's Theorem [8], that the composition
M 12 M 3 is de nable by an existential second-order for-
mula. O

We concludethis section by shawing that the results of Propo-
sition 3.8 may fail dramatically for schema mappings speci-
ed by arbitrary rst-order formulas.

Pr oposition  3.9. There are schemamappingsM 12 = (S1,
Sz, 12) and M 23 = (S2;Ss; 23) suchthat 1, consists of
a single rst-or der formula, 23 is the empty set, and the
composition query of M 12 and M »3 is undecidable.

Pr oof. (Sketch) Wede ne M 1 in such away that h 1; 1 i
2 Inst(M 1) precisely when 1 is the encading of a Turing
machine and | ; represerts a terminating computation of that
Turing machine (thus, 1> consists of a rst-order formula
that expressesthis connection). We let the schema Sz con-
sist of, say, a single unary relation symbol, and let 23 be
the empty set. So,the composition M 12 M 23 consistsof all
h1;13i wherel is the encading of a halting Turing machine,
and | 3 is arbitrary . The result follows from the fact that it is
undecidable to determine if a Turing machine is halting. [

4. Second-Order TGDs

We have seenin the previous section that the composition
of two schema mappings speci ed by nite setsof source-to-
target tgds may not be de nable by a set ( nite or in nite)
of source-to-target tgds. From Proposition 3.8, however, we
know that such a composition is always de nable by an ex-
istential second-orderformula. We shall show in this section
that, in fact, the composition of schema mappings speci ed
by nite sets of source-to-target tgds is always de nable by
a restricted form of existential second-orderformulas, which
we call second-order tuple-geneiating dependencies(SO tgds).
Intuitiv ely, an SO tgd is a source-to-target tgd suitably ex-
tended with existentially quantied functions and equalities.
Furthermore, an SO tgd is capable of de ning the composi-
tion of two schema mappings that are speci ed by SO tgds.
In other words, SO tgds are closad under composition. More-
over, we shall show in Section 5 that SO tgds possessgood
properties for data exchange. All these properties justify SO
tgds asthe right language for represerniing schema mappings
and for composing schema mappings.

Example 4.1. The proof of Proposition 3.4 shows that for
the two schema mappings of Example 3.1 there is no nite
set of source-to-target tgds that can de ne the composition.
In contrast, the following formula is an SO tgd that de nes
this composition:

o9f ( 8n8c(Takes(n;c) ! Enroliment (f (n);c)) ) (1)

In this formula, f is a function symbol that assciates eat
student name n with a student id f (n). The SO tgd states
that whenewer a student name n is assaiated with a coursec
in Takes, then the corresponding student id f (n) is assaiated
with ¢ in Enrollment . This is independert of how many
coursesa student takes: if student name n is assaiated with

To verify that (1) doesindeed de ne the composition, assume
rst that hiq;lsi 2 Inst(M 12) Inst(M 23). Then there is |
over S; such that Hq;loi 12 and hp;lsi E 23. We
construct a function f asfollows. For eacth n such that (n; ¢)
is in Takes!, we setf (n) = s, where s is such that (n;s) is
in Student'2 (such s is guaranteed to exist according to the
secondsource-to-target tgd in 12, and we pick one such s).
It is immediate that hi;l3i satises the SO tgd when the
existentially quantied function symbol is instantiated with
the constructed f . Conversely, assumethat h1;13i satis es
the SO tgd. Then there is a function f such that for every
(n; ¢) in Takes! we have that (f (n);c) is in Enroliment '3.
Let I, besuch that Student'z = f(n; f(n)j (n;c) 2 Takes'g
and Takes'l2 = Takes'®. It canbeveried that h;l5i F 12
and H2;|3ij: 23. O

Example 4.2. This exampleillustrates a slightly more com-
plex form of a second-ordertgd that contains equalities be-
tween terms. Consider the following three schemas S, S2
and Sz. Schema S; consists of a single unary relation sym-
bol Empof employees. Schema S, consists of one binary rela-
tion symbol Mgr,, that assaiates eadh employeewith a man-
ager. Schema Sz consists of a similar binary relation sym-
bol Mgr and an additional unary relation symbol SelfMgr,
intended to store employees who are their own managers.



Consider now the schema mappings M 12 = (S1, S2; 12)
and M 23 = (S2;S3; 23), where
12 = f 8e(Empe)! 9mMgr(e;m)) g
23 = f 8e8m(Mgr(e;m)! Mgr(e;m));
8e(Mgr, (e;e) ! SelfMgr (e)) a:

It is easyto verify that the composition of M 12 and M 23 is
M 13, where 13 is the following second-ordertgd:

of ( 8e(Empe) ! Mgr(e;f (e))
8e(Empe) » (e= f(e)) ! SelfMgr (e))):

In fact, we shall derive this later when we give a composition
algorithm. O

We will usethis example shortly to show that equalities in SO
tgds are strictly necessaryfor the purp osesof composition,
and also to give a proof for the earlier Proposition 3.5.

Before we formally de ne SO tgds, we needto de ne terms.
Givena collection x of variables and a collection F of function
symbols, a term (basead on x and F) is de ned recursively as
follows:

1. Every variable in x is a term.

We now give the precise de nition of an SO tgd.

Definition  4.3. Let S be a sourceschema and T a tar-
get schema. A second-order tuple-genemting dependency (SO
tgd) is a formula of the form:

Of 1 119 m ((8X1( 1!

where

1)) NN (8Xa(n ! n)))

1. Each f; is a function symbol.

2. Each ; is a conjunction of
atomic formulas of the form R(y1;:::;yx), where R is
a k-ary relation symbol of schema S and y;;:::;yx are
variables in x;, not necessarily distinct,
and
equalities of the form t = t° where t and t° are terms
basedon x; and ffy;:::;fmgQ.
3. Each  is aconjunction of atomic formulas S(t1;:::;t))

where S is an I-ary relation symbol of schema T and

4. Each variable in x; is a safeterm with respectto ; and
A safe term with respect to
ned recursively as one of the following: (a) a variable
X occurring in a relational atomic formula of ;, (b) a
variable x occurring in an equality of the form x = t or

t = x of ; wheret is a safeterm with respectto ; and
ff1;:::;fmg, or (¢) aterm f(t1;:::;tk) wheref isin
ffi;:::;fmgand ty;:::;tx are safeterms with respect

The fourth condition is a\safety" assumption that makesthe
second-order tgds domain independent (so that their truth
doesnot depend on any underlying domain, but only on the
\activ e domain" of elemerts that appear in tuples in the
source). In the caseof rst-order tgds, where equalities are
not presert, this condition becomesa simpler one by requir-
ing that every universally quanti ed variable appearin one of
the relational atomic formulas in the left-hand side of the tgd.
This condition is not always made explicit in the literature
in the de nition of rst-order tgds, although it should be. It
was rst made explicit for dependenciesby Fagin [9], who
obsened that this condition makesthe dependenciesdomain
independert.

The following formula is a valid example of a second-order
tgd where all universally quanti ed variables are safe:

of 8x8y8z(R(x) " (y = f(2)) " (z= x) ! S(Xy;2))

More concretely, x is safe becauseit appearsinside R; z is
safe becauseit is equated with x; and y is safe becauseit is
equated with g(z), which is safebecausez is safe. In contrast,
the following two formulas are not valid second-ordertgds:

9f 8x8y8z8w(R(x)N (y=f(2)) " (z=w)! S(x;y;2))

9f 9h8x8y8z(R(x) " (h(y) = f(2)) * (z=x)! S(X;y;2))

In the rst case,w, z and y are not safe, while in the second
case,y is not safe.

Seweral remarks are in order now. First, it is easyto verify
that SO tgds are closed under conjunction. That is, a nite

setof SO tgds is always equivalent to a single SOtgd. For this
reason, when we consider schema mappings speci ed by SO
tgds, it is enough to restrict our attention to the casewhere

the set  consistsof one SO tgd. We will then identify the
singleton set s with the SO tgd itself, and referto < as
an SO tgd.

Next, we describe a \normal form" for SO tgds. For this, let
us de ne the nesting depth of aterm t, denoted by nest(t), as
follows. If t is a variable, then nest(t) = 0. If t is of the form

Let us say that a term t is nestel if nest(t) 2. Thus,
f (x; g(x)) is nested, while f (x;y) is not nested. It is easy
to seethat every SO tgd is logically equivalent to an SO tgd
containing only non-nestedterms. Intuitiv ely, this is because
we can make use of equalities to transform a given SO tgd
to an equivalent SO tgd without nestedterms. For example,
consider the SO tgd

9f 9g8x(R(x) ! S(f (x; g(x)))) ;

which has the nested term f (x; g(x)). This SO tgd is equiv-
alent to the SO tgd

9f 9g8x8y((R(X) " (y = g(x)) ! S(F(x;y));

which has no nested terms. Thus, we could have restricted
the de nition of SO tgds by allowing only non-nested terms
to appear; for the sake of naturalness, however, we chooseto
allow nested terms.

Finally, it should not come as a surprise that every ( rst-
order) source-to-target tgd is equivalent to an SO tgd. In



fact, it is easyto seethat every source-to-target tgd is equiv-
alent to an SO tgd without equalities. Specically, let be
the source-to-target tgd

8X1:::8Xm( s(X1;:::;Xm) !
9y1:::9yn T(X1;1:1 Xm;Y1::::5Yn)):
Then is equivalent to the following SO tgd without equal-

ities, which is obtained by Skolemizing

4.1 Necessit y of Equalities

Our de nition of SO tgds allows for equalities betweenterms
in the formulas i, eventhough we just saw that SO tgds that
represert rst-order tgds do not require equalities. We now
show that sudch equalities are necessary since it may not be
possible to de ne the composition of two schema mappings
otherwise.

Theorem 4.4. There exist schema mappings M 12=( S1,
Sz, 12) and M 23=(S2, S3, 23) where 1, is a single tgd
and 23 is a setof full tgds, suchthat the composition M 1,
M 23 is given by an SO tgd that is not equivalent to any SO
tgd without equalities.

Proof. Let Si,S2, Sz, 12, 23,and 13 beasin Exam-
ple 4.2. We need only show that there is no SO tgd without
equalities that is logically equivalent to 3.

Dene |; by letting Emp = fBobg. Dene I3 by letting
Mgr'® = f(Bob;Susan)y and SelfMgr'® = ;. Dene 19 by
letting Mgr'3s = f(Bob;Bob)g and SelfMgr's = ;. It is easy
to seethat h1;13i F 13; intuitiv ely, welet f (Bob) = Susan
It is alsoeasyto seethat h1;1%i 6 13, since SelfMgr'? does
not contain Bob.

We shall show that every SO tgd without equalities that is
satised by Hi;lzi is also satised by hi;13i. Since also
hqi;lsi 13 but Hpl 3 6 13, it follows easily that 13
is not equivalent to any SO tgd without equalities, which
proves the theorem. In fact, we note for later use that this
shows that 13 is not equivalent to any set (even in nite) of
SO tgds without equalities.

Let be an SO tgd without equalities that is satis ed by

h 1;13i. The proof is complete if we show that s satis ed
by H1;15i. Assumethat is
Of 119 m ((BX2( 2! 1) MM (Bxn( 0! 0)):

We begin by showing that SelfMgr does not appear in

Assumethat SelfMgr appearsin ; we shall derive a contra-
diction. By the de nition of an SO tgd, we know that there is
i and someterm t such that SelfMgr (t) appearsin ;. Since
by assumption ; doesnot contain any equalities, it follows
that ; contains only formulas of the form Empy), with y a
member of X;. So ; can be satised in 11, by letting Bob
play the role of all of the variables in x;. Since SelfMgr'? is
empty, it follows that ; is not satis ed under this (or any)

assignmen. Therefore, is not satised in h1;13i, which is

the desired contradiction.

We conclude the proof by showing that h1;1Ji satis es
Let the role of every function symbol f; be played by con-
stant functions (of the appropriate arity) that always take
on the value Bob. Consider a clause8x;( i ! i) of . We
must show that if ; holds in I for someassignmer to the
variables in x;, then ; holds in 19 for the same assignmen
to the variables in x;. It follows from the fourth condition
in the de nition of SO tgds that the conjuncts of ; are pre-
cisely all formulas of the form Emgx) for x in x;. Since ;
holds in 11, every variable x in x; is assignedthe value Bob.
Therefore, every term in ; is assignedthe value Bob. Since
by assumption ; doesnot contain SelfMgr, it follows that
every conjunct in ; is of the form Mgr(t1;t2). Since, as we
just showed, t; and t, are both assignedthe value Bob, it
follows that ; holds in 19. This wasto be shown. [

As we noted in the proof, the proof actually showsthat in the
example considered, even an in nite set of SO tgds without

equalities cannot de ne the composition. Since every source-
to-target tgd is equivalent to an SO tgd without equalities,
this proves Proposition 3.5.

We consider it quite interesting that allowing equalities in
SO tgds is necessaryto make them sucien tly expressiwe.
This is particularly true becausethe \ob vious" way to de ne
SO tgds does not allow equalities. Indeed, as we saw, when
we Skolemize a source-to-target tgd to obtain an SO tgd, no
equalities are intro duced.

4.2 Comp osabilit y of Second-Order TGDs

As we have seenearlier, sets of source-to-target tgds are not
closed under composition. By contrast, we show in this sec-
tion that SO tgds are closed under composition. Given two
schema mappings M 12 and M »3 where 12 and .3 are SO
tgds, the composition of M 12 and M 3 is always de nable
by an SO tgd. We show this by exhibiting a composition
algorithm and then giving a theorem that says that the com-
position algorithm is correct.

Algorithm  ComposeM 12, M 23)

Input : Two schema mappings M 12 = (S1;S2; 12) and
M 23 = (S2;Ss; 23), where 12 and 23 are SO tgds.
Output : A schema mapping M 13 = (S1;Ss; 13), which is
the composition of M 12 and M 3 and where 13 is an SO
tgd.

1. (Split up the SO tgdsin 12 and 23.)
Initialize Si2 and Sy3 to each be the empty set. Assume

that the SOtgd in 12 is
Of 1 ::9Fm ((BX2( 2! )M (Bxn( 0! W)
Put each ofthe n implications ;! ,forl i n,into

Si12. We do likewisefor 23 \@nd Sz3. Each implication
in S12 hasthe form (x) ! 1k=1 R; (t;) where x contains
the universally quanti ed variables and ead t;, for 1
ik, is a vector of terms over x. We then replace eath



such implication
(x)!

2. (Compose Si2 with Sz3.)
Repeat the following until every relation symbol in the
left-hand side of every formula in Sys is from S;.

For each implication  in Sy3 of the form | where
there is an atom R(x) in such that R is a relation
symbol in S,, we perform the following stepsto replace
R(x) with atoms over S;. (The equalities in  are left
unchanged.) Let

1! R(t1); i m ! R(tm)

be all the implications in Si> whose right-hand side has
the relation symbol R in it. (The variables in these tgds
had beenrenamed so that they do not overlap with the

in Si2 with k implications:
Ra(t1); 5 () ! Ri(ty)

variables in .) If no such implications exist in Si2, we
remove from Syz3. Otherwise, for eadh such implica-
tion ;! R(tj), let ; bethe conjunction of the equali-

ties betweenthe variables in R(x) and the corresponding
terms in R(t;), position by position. For example, the
conjunction of equalities, position by position, between
R(X1;X2;x3) and R(z1;f2(z2);f1(z3)) is (X1 = z1)™ (X2 =
f2(z2))  (xs = f1(z3)). Observe that every equality that
is generated has the form x = t where x is a variable and
t isaterm. Remove from Sy; and add m implications

to Syz asfollows: replace R(x) in  with ;~ ; and add
the resulting implication to Syz, for 1 i m.

3. (Construct M 13.)
Let Sp3 = f 1;::; rgwhere 1;:::;  areall the impli-
cations constructed in the previous step. Let 13 be the

following SO tgd:

Of 1 ::9fs (BX1 17 i 8Xr )

pear in any of the implications in Sy3 and the variables
in x; are all the variables found in the implication i, for
1 i r.

Return M 13 = (S1;S3; 13). [

The intuition behind why the algorithm is able to eliminate
the relation symbols in S; is that all that matters about
the relations in the intermediate instance I, is the equality
pattern among the tuples, rather than the exact values. Note
that the number of formulas in the set S;3, and hencethe size
of 13, is exponertial in the maximum number of relational

atoms that can appear in the left-hand side of an implication

N 23.

It can be veried that the algorithm generatessecond-order
tgds that are valid according to De nition 4.3. More con-
cretely, in Step 2 of the algorithm, all the equalities that are
generated are of the form x = t where x is a variable and t
is a safeterm with respect to the left-hand side ( ;) of some
implication in Si>. But then t continuesto be a safe term
with respect to the new left-hand side of the newly generated
implication (recall that an atomic formula R(x) is replaced
by i~ ). Hence,x itself is safe.

We can make use of the algorithm to compose schema map-
pings where 1, and 23 are specied by nite setsof source-
to-target tgds by rst transforming ead of 1, and 23 into

an SO tgd (as described in the previous section) and then
passing the resulting schema mappings to the composition
algorithm.

Example 4.5. We illustrate the steps of the composition
algorithm using the schema mappings of Example 4.2. We

transform 1, and 23 into the following SO tgds, 9, and
%
1 = 9f (8e(Empe) ! Mgr(e;f (€)))
22 = 8e8m(Mgr(e;m) ! Mgr(e;m)) A
8e(Mgr, (e;e) ! SelfMar (&)

We run the composition algorithm with M 12 = (S1;S2, %)
and M 23 = (Sz; Ss; 83). After step 1, the sets Si» and Sps
consist of the following implications:

S12: Emge) ! Mgr(e;f (e)
Sz : Mgr,(e;m) ! Mgr(e;m)
Mgr, (e;e) ! SelfMgr (e)
After step 2, the set Sy3 contains two implications, 1 and
2.
1: Empeg)® (e= eo)® (m = f(e))! Mgre;m)
2. Empeg) " (e= eo) " (e= f(eo)) ! SelfMgr(€)

Therefore, after step 3, the algorithm returns M 13 = (S,
S3, 13) where 13 is the following SO tgd:

9f (8ep8e8m 1 ™ 8ep8e )

It can be easily veried that the above SO tgd is equivalent
to the SO tgd that was shown in Example 4.2. Essertially,
whenever the left-hand side of an SO tgd contains an equality
of the form y = t, wherey is a variable and t is someterm in
which y doesnot occur, we can replace all the occurrencesof
y with t and then removey, together with the equality y = t,
to obtain a simplied SO tgd. [l

Theorem 4.6. LetM 12 = (S1; S2; 12) and M 23 = (Sy;
Ssz; 23), where 12 and 23 are SOtgds. Then the algorithm
ComposeM 12, M 23) returns a schemamapping M 13 = (Sy;
Ss; 13) suchthat 13 is an SO tgd andM 13=M 12 M 2.

5. Data Exchange with Second-Order TGDs

Our main motivation for studying composition of schema
mappings stems from data exchange[10, 11]. A specic case
of data exchangeis onein which we are given a sourceschema,
a target schema, and a schema mapping specied by a set
of source-to-target tgds. Given an instance over the source
schema, we are interested in materializing a target instance
that satis es the specication. In the caseof two or more
successie data exchange scenariosand when only a nal in-
stance over the nal target schema is of interest, we would
like to avoid materializing intermediate instances, and hence
use the schema mapping that is the composition of the se-
quence of schema mappings. However, as we have argued
so far, the language of source-to-target tgds may no longer
be appropriate in this case. Instead we needto use second-
order tgds. In this section, we describe how to modify the
classical chase technique [3] to handle SO tgds (rather than



the usual rst-order tgds) in order to produce universal so-
lutions [10] for data exchange. In particular, we introduce
chasing with SO tgds as a variation on logic program evalu-
ation [16] that has polynomial-time computation, and give a
proposition that says that its result is a universal solution.

Using an example, we illustrate next the chasewith SO tgds.

We will keepthe discussioninformal and omit the full details
of the de nition of this chase.

Example 5.1. Consider the schemamapping M = (S;T,

st) Where 4 is the following SO tgd:
of (8x8y (R(x;y)! Uy f(x)) "
8x8x“gy8y°

(R y) N RXAYYA (F(x)= £(xY ! T(y;y9)

Each of the formulas of the form 8x( ! ) that appear
under the scope of the existentially quantied functions can
be thought of a source-to-target \tgd". The di erence from a
normal source-to-target tgd is that now we can have function
terms in the relational atoms of , aswell asequality atomsin
. Supposenow that we are given a sourceinstance | where
R consists of the following three tuples: (a;b), (a;c), and
(d; e). The chasestarts with an instance of the form H ;;i and
constructs an instance of the form h ;Ji by applying all the
\tgds" until these\tgds" are all satis ed. A \tgd" is applied
when the left-hand side of the \tgd" can be mappedto |
but the corresponding right-hand side does not yet exist
in J, in which casewe add it to J. By applying the rst
\tgd" in &, for the rst tuple (a;b) of R we would generate
a tuple (a;b;f (a)) in U. Note that ground function terms
such asf (a) may now appear in tuples of J. A ground term
g is de ned recursively as either a value v from the source

are ground terms. In applying the same\tgd", this time for
the tuple (a;c) of R, we generate (a;c;f (a)) in U (the same
ground function term f (a) appears again). Finally, for the
last tuple (d;e) and the same\tgd" we generate (d;e;f (d))
in U.

To apply the second\tgd” in ¢, weseethat only the combi-
nations f (a) = f (a) and f (d) = f (d) can satisfy the equality
f(x) = f(x%. (Two ground terms are treated as equal pre-
cisely if they are syntactically identical.) Hencethe chasewill
generate the tuples (b;b), (b;c), (c;b), (c;c) and (e;e) in T.

At the end of the chase, we replace all the ground function
terms by special values that we call nulls. Here we make
sure that two ground terms are replaced by the same null
precisely if they are syntactically identical. For our exam-
ple, we obtain an instance J where U contains the tuples
(a;b;X); (a;¢;X); (d;e;Y), where X and Y are distinct nulls
replacing f (a) and f (d) respectively. The relation T remains
the same,asit contains only sourcevalues. [

The concept of a universal solution for the data exchange
problem was introduced in [10]. Given a schema mapping
M = (S;T; «) and an instance | over S, a universal solu-
tion of | under M is a solution J of | under M suc that for
every solution J%of I under M , there exists a homomorphism
(asdened in Section3.2) h:J ! J%with the property that
h(c) = c for every sourcevalue c that occursin | . In the case
where & contains only source-to-target tgds, it is known

that chasing| with & producesa universal solution?. The
next proposition assertsthat a similar result holds when we
chasea sourceinstance | with SO tgds.

Pr oposition 5.2. LetM = (S;T; s) beaschemamap-
ping where 4 is an SO tgd. Then for every source instance
| over S, chasing h;;i with & terminates in polynomial
time (in the size of 1) with a result h ;Ji. Moreover, J is a
universal solution of | under M .

The above proposition has an immediate but important con-
sequencein terms of query answering over the target schema.
Concretely, let M = (S;T; s ) beaschemamapping and let
g be a k-ary query over the target schema T. Given a source
instance | over S, the set of the certain answers for q with
respectto M and I, denoted by certainm (q;1), is de ned as
the set of all k-tuples t of valuesfrom | such that, for every
solution J of | under M , we havethat t 2 g(J). It wasshown
in [10] that if J is a universal solution of | under M and g
is a union of conjunctiv e queries, then certainy (g; 1) equals
d(J)#, which is the result of evaluating qon J and then keep-
ing only those tuples formed entirely of valuesfrom |. The
equality certainm (g;1) = q(J)« holds for arbitrarily speci ed
schema mappings M . In particular, it holds for schema map-
pings specied by SO tgds. This fact, taken together with
Proposition 5.2, implies the following result.

Corollar y 53. LetM = (S;T; &) be a schemamap-
ping where 4 is an SO tgd. Let q be a union of conjunctive
queries over the target schemaT . Then for every source in-
stance | over S, the set certainym (g;1) can be computed in
polynomial time (in the size of 1).

We point out an interesting contrast between the above re-
sult and one of the results on query answering given in [1].
There it wasshown that when the sourceschemais described
in terms of the target schema by means of arbitrary rst-

order views, computing the certain answers of conjunctive
queries becomesundecidable. In contrast, our result shows
that although the schema mappings that we consider go be-
yond rst-order, computing the certain answers of unions
of conjunctiv e queries remains in polynomial time, as it is
with schemamappings speci ed by source-to-target tgds [10].
Thus, second-order tgds form a well-behaved fragment of
second-order logic, since for the purposesof data exchange
and query answering, second-ordertgds behave similarly to
source-to-target tgds.

6. Conclusions

We have intro duced what we believe to be the right notion

of the composition of two schema mappings. We have also
intro duced second-ordertgds, which are a generalization of -

nite setsof source-to-target tgds. We show that second-order
tgds are robust, in that the composition of mappings, eath
given by a second-ordertgd, is also given by a second-order
tgd. By contrast, when the mappings are eac given by a

2This was proven in [10] for a more general setting that also
includes target constraints.



nite set of source-to-target tgds, their composition may not
be de nable by even an in nite set of source-to-target tgds.
We also show that second-ordertgds possesgyjood properties
for data exchange.
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